SMOOTHING PAIRS OVER DEGENERATE CALABI-YAU VARIETIES

KWOKWAI CHAN AND ZIMING NIKOLAS MA

ABSTRACT. We apply the techniques developed in [2] to study smoothings of a pair (X, €*), where
¢* is a bounded perfect complex of locally free sheaves over a degenerate Calabi-Yau variety X. In
particular, if X is a projective Calabi-Yau variety admitting the structure of a toroidal crossing space
and with the higher tangent sheaf Ty globally generated, and § is a locally free sheaf over X, then
we prove, using the results in [8], that the pair (X, §) is formally smoothable when Ext?(§,)o = 0
and H*(X,0x) = 0.

1. INTRODUCTION

1.1. Background. After pioneering works of Quillen, Deligne and Drinfeld, it is now a universally
accepted philosophy that any deformation problem over a field of characteristic zero should be
governed by the Maurer-Cartan equation of a differential graded Lie algebra (abbreviated as dgLa)
or Loo-algebra. Lots of works have been done in this direction; see e.g. [9} [10L 1], 12} 25] 26] 28, 30,
34, 35, 136), 37, B9]. In many cases, the existence of an underlying dgLa facilitates the use of algebraic
techniques in solving the relevant geometric deformation problem.

An important problem of such kind is the deformation theory of a pair (X,§), where X is an
algebraic variety and § is a coherent sheaf over X. When X is smooth, this problem has been
studied in detail in [23] 24, 33| B8, 41], and the approach using dglLa was also carried out in [4]
when § is locally free and in [27] when § is a general coherent sheaf. For singular X, the only
known case seems to be when X is a reduced local complete intersection and § is a line bundle as
studied by Wang [45]. On the other hand, when X is a maximally degenerate Calabi-Yau variety
and £ is an ample line bundle over X, deformations of the pair (X, £) are closely related to the
study of theta functions on smoothings of X in [I7, 21]. Very little is known when X is singular
and § is of higher rank. From the perspective of mirror symmetry, a thorough understanding of the
deformation theory of (X, §), where X is at a large complex structure limit and § is a coherent sheaf
over X, is desirable for investigating the correspondence between B-branes on X and A-branes on
the mirror.

A major difficulty in obtaining smoothings of a singular variety is that there is always nontrivial
topology change in a degeneration while classical deformation theories can only produce equisingular
deformations. In our recent joint work [2] with Leung, we discovered that this difficulty could be
overcome by using Thom-Whitney simplicial constructions to build an almost dgLa L£*(X) over
Cl[q]], instead of a genuine dgLa, from a degenerate Calabi-Yau variety X equipped with local
thickening data. The almost condition here means that the differential of £*(X) squares to 0 only
modulo ¢ — this property reflects precisely the fact that locally trivial deformations are not allowed in
a smoothingﬂ This can be regarded as providing a singular version of the extended Kodaira-Spencer
dgLa Q%* (X, A*Tx)[[q]] for smooth X.

IWhat we call an almost dgLa here and in [2] is called a pre-dgLa in Felten’s very recent paper [7], where he also
explained why ordinary dglLa’s do not suffice for the purpose of smoothing singular (even log smooth) varieties.
1
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We prove in [2] that smoothings of X are indeed governed by the Maurer-Cartan equation of
L£*(X), which, under certain assumptions, can be solved by general algebraic techniques 28], B0,
42]. This yields Bogomolov-Tian-Todorov—type unobstructedness theorems [I], 43, [44] and hence
smoothness of the extended moduli space. Our abstract algebraic framework was applied very
recently by Felten-Filip-Ruddat in [§] to obtain smoothings of a very general class of varieties which
includes the log smooth Calabi-Yau varieties studied by Friedman [I3] and Kawamata-Namikawa
[29] as well as the maximally degenerate Calabi-Yau varieties studied by Kontsevich-Soibelman [31]
and Gross-Siebert [18], 19] 20].

The goal of this paper is to extend the techniques in [2] to study smoothings of a pair (X, ),
where § is a locally free sheaf on a degenerate Calabi-Yau variety X. Our main result is that, given
local thickenings of § along with the local thickenings of X, there exists an almost dgla £*(X, )
which governs the smoothing of (X,§). We then apply this to the class of smoothable degenerate
Calabi-Yau varieties X obtained in [§]. Under the further assumptions that Ext?(F, §)o = 0 and that
the pair (X, det§) (where det§ denotes the determinant line bundle of §) is formally smoothable,
our results show that the pair (X,§) is also formally smoothable.

In the subsequent joint work [3] with Suen, this smoothability result will be applied to a pair
(X,F), where X is a maximally degenerate K3 surface and § is a locally free sheaf of arbitrary rank
over X associated to a so-called tropical Lagrangian multi-section, which should arise as a tropical
limit of Lagrangian multi-sections in an SYZ fibration of the mirror (cf. [14] 32]). We devise a
combinatorial criterion for checking the condition that ExtQ(&', §)o = 0, thus producing new explicit
examples of smoothable pairs.

1.2. Main results. Before explaining the main result of this paper, let us first state our major
geometric application.

Theorem 1.1. Let X be a projective toroidal crossing space which is Calabi-Yau (in the sense
that wx = Ox) and satisfies the assumption that the higher tangent sheaf Ty := Ext' (Qx, Ox) is
globally generated, and § be a locally free sheaf over X. Then the pair (X,§) is formally smoothable
when Ext?(F,§)o = 0 and the pair (X,det §) is formally smoothable. In particular, (X, ) is always
formally smoothable if H*(X,Ox) =0 and Ext*(F,F)o = 0.

Some explanations of this statement are in order:

e A toroidal crossing space is defined in [§, Definition 1.5] (see also the 2nd paragraph of .
A typical example is given by a normal crossing space, i.e., a connected variety locally of
the form zg-- -z, = 0 for (2q,...,2,) € C"*! where n = dim X. The boundary divisor in a
Gorenstein toric variety is also naturally a toroidal crossing space.

e We say a space or a pair is formally smoothable if there exists a compatible system of
thickenings over C[q]/(¢**!) for k € N; see Definition [4.7 for the precise definition.

e (Formal) smoothability of a projective toroidal crossing space which is Calabi-Yau and such
that T3 is globally generated follows from the main results in [§]. Note that the condition
here is weaker than Friedman’s famous notion of d-semistability [I3] which requires that T
is trivial. Theorem[I.1]can be viewed as giving a sufficient condition for formal smoothability
of the pair (X, §) under the assumption that X is formally smoothable.

e More generally, we may let X be a projective toroidal crossing space which is Calabi-Yau and
satisfies the assumptions in [8, Theorem 1.7]. Felten-Filip-Ruddat [8] equipped such X with
a log structure locally modeled by the same types of potentially singular log schemes that
appeared in the Gross-Siebert program [I8, [19], and proved the degeneracy of the Hodge-
to-de Rham spectral sequence for the log de Rham complex at the E; page. This enables
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them to apply the dgBV framework and main results in [2] to prove that X is smoothable
to an orbifold with terminal singularities. Theorem applies to such varieties as well.

Theorem follows from a more general result concerning the formal smoothability of a pair
(X,¢*), where X is again a projective toroidal crossing space which is Calabi-Yau and €* is a
bounded complex of locally free sheaves (of finite rank) over X. We will extend and apply the
abstract algebraic framework in [2] to study this smoothability problem. Throughout this paper,
we work over C and with the polynomial rings R := C[q] and ¥R := C[q]/(¢*t).

Before describing our main result, let us recall the main ideas behind the construction in [2]. Our
starting point was a degenerate Calabi-Yau variety X, equipped with a covering V = {V,}, by Stein
open subsets together with a local k-th order thickening ¥V, over *R for each o and k € N. From
the local model ¥V, we obtain a coherent sheaf ¥G* of Batalin-Vilkovisky (BV) algebra over ¥R
on V,,. We further assume that there is another Stein open covering U = {U,; };cn forming a basis of
the topology and a biholomorphism k\Ilam- : kVa|Ui — kV5|Ui for each triple (Uj; Vi, Vi) such that
U; C VoNVp. In geometric situations, these higher order patching data always arise from uniqueness
of the local models ¥V ’s.

However, the biholomorphisms k\lia/gﬂ-’s do not satisfy the cocycle condition on U; C V,gy =
VaNVg NV, so we cannot simply glue the sheaves kg(’;’s together. Fortunately, the discrepancies
are always captured by the exponential action of local sections of kgzjs. The key idea in [2] is to
consider the Thom-Whitney simplicial construction [6, 47], giving rise to a dg resolution *£* (as a
sheaf of dgBV algebras) of kg;’;, which can be regarded as a simplicial replacement of the Dolbeault
resolution. The upshot is that these sheaves kLZ’S of dgBV algebras, upon suitable modifications of
the various operators like the differential and BV operator, can then be glued together to produce
a global sheaf over X whose global sections give an almost dgBV algebra £*(X) (meaning that its
differential squares to 0 only modulo ¢). Morally speaking, the sheaves kLZ’s can be glued because
they are softer than the sheaves kg;’s.

