MMAT 5000 Analysis I, 2016/17, Test

Answer ALL Questions 29 Oct, 2016. 10:00-12:00

1. Let (X, d) be a metric space. Put p(z,y) := li(dmgy for all z,y € X.

(i) (5 points) Show that p is a metric on X.

(i) (8 points) Let(x,) be a sequence in X. Show that (x,) is convergent with respect
to the metric d if and only if it is also convergent with respect to the metric p.

(iii) (7 points) Let A be a subset of X. Show that A is open with respect to d if and
only if it is open with respect to p.

2. (i) (4 ponits) Let A={v2n:n=1,2,....}. What is the closure of A in R?
(i) (4 points) Let A be as in Part (i). What is the boundary set of A in R?
(

(iii) (4 points). For a pair of non-empty subsets A and B of R, let A + B be the set
defined by {a+b:a € A, b€ B}. Show that A+ BC A+ B.

(iv) (8 points) If A and B both are non-empty closed subsets of R, does it imply that
the set A + B is also closed in R?

3. Let (X;,d;)2, be a sequence of metric spaces. Suppose that d;(z;,y;) <1 for all z;,y; €
X; and for all i = 1,2.... Put X :={(z;) : z; € X;, i =1,2,...}. Define

i dy( :cz,yz

i=1
for (z;) and (y;) in X.

(i) (5 ponits) Show that d is a metric on X.

(ii) (7 points) Let W; be a non-empty open subset of X; for i = 1,...., N. where
1< N<co Let Y ={(x;) € X:2; €W;, i=1,2,...., N}. Show that if N < oo,
then Y is an open subset of X with respect to the metric d.

(iii) (8 points) Give an example to show that the assertion in Part (ii) does not hold
in general if N = oo.
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Answer

See the homework.

Notice that since d(z,y) > 0 for all z,y € X, we see that p(z,y) < 1 for all z,y € X
and thus we have

o) = 220 o

for all z,y € X. Thus we have d(z,,z) — 0 if and only if p(z,,z) — 0. So Part (ii)
follows.

Suppose that A is p-open. Then for any z € A, there is r > 0 such that if p(z,x) < r
implies © € A. On the other hand, notice that p(z,y) < d(x,y) for all z,y € X. So if
d(z,z) < r, then p(z,2) < r and hence x € A. Thus A is d-open.

Conversely, assume that A is d-open. Let z € A. So, there is 6 > 0 such that
if d(z,x) < ¢, then x € A. On the other hand, if p(z,y) < 1/2, then we have
d(z,y) < 2p(z,y) by the Eq 1 above. Now take 0 < r < min(6/2,1/2). Soif p(z,z) < r,
then we have d(z,z) < 2p(z,z) < 2r < 0. It follows that « € A by the choice of §. So
A is p-open.

One can directly check that A = A (need to check).
The boundary set of A is A itself (need to check).

Let # € A and b € B. Then there are sequences (z,,) and (y,) in A and B respectively
such that limz, = a and limy, = b. This implies that lim(z, + y,) = = + y and so
r+yeA+ B.

Let A be as in Part (i) and B = {—v2n—1:n =1,2,...}. Then A and B both are
closed subsets. Notice that lim(v/2n —+v/2n —1) = 0. So 0 € A+ B but notice that
0 ¢ A+ B. Therefore A+ B is not closed.

Notice that since d; < 1 on X;. So the series d is convergent and thus d is well defined.
Also one can directly check that d is a metric on X (check!).

Fix an element a = (a;) € Y. So a; € W, for all i = 1,..., N. Since each W; is open
in X, so for each ¢ = 1,2..., N, we can find r; > 0 such that B(a;,r;) C W;. Let
0 <r <min{%,---, 2} Now if for z = (2;) € X with d(a,z) < r, then % <r
for all ¢ = 1,2.... In particular, we have d;(a;,x;) < r; for all i = 1,..., N by the choice
of r and hence z; € W, for all i = 1,.., N. This gives x € Y if x € B(a,r). Therefore, a

is an interior point of Y for all a € Y.



(3.iii) Comsider X; = Xy = --- = {0,1} and each d; is the discrete metric on X;. Put
Wy =Wy .-+ ={0}. Then each W;isopenin X; foralli = 1,2...and Y = Wi xWyx--- =
{(0,0,...)}. We are going to show that Y is not open. Let a = (0,0,...). It needs to
show that for each r > 0, there is © = (x;) € X such that d(a,z) < r but = # a. Notice
that since lim; Zz'zj 5 = 0, there is a positive integer N such that D >N 5 < r. Soif

we let z1 =0 foralli=1,..,N —1 and x; = 1 for ¢ > N. This implies that

d(a,z) =) —di(agi’ m) > —di(a;; 7) _ Z% <.

% i>N i>N

So x € B(a,r) but a # x as desired and hence Y is not open.