To extend this construction to the case of a pair (X, "), we just need to prescribe a local model
for how the singular variety X along with €* are being smoothed out over C[g]. So we first assume
that there is a local k-th order thickening (*V, kof each (V,, €*|y,) over ¥R for any k € N. This

so-called geometric lifting datum (see Definition |4.4) gives rise to a coherent sheaf ké; of dglLa’s
(which would be a coherent sheaf of Lie algebras if €* = § is a complex concentrated in degree 0). We
further assume that there is a biholomorphism k Vg, : kVoé\Ui — kVﬁ’Ui and a sheaf isomorphism
kEa@i : k¢Z|Ui — kCE’Ui compatible with k\IJagvi for each triple (Us; Vi, Vi) such that U; C Vi, N Ve

k=
=af3,i

Fexfu,— sk ey,

k )
kVa|Ui %kvﬁ |Ui .

This so-called geometric patching datum (see Definition gives (non-canonical) identifications
of the local models (¥V,,*¢%) when their supports overlap. As in [2], we do not require these
patching data to satisfy the cocycle condition on U; C Vg, := Vo, N Vg NV, (which is the case in
geometric situations) and be compatible for different k’s at this stage. Rather, we assume that the

k ~
discrepancies are captured by the exponential action of local sections of the sheaves G7,’s.

20r Gerstenhaber algebras, as advocated in [§].
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We can then apply the same technique as in [2] (with a weakened condition to be explained in

e — ko~
&D Namely, by passing to the dg resolution TW}, of G, for each «, we can glue these local
sheaves together to obtain a global sheaf whose global sections produce an almost dgla kL*( g, )

whose differential "0 + *d (where *d is the differential acting on *G? that we constructed in [2] and
mentioned above) squares to 0 only modulo ¢g. The associated Maurer-Cartan equation

1
5 [kg07 kgp] = 07

where [, -] denotes the Lie bracket of kL£*(g,*), governs formal smoothings of the pair (X, ¢*).

(1.1) Fo+Fd) ko +

The main result of this paper is as follows.

Theorem 1.2. Let X be as in Theorem[1.1 and € be a bounded complex of locally free sheaves on X
equipped with local thinkening data as described in Deﬁmtions and . If Bxt?(¢*,¢*)g = 0 and
the pair (X,det €) is formally smoothable, then there exists a system of Maurer-Cartan elements
{Fo € FL*(§, ¢ ) pen such that ¥l = o (mod ¢*+1). In particular, if H*(X,0x) = 0 and
Ext?(€*,€*)g = 0, then the same conclusion holds.

In the case when €* is just one locally free sheaf § concentrated in degree 0, we can explicitly
construct a geometric lifting datum (Definition and a geometric patching data (Definition [4.5])
by trivializing § = @;_, Ox|v, - €; and taking ke, = B, k©, - ei on a Stein open subset V,; see
the 2nd paragraph of for details. To prove Theorem [I.1] we construct a geometric smoothing
of § from the Maurer-Cartan solution ¢ = (*¢)ey obtained in Theorem as follows. We take the
dg resolution kTW&’; of the complex *F, as a sheaf of complexes, and use the gluing morphisms
kgaﬁ kT WE: — kTWS/*g (induced by gluing morphisms * Jap above) to produce a global sheaf of

complexes ¥§*(§) with differential "5 (notice that we do not have *d because ¢* is concentrated in
degree 0) which squares to 0 only modulo q. The Maurer-Cartan solution ¥, via the natural action

of kéa on *F,, gives a differential 9+ k. for k%*( g) which squares to 0 honestly. The cohomology
sheaf *§ := HO(*§*(3), "o+ Fp-) then gives a k-th order thickening of § for each k € N, which are
compatible in the sense that **1F @ k+1p) kR = k%. This produces the desired formal smoothing of
§ of the pair (X, §), and hence proves Theorem See for more details.

1.3. Outline of the paper. This paper is organized as follows. In we recall the necessary
abstract algebra from [27] for defining the dgLa which controls deformations of a pair. In §3
we develop the abstract algebraic framework for constructing the almost dgla ’%*(g, ¢*) from
prescribed abstract local deformation data, following the approach in [2]. The main result is Theorem
[3:30] which is a general theorem on smoothness of Maurer-Cartan functors in this abstract setting.
In §4 we first review how to obtain the abstract local deformation data for a singular variety X
in Then the construction of such data for a pair (X, €*) and the proof of Theorem using
Theorem [3.30] are given in §4.2] Finally, in §4.3] we investigate how to obtain a geometric smoothing
of the pair (X,§), where § is a locally free sheaf over X, and proves Theorem 1.1
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NOTATION SUMMARY

Notation 1.3. For a Z?*-graded vector space V** = @p,q VP, we write VF 1= ®p+q=k VP4 and
V* =, VE. We will simply write V if we do not need to emphasize the gradings.

Notation 1.4. We fix a rank s lattice K together with a strictly conver s-dimensional rational
polyhedral cone Qr C Kr := K ®z R. We let Q := Qr N K and call it the universal monoid. We
consider the ring R := C[Q] and write a monomial element as ¢™ € R for m € Q, and consider the
mazimal ideal given by m := C[Q\{0}]. We let *R := R/m**+! be the Artinian ring for each k € N,
and R := @k ¥R be the completion of R. We further equip R, *R and R with the natural monoid
homomorphism Q@ — R, m — ¢, giving them the structure of a log ring (see [20, Definition 2.11]);
the corresponding log spaces will be denoted as ST, kSt and ST respectively. In particular, we will
call °St the standard Q-log point.

Throughout this paper, we are often dealing with two Cech covers V = (V)o and U = (U;)ien
at the same time and also k-th order thickenings, so we will adapt the following (rather unusual)
notations from [2]: The top left hand corner in a notation k& refers to the order of &, while the
bottom right hand corner is reserved for the Cech indices. We also write M., for the Cech
indices of V and #,..;, for the Cech indices of U, and if they appear at the same time, we write

‘Oéo~~~04z7i0"'il'

2. ABSTRACT ALGEBRA FOR DEFORMATIONS OF PAIRS

Here we review the abstract algebra needed for the deformation theory of pairs from [27]. First
recall that a differential graded Lie algebra (or dgLa) is a triple

(L*v d, ['7 ])7
where L* = @,, L' is a graded vector space, [-,-] : L* ® L* — L* is a graded skew-symmetric
pairing satisfying the Jacobi identity [a, [b, c]] + (—1)lellblFlallel[y [c a]] 4 (—1)lallel+bllel ¢, [a, ] = 0
for homogeneous elements a,b,c € L*, and d : L* — L**! is a degree 1 differential satisfying d*> = 0
and the Leibniz rule d[a,b] = [da,b] + (—1)!%/[a, db] for homogeneous elements a,b € L*; here |a|
denotes the degree of a homogeneous element a.

Let O be a unitary R-algebra and (M™*,dys) be a bounded cochain complex of free O-modules of
finite rank. Also let Derz (O, O) be the Lie algebra of R-linear derivations on O, and consider an
R-linear Lic algebra homomorphism ¢ : G — Dery (0O, O) for some Lie algebra (G,[,-]) over R (i.c.
G is an R-module and |-, ] is R-linear). To simplify notations, we will write h(r) instead of .(h)(r)
for h € G and r € O. The following definition is a slight modification of the one from [27, p.1219,
2nd paragraph after proof of Corollary 3.3]:

Definition 2.1. We treat G as a dgLa concentrated at degree 0, and let
G*(M*) := {(h,u) € G x hom§G(M*, M*) | u(rz) = h(r)z + ru(z) forr € O, x € M*},

where the grading on G*(M*) is inherited from hom¥p (M*, M*). We equip G*(M*) with a dgLa
structure by the formulas

d(h, u) = (O,du), [(hl,ul), (h2,u2)] = ([hl, hg], [Ul,UQ]),
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where du = dy; o u+ (=1)%w o dy;. The natural projection from Q\*(M*) to G gives a surjective
morphism o : G*(M*) — G of dgLa’s called the anchor map.

From its definition, we have G\Z(M) = homly (M*, M*) if i # 0, and the exact sequence of dgLa’s
(2.1) 0 — homy, (M*, M*) — G*(M*) — G — 0.

Definition 2.2 (cf. Definition 2.9 in [27]). With (O, M*) as above, let Autr(O, M*) be its auto-
morphism group which consists of pairs (©,b), where © : O — O is an automorphism of R-algebras
and b: M* — M* is an automorphism of complexes of R-modules, such that b(rm) = ©(r)b(m) for
reO andme M*.

Following the discussion in [27, §2], given any nilpotent element (h,u) in GO(M), its exponen-
tial (exp(h),exp(u)) (where we abuse notations and simply write h for ¢(h)) gives an element in
Autr(O, M*).

If M is a free O-module of rank m, we write det M := AH M. If M* is a bounded complex of
finite rank free O-modules, we set det M* := @5 det M! @0 ®L° det(M')" (here V refers to

the dual O-module). For any u € hom%(M*, M*), we let tr(u) € hompg(det M*, det M*) be the
natural induced map as defined in [27, Definitions 2.7 and 2.8]. This gives a natural map

tr: G x hom’s(M*, M*) — G x hompg(det M*, det M*), (h,u) — (h, tr(u)),

which induces a morphism tr : G*(M*) — G%(det M*) of dgLa’s (where det M* is treated as a
complex concentrated in degree 0).

3. GLUING CONSTRUCTION OF AN ALMOST DGLA FOR SMOOTHING PAIRS

In this section, we extend and apply the gluing construction developed in [2]. Note that we will
work with almost dgla’s here instead of the almost dgBV algebras in [2].

3.1. Abstract local deformation and patching data. Let (X, Ox) be a d-dimensional compact
complex analytic space. We fix an open cover V = {V,}, of X which consists of Stein open subsets
V., C X. In geometric situations, there will be a local smoothing model *V, over ¥R of each V, ¢ X.
To patch these local models together, we will need another Stein open cover U on X:

Notation 3.1. Fiz, once and for all, a cover U of X which consists of a countable collection of
Stein open subsets U = {U;}ien forming a basis of topology. We refer readers to [0, Chapter IX
Theorem 2.13] for the existence of such a cover. Note that an arbitrary finite intersection of Stein
open subsets remains Stein.

Definition 3.2. An abstract deformation datum G = (°G*,{¥G%}1 4, {k’lba}kzm) consists of

e a sheaf °G* of dgLa’s with bounded degrees;

o for each k € Z>o and o, a sheafkg(’; of dgLa’s with bounded degrees on V,, equipped with the
structure of sheaf of * R-modules such that the structures [-,:] and d are ¥ R-linear, and

e for k > 1 and each «, a surjective degree-preserving morphism Rl ’“gg — lgj; of dgLa’s
which induces an isomorphism upon tensoring kg;; with 'R

such that

(2) "G% is flat over "R, i.e. the stalk (*G})s is flat over "R for all x € V,;
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(3) the adjoint homomorphism ad : *G¥ — Der’gkR)(ng,ng) (where Der’{kR)(,) denotes the
graded space of *R-linear derivations) is injective; and

(4) BT (Vg *Ga) = 0 and RTI (Usy...i;, *Go) = 0 for all § > 0, Vigoay := Vi N -+~ N Vi, and
Uio-'-il = Uio MN---N Uil with UZ’O, e Uil C V.

Condition (4) in Definition is a very mild assumption. It holds when, e.g., *G, is a tensor
product of coherent sheaves with a (possibly infinite dimensional) vector space.

ko~
For smoothing of a singular variety X (see ED , we take the sheaf G, of of relative log derivations
over ¥R, which is a sheaf of Lie algebras that controls the local deformations of the log space ¥V .

k ~
When we consider smoothing of a pair (X, €*) (see &) we take the sheaf G, of dgla’s, obtained

k ~
from G, using the algebraic construction in Definition [2.1) which controls local deformations of
pairs. Here is a caveat: For the case of pairs, condition (3) in Definition does not hold, and we
will need to suitably modify this definition as described in

Notation 3.3. Given two elements a € ¥1G*, b € *2G* and | < min{k1, ko}, we say that a =
b (mod m'™) if and only if *'ha(a) = F2'h, (b).

Definition 3.4. Given an abstract deformation datum G = (°G*, {*G% 1. {k’lba}kzl,a), a patching
datum ¢ = {Mbap,} (with respect to U, V) consists of, for each k € N and (Uy; Va, Vi) with U; C
Vg := Va N V3, a sheaf isomorphism "p; : *GElu, — kg;;\m over KR preserving [-,] and d and
fitting into the diagram

koox kwa'ﬁ’ik *
Galu,— gB|Ui

Og*‘Ui:()g*‘Ui;
such that:
(1) k¢ﬁa,i = kwa_éﬂ;; Owaﬁ,’i = ?’dﬁ
(2) for k> 1 and U; C Vyg, there exists ®'b,5; € 'GO(U;) with *'b,p; =0 (mod m) such that

(31) ll/}ﬂa,i o k’lbﬁ o kwaﬁ,i = €Xp ([k’lbaﬁ,ia ]) o kylboa;
(3) for k € N and U;,U; C Vg, there exists *pagi; € *GO(U; NU;) with *pagij = 0 (mod m)
such that
(3.2) (kdwa,j!UmUj) o (k¢a,8,i|UimUj> = exp ([kpaﬂ,ija ']) ;and

(4) for k € N and U; C Vop, = Vo N V3 NV, there exists Fonp,: € "GO(U;) with Foapy; =
0 (mod m) such that

(3.3) (Ftailer ) © (g

Ui> o <k¢a67i|U¢> = exp ([kﬂaw’ ']) :

In geometric situations such as smoothing of the variety X, the patching isomorphism k@bam

(note that this is actually denoted as kzﬂaﬁﬂ- in is induced from the local uniqueness of the local
smoothing model kV,. Equations , and say that local automorphisms of the local
models are exponentiation of the Lie bracket with local vector fields k’lbam’s, kpafg,ij’s and koa/g%i’s.
The key point is that we do not require the patching isomorphisms kwaﬁﬂ-’s to be compatible directly
but rather the discrepancies are captured by the Lie bracket with local sections of the sheaves * Gh's.
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.. . ~ k=, ~ k ~
Definition 3.5. A morphism f = {kfa}k,a (G ={ G ko ¥ ={ vYapi}) = (G = {ng}k’a,lﬁ =
{k¢aﬁ,i}) consists of kR -linear morphisms kfa : k&j; — ’“g; between sheaves of dgLa’s over V,
satisfying the following conditions:

(1) for k > 1 and each o, we have Bl ok fa="fqo0 k’lga;

(2) for each k and U; C V3, we have kwam off, = kfg o kl/;aﬁ’,-;
(3) for k> 1 and U; C Vag, we have ' fo("'baps) = *bagsi;

(4) for each k and U;,U; C Vo, we have kfa(kﬁag,ij) = kpamj; and
(5) for each k and U; C Vo, we have kfa(kﬁagw) = koagw';

kil k- kol - N o ,
here we have used "by’s, api’s,  bap,i’s, kpagﬂ-j ’s and koag%i s to denote the deformation and
patching data associated to G.

In this paper, we will only be interested in the case that the morphism {* fatka is coming from
either the trace map tr : G*(M*) — G%(det M*) or the anchor map a : G*(M*) — G* in
Remark 3.6. If we assume the injectivity of the adjoint map ad : kg; — Der’{kR)(ng,kgz) and
surjectivity of the morphisms * fo’s, then conditions (3)—(5) in Deﬁmtionfollow from conditions
(1) — (2) because the elements Mbam s, *pos ij’s and koagw- ’s are determined by the maps Ry s
and %W ’s by the equations in Deﬁm’tion and the injectivity of ad.

3.2. Construction of the almost dgLa.

3.2.1. Simplicial sets. To construct the almost dglLa using simplicial methods, we first recall some
standard definitions and facts on the simplicial sets .4*(A,) of polynomial differential forms with
coefficients in C, following the notations from [2], §3.1].

Notation 3.7. We let Mon (resp. sMon) be the category of finite ordinals [n] = {0,1,...,n} in
which morphisms are increasing maps (resp. strictly increasing maps). We denote by d; p, : [n—1] —
[n] the unique strictly increasing map which skips the i-th element, and by e;, : [n+ 1] — [n] be
gwen by e;n(j) =j if j<iandein(j)=j—14ifj>1i.

Note that every morphism in Mon can be decomposed as a composition of the maps d;,’s and
€;n’s, and any morphism in sMon can be decomposed as a composition of the maps d;,,’s.

Definition 3.8 ([46]). Let C be a category. A (semi-)simplicial object in C is a contravariant functor
A(e) : Mon — C (resp. A(e) : sMon — C), and a (semi-)cosimplicial object in C is a covariant function
A(e) : Mon — C (resp. A(e) : sMon — C).
Definition 3.9 ([16]). Consider the standard n-simplez A, := {(zo,...,x,) € R*™ | Y0 (2; = 1}.
The space of polynomial differential forms with coefficients in C on A,, is defined as the differential
graded algebra (abbreviated as dga)
_ Sym* (C{wo, ..., 2, dxo, . . ., dTy))

(Cioxi — 1,355 dw) 7
where C(xo, ..., Ty, dxo, . ..,dr,) is the graded vector space generated by x;’s and dx;’s with deg(z;) =
0, deg(dx;) = 1, and the degree 1 differential d is defined by d(x;) = dx; and the Leibniz rule.

Given a : [n] — [m] in Mon, we let a* := A(a) : A*(Ay,) — A*(Ay,) be the unique dga morphism
satisfying a* () = 3 icmla()=; Ti ond a*(x;) = 0 if j # a(i) for any i € [n]. From this we obtain a
simplicial object in the category of dga’s, which we denote by A*(As).

A*(Ay) :
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Notation 3.10. We denote by Ay the boundary of An, and let
(3.4)  A%(an) :={(a0,...,an) | a; € A*(Ap-1), 4} ,_1(y) = dj_y () for 0 <i<j < n}

be the space of polynomial differential forms on A,. There is a natural restriction map defined by
Blan = (45 (B); -, dy 1 (B)) for B € A*(Ay). Similarly, we let Ak, be the k-th horn, and

(3.5)

A*(Aﬁ) = {(a, ., a1, 841, ) | @ € A" (Ap—1), 47, () = ;_Ln_l(ai) for0<i<j<n}
be the space of polynomial differential forms on A%, with a natural restriction map ﬁ|1\ﬁ defined in

a stmilar way.

The following extension lemma will be frequently used in subsequent constructions:

Lemma 3.11 (Lemma 9.4 in [16]). For any & = (ay,...,a,) € A*(A,), there exists 5 € A*(Ay,)
such that B, = a.

Notation 3.12. We let B, , := Ay, X Ay, and
(3.6) AW, ) = A" (Ap) @c A*(An).

There are two sets of restriction maps: dj A*(l, ) — A" (B, _1,) induced from that on A,
and d5 , : AR, ) — A (B, ,,—1) induced from that on A,.

Notation 3.13. We denote by O,, the boundary of B, and let

A (Opn) (0, s@m,B05-++,8n) d;’:nil(&j)):dzﬂ’MA((gi)) J{OT S
- ye+sQm 005,00 q* )=a* i) for0<i<ji<mn
m,n) - cA*(A,, _ , cA*(m _ i,n—1\~7J j—1,n—1\"7 — —
;€AY (My—1,n), Bi€A* (B 1) d; ,(ay)=d3, (Bi) for 0<i<n and0<j<m

be the space of polynomial differential forms on UO,,. There is a natural restriction map defined by
VN 7= (A5 (V)51 A (1), 45, (0)s -5 5 (7)) Jor v € A (B, ).
Lemma 3.14. For any (oo, ..., 0m, B0, .., 0n) € A*(Omn), there exists v € A*(M, ) such that
/7|Dm,n = (Oéo, sy Oy, BOa s Bn)

This variation of Lemma can be proven by the same technique as in [16, Lemma 9.4].

3.2.2. Gluing morphisms. On V. = Vy...q,, we consider the covering U = Upg..a, = {U; | U; C
Vag--a, parametrized by the mult-index set Z := {(do,..., %) | Ui; € Ung--ap}- Assuming that U is
an acyclic cover for a sheaf GP on V for each p, we have the following definition.

Definition 3.15 (see e.g. [47, [6l ©]). The Thom-Whitney complex is defined as TW**(G) :=
@b, , TWPI(G), where
TWP(G) == {(Soio---iz)(io,...,il)eI | Qig-iy € AL(A1) @c GF (Uig-iy), &5(@igiy) = Soio...gj..,il|Ui0mil}~
It is a dgLa with the Lie bracket [-,-] and differential O + d defined component-wise by
[or @ w1, B1 @ wi] = (=)W oy A Br) ® [or, wi),

Aoy @) == (dag) @ vy, d(ar®@vr) = (=1)*a; @ (dvy)
for ar, Br € A*(A;) and vr,wy € G*(Ur), where | = |I| — 1.

The complex TW?*(G) (resp. the total complex TW*(G)) is quasi-isomorphic to the Cech com-
plex C*(U, GP) (resp. the total Cech complex C*(U, G¥)).

Remark 3.16. We use the notation 0 since it plays the role of the Dolbeault operator in the classical
deformation theory of complex manifolds.
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Notation 3.17. Equipping G* := A*(A,)®"G, [Vig-.ap With the natural dgLa structure ([-, -], Ko an);
we let kTWZ’:aO...aZ(An) = TW™**(G), which is equipped with the differential kgai + kdahAn and the
Lie bracket [-,-]. It is naturally equipped with the face map

d;n/:kjmvv*ﬁ (An) N qu%/&* (An_{)

Q5000 Q5000
and the restriction map to; defined component-wise by
to; ((r)1ez) = (@1)1er

for (¢1)rer € FTW** (An), where ' = {(io, . ..,i1) € Z | Us; C Vagag }-

Q000 g
For each k£ € N and any pair V,,, Vg € V, a gluing isomorphism
(3.7) “Gop(An) : FTW S(An) = PTW5T o(An)

*, ok

is a collection of maps (kgagyl(An))Iez such that for ¢ = (¢r)rez € kTWa,aﬁ(An) with ¢; €

A*(A)) @ A*(A,) ®@ *G* (Ur), we have (kgaﬂ(An)(ga))I =k g05.1(An)(pr). Tt is required to preserve
the algebraic structures and satisfy the following condition:

Condition 3.18. (1) for U; C Voo N'Vg, we have

(3-8) “gas.i(An) = exp([*aag,i(An). ]) 0 “Yag,
for some element Fa,z5,(A,) € A°(A,) ® kg%(Ui) with *a.5;(Ay) =0 (mod m);
(2) for Usy,...,U;, C Vo NVg, we have
(3.9) G io-i (An) = exD([Fagiiy (An)s ) © (“gasio (An)lury, ., )

for some element kﬁag,io...il S AO(AZ)®AO(An)®kg%(UiO...il) with kﬁag’io...,-l(An) =0 (mod m);

3) the elements *9ap .4, ’s satisfy the relation:
Byio i
k .
D opigeiomiy (An) for j >0,
(3.10) a* (kﬁa i (Ap)) = aByio-ig- i N
]7l 57 0 l k k '
ﬂaﬁ,ﬂ)mil(A”) © "Pap,igiy (An) forj=0,

where ® refers to the Baker-Campbell-Hausdorff product, and kgbag,ioil(An) c A%a,) ®
kg%(Uioil) is the unique element such that

eXp([kgbOéﬂ,ioil (An)a ]) kQOéﬁJo(‘“) = kgaﬁ,h (An)

Remark 3.19. Note that there are two different simplices in play in Notation |3.17 and Condition
: the l-simplex A; in defining the Thom-Whitney complex TWP(G) in Definition and
517

another n-simplex A, in defining G* and kTWZ’:ao...ae(An) in Notation . To simplify notations,
we will suppress the dependence on A, in the rest of this paper when there is no danger of confusion.

Fixing A, (which we omit the following notations), then for any triple V,, V3, V, € V, we define
the restric.tion ?f kgag to kTWZ’;M as the unique map kgaﬁ : kTWZ’;m — kTW;’;;M that fits into
the following diagram

kTW*,* Ty ]gTW*,*

asaf asa By
kgaB kgaﬁ
T
STW s T W5 5.
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Definition 3.20. For a fized A, a collection g(An) = (*gos(An))kap (or simply g = (*9ap)k.ap
when the dependence on A, is clear) satisfying Condition is said to be a compatible gluing
morphism over A, if in addition the following conditions are satisfied:

(1) °gop = id for all o, 3;

(2) (compatibility between different orders) for each k € N and any pair V,,Vz € V,
(3.11) Egag o KL, = Bk, o kily

(3) (cocycle condition) for each k € N and any triple Vo, V3, V, €V,

(3.12) “910 995y 0 *gas = id

when ¥ 9as; gﬁv and* J~a are restricted to kW kTWZ ZM and kTW:’,ZM respectively.

a;afy’

For any a : [m] — [n] and the corresponding pull back a* : A*(A,) — A*(A,), there is a naturally
induced data a*(g(An)) = (a*(*gas(An)))k.ap as a compatible gluing morphism over Ap,.

Definition 3.21. The simplicial set of compatible gluing morphisms & (A, ) : Mon — Sets is defined
by letting B(Ay) be the set of compatible gluing morphisms over A,.

3.2.3. The Cech-Thom-Whitney complex. Given a compatible gluing morphism g(A,) over A,, we
construct a Cech-Thom-Whitney complex ké*(TW, g, Ap) (or simply ké*(T W, g) when the depen-
dence on A, is clear) for each k € N.
Definition 3.22. For each A, and ¢ € N, we let kTWaO (9, Ap) C @Z OkTW%aO a,(Ap) be
the set of elements (¢o,- - ,pe) such that p; = gaiaj(An)(cpi). Then the k-th order Cech-Thom-
Whitney complex ka*(TW*’*, g, Ayp) over X is defined by
k- ~
CE(TWP#], g, A H kTWaO o g7 )
Qg
and kée(TW*’* g, Ap) = @p,q kée(TWp’q, g) for each k € N. It is equipped with the Cech differen-
tial ¥6, 1= SN (1)t 1 - "CUTW, g, Ap) — “CHH(TW, g, An), where vy - "CEHTW, g, &) —
k(fz(TW, g, Ay) is the natural restriction map defined component-wise by t; ¢ : kTWZ’;__O?._W(g, A,) —
J
kTWZ’;...aL,(g, A,) coming from Notation .

For each A,, we set "£**(g, A,) := ker(*8) (or simplified as *£**(g) when the dependence of
A, is clear). We denote the natural inclusion *£**(g) — kéO(TW*’*, g) by ¥6_1, so we have the
following sequence of maps

(3.13) 0 — kgra(g) — B0 (Twre, gy — FEY (WP, g) — .. = e TP, g) 5 -

For cach A, ¢ € N and k > [, there is a natural map "' : k(ff(TWp’q, g) — lég(TWp’q, g) defined
component-wise by the map k’lbaj : ’I“TI/VQ’;.J;%...Oé(Z — ZTWQ’J%OCO.AW obtained from ®', : ¥G* — 'G*
in Definition We then define C/(TWP4, g) := lim, kCVZ(TWp’q, g) as the inverse limit along these
maps and set C/(TW, g) := D, CY(TWP4, g). Similarly, we have the natural maps *' : #£P4(g) —
L£Pa(g), and we can define £P4(g) also by inverse limits and set £**(g) := D, , £ (g).

For each a : [m] — [n] with the corresponding pullback a* : A*(A,) — A*(A,,), there are naturally

induced maps a* : kCVe(Tvaq,g, A,) — kCZ(TWp’q,g, Ay) and a* : FLP9(g, Ay) — FLPY(g, Ay)
defined using the induced gluing morphisms a*(g(Ay)).
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Definition 3.23. Fizing a compatible gluing morphism g(Ay) = (kgaﬁ(An)) over Ay, a compatible
differential is an element d(A,) = lim, Fo(Ay) (or 0 = lim, kd by dropping its dependence on A,),

where 0(Ay,) = (¥0,(An))a € kée(TWI,g, A,), such that, for each k, we have

kA kA
(3.14) " 950 (An) 0 ("0p + Fdsa, + [F05(An),"]) 0" gap(An) = 0a + Fdaa, + [M0a(An), .
For each a : [m] — [n], there is an induced compatible differential a*(d(Ay)) for a*(g(Ay)).
Definition 3.24. We define the simplicial set of compatible morphisms and differentials G(A,) :

Mon — Sets by setting G(Ay) := {(g(Ay),0(Ay))}, where D(A,) is a compatible differential for a
compatible gluing morphism g(Ay,).

There is a natural morphism of simplicial sets G(Ae) — &(A,) defined by forgetting the differ-
ential. The results in [2, §3.3-3.5] can now be summarized as follows:

Lemma 3.25 ([2]). The simplicial sets &(Ao) and G(As) are non-empty (meaning that &(Ag) # ()
and G(Ag) # 0) and contractible (i.e., given an element g = (go, - - -, gn) in the boundary &(A,) =

{(90:---,9n) | 9i € E(An—1), 4], _1(g;) = d},,_1(g:)}, there exists g € &(An) such that 4}, (g) = g;,
and similarly for G(A,)).

With a compatible differential d over A,, the local operators (0, + do + [0a, |)a glue to give a
global differential operator dy on £*(g) while the Lie brackets glue together automatically, thus
producing a dgl.a.

Consider the category Ar of local Artinian R-algebras with residue field C. With (A,my4) € Ap
and (g(An),0(An)) € G(Ay), we let 1L*(g, An) == L*(g, Ay) ® (kg A (or simply AL*(g)) for large
enough k such that m**!. A ¢ {0} and equip it with the differential “d,, (or simply 4d). We use
ABy . AL*(g) = BL*(g) to denote the naturally induced map from a morphism A — B in Ag.

Definition 3.26. For o fized A,, an element o € 2L(g) such that o = 0 (mod my) is called a
Maurer-Cartan element if it satisfies the Maurer-Cartan equation:

1
(3.15) dop + 5[% @] =0.

Given a : [m] — [n] and any Maurer-Cartan element ¢, a*(¢) is also a Maurer-Cartan element
(with respect to a*(g(Ay),0(A,))). Following [15, 22], we define the Maurer-Cartan simplicial set
AME(A,) over A by setting

AME(An) = {(9(An), 0(An), @) | (9(An). 2(An)) € G(An), ¢ satisfies (B15)}.
The following lemma is parallel to the results from [I5, 22].

Lemma 3.27. The Maurer-Cartan simplicial set “ONC(A,) is a Kan complex.

Proof. Given (g;,0;,4p;) € A9MC(An_y) for 0 < i < n and i # k such that d;nfl(gj,bj,A@j) =
d;f_lm_l(gi,bi,Aapi) for 0 < i < j <nandi,j#k, we need to construct (g,0, ) € 4MC(A,)
so that d;n(g,b,Ago) = (gi,0i,;). The existence of (g,d) follows from the contractibility of
G(A,). For 4y, we assume that h : A — B is a small extension and that Py has already been
constructed such that d’?,n(B ©) = “Ph(4¢;). By the discussion in [2, §3.4], one can always construct
A5 € ALY (g, Ay) such that d;"n(Agb) = Ap;. Therefore da, () + 1[4, 4¢] = 40 with [40] €
H?(A*(An) ® °G*) ®c (my/ker(h)) (note that the local sheaves YG%’s glue to give a global sheaf
0G* over X). Now the natural restriction map A*(A,) — A*(A¥) to the k-th horn A¥ is a quasi-
isomorphism, thus inducing an isomorphism H?(A*(A,) ® °G*) — H?(A*(AF) ® °G*). As a result,
we have the obstruction class [0] = 0, giving the desired ¢, . O
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Given an algebra homomorphism ¢ : A — B, there is a natural map c(A,) : “9NC(A,) — PME(A,)
of simplicial sets. These can be packed together as the simplicial Maurer-Cartan functor *INE(A,) :
Ap — sSet from AR to the category sSet of simplicial sets. By taking the connected component
To(19NE(A,)) of simplicial sets, we obtain the ordinary Maurer-Cartan functor mo(*9NC(A,)) defined
by A — mo(49ME(A,)).

~ k~
3.2.4. Morphism of dgLa’s. A morphism f = {kfa}k@ G={ G\ tha—G= {’“g;}k,a of patching
data (Definition naturally induces a morphism of dgla’s on the corresponding local Thom-

bk ——

Whitney complexes * foi 0 TWg ago,(An) — kTWZ’ZaO...az(An) constructed from component-wise
k- ~

maps ¥ fo, 1 A*(A) @ A*(&n) ® G2, (Uigi)) = A* (A1) © A" (An) ® *G2, (Uig..i)-

Lemma 3.28. Given a compatible gluing morphism g = (kgag);uw for G which satisfies Condition

. . k-~ ~ .
3.18 with the elements kaa,g,i s and “Vqapig.-i, 'S over Ay, we define g := f(g) over Ay, by setting

- k~
kaalgyi = kfg(kaam) and kﬁaﬁ,io---il = kfg( YaB.ig-i,)- Then g is a compatible gluing morphism for

G over A,,.

~ 1 ko .
Proof. From its construction, we see that kgaﬁ okfy = kf/g o kgag. With ¢ap,;’s and kqﬁa,g,ij’s in
Condition [3.18] we observe the relation

k ~ ~ k~ ~
exp ([ Gapiss 1) = exp ([Faapo 1) 0 exp ([FBaair]) o exp ([~ Faasin])

. . k~ ke k~ k~ C e k=0 0 k=, k=,

which gives " dag,ij = “8a8,;O Pga,ji®(— “8ap,;) by the injectivity of the map G — Der(kR)( g5, G3),
k ~

and similarly for the elements k¢a57ij’s, kaa,g,i’s and kp5a7ji’s. So we have kfg( bapij) = k¢a5,ij,
which shows that kﬁamo...il satisfies the relation (3.10)).

For the cocycle condition in Definition we first consider the elements kgag,i’s. A direct
computation gives

kg’ya,z’ o kgﬁ'y,i o kgaﬂ,i =

exp([kawa,ia ]) © eXp([kwva,i(ka,B'y,i)a ]) o eXp([kw'ya,i o k@bﬂv,i(kaaﬁ,i)y D o kwwa,i o kwﬁfy,i o k¢aﬁ,i7
and the cocycle condition is equivalent (under the injection kg% — Der?k R) (kg;, ’“gg)) to

a0 © Fyai(Fagy.0) © Fhyai 0 M pi(Faasi) © Foapy: = 0.

Since ¥ f,, is a morphism of dgLa’s, ¥ Jap,i’s satisfy the cocycle condition since k Jap,i’s do. For general
kgoé@io...il’s, notice that the cocycle condition is equivalent to
k k k k k
Dyaio-iy © g’YOé,io( 7957,1‘0--.1‘1) © gﬁoaio( 1906571'0--41) =0,

which also follows from the fact that ¥ f, preserves the graded Lie algebra structure. The condition
(2) in Definition can be proved similarly. O

Now for a map a : [m] — [n] in Mon, we have f(a*(g)) = a*(f(g)) as compatible gluing
morphisms over A,,. Hence f induces a morphism f : & — & of simplicial sets, where & is the one
associated to G.

A morphism f also induces a map *f : kée(’l?ﬁ/, g) — kCVZ(TW,g) between the Cech-Thom-
Whitney complexes which is naturally compatible with Flys and *67s (here we use the notations
Flh and *§ for both G and G). Suppose we have a compatible differential 0 for § over A,, then
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0:= f(d):= Jm, kf(kﬁ) is a compatible differential for f (§) over A,. Therefore, it gives a morphism
f:L*(g) — L£*(g) of the corresponding dgLa’s. In this way f also induces maps f : G(As) = G(As)
and 4 : A%(A.) — A,’J)?(‘:(A.) of simplicial sets, for every A € Ag. The latter morphisms can be
packed together to give a natural transformation f : .%(A.) — *IMMC(A,).

Definition 3.29 (Definition 1.37 in [39]). We say the Maurer-Cartan functor *ME(A.) (and sim-
ilarly for ONE(A,)) is smooth if the natural restriction map “Bb : AME(A,) — PME(A,) is a
surjective Kan fibration (see |46l Fibrations 8.2.9] for a definition of Kan fibration).

With f : ,C’7 — G as above, we say the associated natural transformation f : .%(A.) — *INCE(A,)
is smooth if, for every surjective map A — B in AR, the naturally induced map

(3.16) ABf (k) = " IME(Aa) X (Bome(a.y) “ME(A0)

s a surjective Kan fibration.

The above smoothness condition will imply the smoothness of the ordinary Maurer-Cartan functor
mo(*IME(A,)), and similarly for the natural transformation 7o(f) : mo( ME(A.)) = mo(*IME(A,)).

The local sheaves OQ~;§’S and G7’s glue to give global sheaves 05 and °G of dgLa’s over X, and the
morphisms °f,’s glue to give a morphism °f : ng — 0G* of sheaves of dgLa’s. Let R := ker("f)
be the kernel subsheaf. Then both °£*(g, A,) and °£*(g, A,,) are independent of the choice of the
gluing morphism and compatible differential, and they are quasi-isomorphic to TW*(OCV )®c A*(Ay)

k ~
and TW*(°G)®c.A*(A,) respectively. If we further assume that each ¥ f,, : "G* — *G¥ is a surjective
morphism of sheaves, then we obtain the following exact sequence of dglLa’s:

0—=TW*(°R) @c A*(an)——=TW*('G) @c A* (An)—=TW*(°G) @ A*(An)—0

: : -

0 0%C* () 0L*(g, Ap) 0L*(g, Ap)———0,

where °X*(A,,) is the kernel dgLa of the natural map °L*(j, A,) — °L*(g, A,) and the vertical
arrows are all quasi-isomorphisms of dgla’s.

Theorem 3.30. Suppose f : G Gisa morphism between abstract deformation data such that each
k~

Ko Ggr — kg; is a surjective morphism of sheaves and the hypercohomology group H?(X,"R*) =

0. Then f: IME(As) — *MNCE(A,) is smooth. In particular, IME(A,) is smooth if *ME(A,) is

smooth

Proof. It suffices to consider a small extension h : A — B. A general element in the target of the
map (3.16)) can be represented by Maurer-Cartan solutions (B @An,AgoAn) with respect to the glu-
ing morphisms (j(A,), g(A,)) and compatible differentials (0(A,), 0(Ay)), where (g(A,), 0(Ay)) =
F(5(An), 0(Ap)) and f(Bea,) = MPh(Apa. ). Given Maurer-Cartan solutions 4@; € 4L(j, Ap_1)
for 0 <4 <n and i # k with respect to the gluing morphism d;,, (§(A,)) and compatible differential

d;n(ﬁ(An)) such that d;n(B(ﬁAn) = A’Bb(A@) and d*

wfl(Agéj) = d}'ffl’nfl(AgEi), we need to construct

an element 4@, € AL1(7, A,) lifting B, , and satisfying f(“¢a, ) = Apa, and d;"’n(AgéAn) =A4p;.
By the discussion in [2, §3.4], we can construct a lifting 4u,, € 2£(J, A,) of Bpa, satisfying
A _ A o Al gk (A - ABp Az Ay Ap(As

f(Pua,) = “oa,. Letting “u; = a7, ("ua,,) for i # k, we have 7b(“@; — “u;) = 0 and “ f(“¢@; —

Au;) = 0 which implies that 4w; := 4@; — 4u; lies in TW**(*R) ®c A*(An_1) @c (m4/ker(h)). We
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can construct 4v € TW**(*R) @c A*(A,) ®c (ma/ ker(h)) such that dzn(Av) = Aw; and therefore
the modification AgéAn = 4u 4 4v will have the desired properties.

We have d,, (“¢a,) + 22 0u,, 2 ¢a,] = 404, € TW**('R) @c A*(A,) @c (ma/ ker(h)) with
°d,, (404,) = 0, and hence representing a cohomology class satisfying [(AOAn)\Aﬁ] = 0. Using the
fact that the natural restriction map A*(A,) — A*(A¥) to the k-th horn is a quasi-isomorphism, we
have 40, = °da, (“ca,). This allows us to define a Maurer-Cartan element 45, = 44, —4ca. €

A——
ONCE(A,) as desired. This completes the proof that the map in (3.16) is a Kan fibration.

- : AB, . Agps B rs A

Now it remains to show that the map 7 f :  INC(Ag) — ME(Ao) X Bone(ay)) ~VE(Ao) on
the O-simplex Ag is surjective for a small extension h : A — B. Again an element in the target
can be written as (B@a,, 4pa,) with respect to the gluing morphisms (§(Ao), g(Ag)) and compat-
ible differentials (d(Ag), 9(Ag)), and what we need is a lifting 43,, as an element of the domain.
As above, we can construct a lifting 4, € 4LY(G, Ag) of (P@a,, Apa,) and get the obstruction
(404,) € TW*(°R) which represents a cohomology class in H>(TW*(°R)). From the assumption,
we have H2(TW*("R)) = H?(X,"R*) = 0, forcing the obstruction to be zero. This proves the
smoothness of 4P f, and the second statement follows from the first one. O

3.3. Weakened assumption in Definition In this subsection, we explain the modification
needed when condition (3) in Definition is not satisfied — this is essential for application of the
results of this section to smoothing of pairs in because the dgLa in Definition [2.1] indeed does
not satisfy this condition.

The condition (3) in Definition can be weakened as follows: Consider the adjoint homo-

morphisms ad : °G* — Der*(og*,og*) and ad : ’fg; — Der?kR)(kgj;,kgg), where Derz‘kR)(,) de-

notes the graded vector space of *R-linear derivations. Let ad(°G*) and ad(*G%) be their im-
age sheaves of dgla’s respectively, which are equipped with the naturally induced morphisms
Blhy - ad(*G*) — ad(’G%). Then condition (3) in Definition can be weakened to the follow-
ing condition:

(3') ad(°G*), {ad(*G:)}k.ar {k’lba}kzm satisfy conditions (1), (2) and (4) in Definition .

With this weakened condition, Condition and Definition need to be adjusted: First,
Condition should be modified by only requiring the elements kaa57i(An)’s, kﬁaﬁ,io---il (Ap)’s and
K bap.iniy (An)’s to take values in ad(*G?), and the equation to hold in ad(*G%). The gluing
morphism ¥g,5(A,) will remain well defined as it involves only Lie brackets with those elements.
Similarly, in Deﬁnition we only require the elements ¥0,,(A,)’s to take values in ad(*G%), which
is enough for making sense of the equation .

Only Lemmas and involve the original condition (3) in Definition But we observe
that, under the new condition (3’), their proofs are not altered at all: Lemma which we
extract from [2], involves solving for the elements kaam(An)’s and kﬁa@io...il(An)’s in Condition
and the elements *0,(A,)’s in Definition Under condition (3’), these elements can only
be defined with values in the sheaves ad(kQZ)’s, but this will be enough because we observe that
the compatibility conditions in Definitions [3.20] and [3.23] only involve the values of these elements
in the sheaves ad(*G?*)’s. Similarly, in the proof of Lemma, @L these elements only take values in
ad(k&&)’s and ad(¥G*)’s and the equality involving them will hold in ad(k&&)’s and ad(¥G*)’s, but
these are already enough for our purposes.
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4. SMOOTHING OF PAIRS

In this section, we construct the abstract local deformation data G for a pair (X, €*), which would

come with a natural forgetful morphism f : ,C’7 — G sending C7 to the abstract local deformation data
G associated to X constructed in [§].

Throughout this section, we fix ) = N. Let X be a d-dimensional projective toroidal crossing
space over C. According to [8, Definition 1.5], a toroidal crossing space is defined as an algebraic
space over C together with a sheaf of monoids P with global section 1 € T'(X, P) such that, locally
at every point z € X, there is a smooth map to the boundary divisor D, in the affine toric variety
V = Spec C[P,] mapping 1, to the monomial in P, whose divisor is D, and so that P is isomorphic
to the pullback of Py, ; here Py, is the sheaf of monoids defined by Py, := P,/ a‘l((f)‘fvz) where P,
denotes the constant sheaf and a : P, — Oy, is the map p + 2P. This notion was introduced
by Schréer-Siebert [40]. We assume that the higher tangent sheaf 73 = Ext!(Qx, Ox) is globally
generated. Then [8, Theorem 6.8 and Proposition 6.9] furnish X with a log structure, or what they
call the structure of a log toroidal family over the standard N-log point °ST. We will denote the log
scheme by X1 if we want to emphasize its log structure.

Let Z C X be the codimension 2 singular locus of the log structure (i.e., X is log smooth away

from Z), and write j : X \ Z — X for the inclusion. Also let I/V)*ﬁ/osT = j*Q?X\Z)t/OST be the push

forward of the sheaf of relative log differential forms on X \ Z over °ST. We further assume the
Calabi-Yau condition, namely, wx = Ox (which is equivalent to the condition that ¢

Xt/0gt = Ox
by [8, Lemma 6.11.]).

4.1. Construction of abstract deformation data for a space. Here we recall the construction
of the abstract deformation data G from [2| §8] concerning the smoothing of X

Notation 4.1. Following [8, §3], we take an elementary (log) toroidal crossing datum (Q C P, F)
consisting of monoids Q, P with an injection Q — P and a collection F of facets of P containing
all facets that do not contain Q. We have the corresponding analytic schemes V. = Spec(C[P])*",
which is equipped with the divisorial log structure induced from the toric divisor V corresponding
to F, and V = Spec(C[Q])*", which is equipped with the pullback log structure from V. There is a
log morphism m : V1 — ST, induced from the natural monoid morphism Q = N — P, and a fiber
diagram of log analytic schemes

(4.1) vt — v

|-

Ogfc gt

As described in [8, §13], for every point z € X, there are some monoids Q and P as in Notation
from which we can construct V' C V| together with a neighborhood V, of & which can be
identified with an open subset V,, C V| where V,, can further be chosen to be Stein. We fix an open
covering V by Stein open subsets V,’s, where V, = V, for some z € X which comes with a local
k-th order thickening kV&’s in Vl[ over *ST. We will abuse notations and write J:Va\Z = V,.

Following [2, §8] (and using notations from [I§]), we construct an abstract deformation datum G
as follows:

3Note that it was denoted as G (not G) in [2].
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04, 0~

Definition 4.2. (1) the sheaf G* of dgLa’s is given by the push forward G* := j*(@XT/OS]L)

of the analytic sheaf of relative log vector fields concentrated at degree 0, equipped with the
natural Lie bracket;

k~ k ~

(2) for each k € Z>o and «, the sheaf G}, of dgLa’s is given by the push forward G, =

j*(@kvf / kST) of the analytic sheaf of relative log vector fields concentated at degree 0, equipped
with the natural Lie bracket;

(8) for k > 1 and each «, the morphism k’lba : j*(QkVL/kST) — j*(G’VL/’ST) is obtained from

the isomorphism j*(@kvl/ksf) Dk R) IR~ j*(@lvl/lst)-

Conditions (1) — (2) in Definition can be easily checked from the definition of the data.
k ~
Condition (4) follows from the fact that the G,’s are coherent sheaves ([8, Lemma 2.4]). To verify

condition (3), it suffices to consider 0@* since k@; is a sheaf of free ®*R-modules with [-,-] being
¥ R-linear. Moreover, condition (3) is a local statement which can be checked on X \ Z away from
the singular locus Z. Since X \ Z is log smooth over 06T, this can be done directly on log smooth
charts covering X \ Z.

As for the patching datum, consider x € V3 and a Stein open subset U C V,3 containing x. Then
the two thickening kv, and ng can be identified via an isomorphism k\Ila@U : kVa]U — ng]U as

log schemes over ¥ST by [8, Theorem 6.13] (cf. also [19, Lemma 2.15]) as in [2, §8]. Taking an open
covering U as in Notation we have the following definition.

Definition 4.3. For each k € N and triple (Us; Vo, Vg) with U; C Vg, let k\I/am be the following
isomorphism of log schemes:

k\yaﬁ,i
Vihly,——"—="Vly,

T
F St kT,

k ~
The isomorphism of sheaves a3, :j*(@kvf /ksf)’Ui — j*(@kvf/ksf)’(]i which appears in Definition
o B
1s taken to be that induced by k\Ilam.

k,l . . . .
The existence of the vector fields bz, kpamj and ¥ 0ap~, in Definition follows from the
analytic version of [I9] Theorem 2.11] (we can use this theorem because the local models appearing

in [8] are the same as those in [19]), which implies that any log automorphism of the space le|Ui
(resp. kVL\Uij) fixing X|y, (resp. X|y;;) is obtained by exponentiating the action of a vector field
n ekVL/kST (Uz) (resp. @kVL/kST(Uw))

4.2. Construction of abstract deformation data for a pair. We now proceed to construct
the abstract deformation data G associated to the pair (X, €*). By passing to the determinant line
bundle, we obtain the abstract deformation data G associated to the pair (X, det €*) and also a
forgetful morphism f : GG , so that we can apply Theorem We will need extra data about
smoothing of ¢* along with X. Using the open covering {V,}, and the thickenings *V,’s in §4.1
and letting *O,, := Ok, we introduce the following definition:

Definition 4.4. A geometric lifting datum ({*¢%}; 4, {k’lba}kzl’a) of €* consists of

e for each k > 0 and «, a perfect complex k@z of *On-modules over ¥V, and
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e for k> 1 and each o, a morphism "', : ke — 1ex of complexes of *On-modules (here '€,
is treated as an *O,-module via the natural homomorphism k’lba kO, — l(’)a)

such that °C = €|y, and *lh, is an isomorphism upon tensoring with 'R over *R.

From a geometric lifting datum, we can construct an abstract deformation data G as defined in
k ~
Definition as follows. On each V,, we define the sheaf G}, of Lie algebras as the subsheaf of
ko~ k ~
Ga X fHomzR(kaZ, k¢*) whose stalk at z is given by g;;x(’fe;;) as in Definition H which comes

k~ I~
with the natural morphism of sheaves of Lie algebras k’lba : Gr — GF. There is a natural exact
sequence of sheaves of Lie algebras

k k4,
(4.2) 0 — Homi, ("€:, 7€) — "G — Gi—0.
Conditions (1),(2),(4) in Deﬁnition follow immediately from this exact sequence. Condition
(3) does not hold since ker(ad) = "Og - Idkg. (i.e., multiples of the identity endomorphism in

k ~
J'Com?koa) (*ex, k@*)). In this case one can easily check that ad ( QZ) satisfies conditions (1), (2), (4)
in Definition we obtain an abstract deformation datum QV under the weakened assumption
3.3

as described in § Now, we take *G,, to be the subsheaf of kéa X Homu p(det Fe*  det*¢’) whose
stalk at z is given by kgAa,x(det ke*) as described in .

Next, using the geometric isomorphisms klllaﬁﬂ- : kVL|UZ. — kVE\Ui between log schemes over *ST
described in we introduce the following notion of a geometric patching datum:

Definition 4.5. A geometric patching datum for ({*€% 14 o, {k’lba}kzl’a) consists of, for each k € N
and (Uy; Vy, Vg) with U; C Vo := Vo N V3, an isomorphism

"Eagi |, = Py,

of complezes of sheaves of modules which is compatible with the isomorphism k\IJ*OM- : kOa|Ui —

k(’)g\Ui of sheaves of rings, such that OEQW = id.

Given a geometric patching datum {kEaW} of ({kQIZ}k@, {k’lba}kzl,a), we get an isomorphism
k ~
Vapi + Homep(F€:, 5 E:) |y, — fHomkR(kQZQ,kQE)\Ui of sheaves obtained via *Z,5;’s. Putting this
k - k= k=
together with “¢ap,: Galu, = Gplu,, we obtain an isomorphism

k ~ k = * * k=~ * *
Yapit Galu, x Homu (M€, €H)|u, = Galu, x Homu p(F€h, 5 €5) o,

k ~ k~ k~
of sheaves over V,. It induces the corresponding isomorphism t¢ag, : Gilu, = QE‘Ui of sheaves of

~ ko~
dgLa’s over V,, producing a patching datum for G = { Ga} . By repeating the same construction
for the geometric patching datum det kEam : det kQﬁZ\Ui — det kaE]Ui, we obtain the isomorphism
kwam : kgg\m — kg;\m of sheaves of dgLa’s.

.. k,l~ ~ - -
We should indicate how to construct the elements "b,g;’s, kpag’i’s and koag%i’s. For koagw;’s,
we observe that kEwM o kEB%i o kEaﬂﬂ- : k@zm — k€Z|Ui is an automorphism of complexes,

which is compatible with the natural automorphism k\ll;%i o kqu*yﬁ,i o klllza’i : Oulu, = Oalu,-

: 0= 0= 0= o k~ . (k k—= k= k=
Since "Eqq,i 0 "28y, 0 Zapi = id, we can define 048, 1= ( 008,i5108("Eqa,i © "Egyi © _ag,i)) €

kgg(Ul) Similarly, we define k’lbam = (k’lbag,i,log(lEﬁa,i ° (kEa/i,i Ok R) ZR))) and kﬁaﬁ,ij =
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(kpalgyij,log(kEﬁa’j\Uij okEa57i|Uij)). Therefore we obtain a patching data ¢ for G. Repeating
k~
the above for det "‘Eam produces the patching datum for G. The trace map tr : QZ(]“QZ) —
k = ko~
gg(dethZ) described in gives k fa: G — kga which is a surjective morphism of sheaves of
dgLa’s. One can easily check conditions (1) — (5) in Definition We thus obtain a morphism
(G, ¢) = (G,9).
Let .%(A.) and *9MC(A,) be the Maurer-Cartan functors associated to the deformation data

(G,v) and (G, ¢) respectively.

Corollary 4.6. Let X be a projective toroidal crossing space which is Calabi-Yau and with 7}} =
Ext'(Qx, Ox) globally generated. Let € be a bounded complex of locally free sheaves (of finite rank)
over X. Suppose the pair (X, C*) is equipped wz’th a geometm’c lifting datum {’fc(’;}k,a, {k’lba}kzm)
(Definition and a geometmc patching datum {"E} 5 ; bk 0p,i (Deﬁmtwn. If BExt?(¢*,€*)y =
then the morphism f : im@(A.) — *IMNC(A,) between Maurer-Cartan functors is smooth.

Proof. The statement follows from Theorem as we have H?(X,"R) = Ext?(¢*,¢*)y = 0. O

In geometric situations, we are interested in the following notion concerning smoothing of geo-
metric objects.

Definition 4.7. We say that a variety X s formally smoothable if for every k € N, there exists
a flat family of log schemes m : *XT — k8t such that XT = 0XT, F1xT X (k+1gt kst = kXt and

kxtly, = ¥V1, for every a and k € N.

A pair (X, €*) is said to be formally smoothable if for every k € N, there ezists a pair (*X,*¢*),
where w: *XT — kSt is a flat family of log schemes as above and *€* is a bounded complex of locally
free sheaves on *XT, such that ¥T1¢* ®k+1p) FR="*¢* and k(’Z*|Va k(’:* for every a and k € N.

Suppose that X is formally smoothable. Then the isomorphism kVL]V&ﬁ >~ kxt o byl ’Vaﬁ

k= k=
induces an isomorphism ga|va = g B|Va 59 which can be further passed to the associated Thom-
Whitney resolutions to give a set of compatible gluing morphisms “g kg ’ kT Wa af — TWB .a3 OVer

Ag. Taking kﬁ’a = 0 gives a set of compatible differentials with respect to gaﬁ s over Ag. Now
k&' = 0 will be a Maurer-Cartan element over ¥R with respect to (§',d') for each k. If we have
another set of compatible gluing morphisms and differentials (g, 6), then Lemma gives a set of
compatlble glulng morphisms and differentials (G(A1), 9(A1)) connected to (§’,9'). Making use of
Lemma we can then inductively construct a system of Maurer-Cartan elements kcﬁ’ s such that
blg = B (mod ¢"*1), with respect to (g, 0). Similarly, if (X, €*) is formally smoothable, then for
any set of compatible gluing morphisms and differentials (g, ?), we have a system of Maurer-Cartan
elements *¢’s such that ¥T1¢ = *¢ (mod ¢**1).
Proof of Theorem[1.4 Under the assumption that the pair (X,det(€*)) is formally smoothable,
we have a compatible system of Maurer-Cartan elements {kqﬁ}keN by the above discussion. Since
f: .i)fJTQf(A.) — *9NC(A,) is smooth by Corollary we can then inductively construct the desired
compatible system of Maurer-Cartan elements.

To prove the second statement, we assume instead that H?(X,Ox) = 0. Then we can consider
.« — S
the Maurer-Cartan functor 91€(A,) associated to the deformation datum (G, ¢)). The anchor map

ks ko k4
described in Definition gives amap fo: Go(det®€*) — "G, for each a, which patch together
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to give a morphism f (G, Y) — (Q\ 1[)) between abstract deformation data, thereby inducing a map
f ’E)JT@(A.) — S)JTQ(A.) between the associated Maurer-Cartan functors. Applying Theorem
to f and noting that H2(X,"R*) = H2(X,Ox) = 0, we conclude that f : *9NC(A,) — DJIC(A.) is
smooth. Notice that the toroidal crossing space X is formally smoothable by the results in [2,[8]. So
by repeating the argument in the paragraph right before this proof, we can construct a compatible
system of Maurer-Cartan elements {kqb}keN, from which we can deduce the result by arguing as in
the proof of the first statement. (By the discussion in which is independent from the proof here,
we can actually construct a formal smoothing of the pair (X, det €*) from the system of Maurer-
Cartan elements {kqﬁ}keN. So the second statement of Theorem is indeed a special case of the
first one.) O

4.3. Proof of Theorem — geometric smoothing from Maurer-Cartan solutions. In
this subsection, we explain how to apply the technique in [2, §5.3] to the compatible set of Maurer-
Cartan elements constructed in Theorem to construct a geometric formal smoothing of the pair
(X, F), where X is as in Theorem and § is a locally free sheaf on X to be regarded as a complex
concentrated in degree 0.

First of all, if €* consists of just one locally free sheaf § of rank r concentrated at a fixed degree
(which, without loss of generality, can be assumed to be zero), then we can construct a geometric
lifting datum and a geometric patching datum for § as follows. On a Stein open subset V,, we
can trivialize § = @,_, Oxlv, - €; and take §Fo = P;_, kO, - e;. Then ", is simply given by
identifying the frame {e;} in both trivializations and taking the restriction k’lba k0, = 10, on
the coefficients. This gives a geometric lifting datum. Furthermore, one can write OZQ/gl(es) =
> i—q Atser in terms of matrices Ats € Ox(U;). We can then construct a patching datum by setting
kuam(es) =30 k Aysep, where FA,, € kOﬂ(Ui) are elements lifting A5, and then extend linearly
to make it compatible with the map k\ll*a’i RO U, — FOpu,.

To prove Theorem [1.1] . we first assume that Ext?(§,&)o = 0 and that the pair (X,detg) is
formally smoothable. For the rest of this section, we restrict our attention to the 0- simplex Ag (and

will omit Ag from our notations). Let § = (¥ gag) be a compatible gluing morphlsm for (G, w) over

~ k ~
Ag, which is given by kaagﬂ-’s, VaBig-i; S and wafg’i s as in Condition and Definition It
determines a compatible gluing morphism § for (G\, @ZA}) with data kdam’s, 1904/371‘0...1'1’8 and 12)04577;’8
ko~ ko
from the natural morphism *hy : Go — Ga in (4.2). Furthermore, we fix a compatible differential

0= (kﬁa) for § which determines 0 = h(9) for §. By Theorem [1.2} there is a Maurer-Cartan solution
ko = (Fpa)a of the dgLa kﬁ(g,@) for each k € N such that ®'h(¥p) = Lo,

Similar to Definitions [3.15] and [3.22] we define
FTWOL(W) = {<¢io~~~il)(io,...,il)€I | Gigiy € A" (A1) @ FOu, (Uig..iy), &5 1 (igiy) = Dot joviy [Uigooy } ,
kTW%E( ) {(¢20 Zl) (20,..,51)ET ’ gbzo 4 € A*(Al) ® 13'04( 10+ lz)’ jl(¢10 lz) = ¢i0...ij...il|Ui0mil}’

where Z = {(ig,--- ,i) | U;; C W} is a covering for an open subset W C V,,. For W C W', we have
the restriction map vy defined by

LAAYL ((¢1)Iez) = (é1)1e17,

where 7' = {(io,...,i;) € T | U;; C W'} as in Notation We equip *TWO? and *TW§ with

— ~ k ~
the operator k8a+ (k0a+kgoa)- where the action is defined via the natural actions of G, on *O, and
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k%, respectively. This turns kTWOj; into a presheaf of dga’s over V, and kTWSZ into a presheaf
of dg modules over *TWO*%.

We can define a gluing morphism

N ko A *
“Gap(Bi-ir) = xD( Dag,iowir) © exp("aapir) © Wi iy (Dig-ir)
for (¢ig.i,) € *TWO% |y, , using this action. The compatibility of the gluing morphism g allows us
to glue these presheaves together to obtain a presheaf *O*(§) of dga’s. Similarly, by letting

- k = ~ -
kgaﬁ(¢i0---il) = exp( ﬂaﬁ,io~~~iz') o exp(kaaﬁ,i') © k:aﬁ,io (¢i0-"iz)a
we obtain a gluing homomorphism *g,s : *TW .|y, 5 kTWSE\Va ;- This gives complexes kO (g)
and ’“g*(g), where the operator o + ko is defined by gluing the local operators kéa + kﬁa + *pq
together. Therefore we obtain a global presheaf *F*(§) of dg modules over the global presheaf *O*(g)

of dga’s. The above construction is compatible with the natural maps *'b : kO*(g) = 'O0*(g) and
Bl k3 () — '5*(g) induced by b locally.

On the Stein open subset V,, we notice that kéa + kﬁa + kgoa- is gauge equivalent to kéa via
an element *9, € kw90 Conjugating with the automorphism exp(kﬁa‘) acting on FT W3Ee, and
similarly on ]"’TWOZ, for each «, we obtain a gluing morphism kgag : kTW%Z\Va 5 = kTW%%h/a 5
which fit into the following commutative diagram:

kgaﬁ

“TWEhIv., TWlvs s
lexp(kﬂa-) exp(*95°)
— k -
FTWEi Vs ") FTWE v, 0s)

gap
here we emphasize that kgaﬁ identifies the differentials kéa and k@g.

Now for any Stein open subset U C V,, we define
F¥(U) = HOCTWEL(U), "Da).

Then the maps kgaﬂ : k3a|va[3 — k56|va5 give isomorphisms of sheaves which satisfy the cocycle
condition. Therefore we obtain a global sheaf *§. Similarly, the isomorphisms kgag : k0a|vaﬁ —
k(95|va5 produce the global structure sheaf *©, which defines a k-th order thickening of X. The
k©-module ¥F is then a k-th order thickening of §. In conclusion, we obtain a k-th order thickening
(*O,*3F) of the pair (X,§) over *R = C[q]/(¢**!) for each k € N such that *+10O ®(k+1p) FR="*0
and k“& ®(k+1R) kR = k%’, so that the limit @k(ko, k%) gives a formal smoothing of (X, §).

If we assume that H?(X,Ox) = 0, instead of formal smoothability of the pair (X,detg), then

(proof of) Theorem still gives the required compatible set {¥¢}en of Maurer-Cartan elements,
so the pair (X, §) is again formally smoothable.
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