
 

Denote B Ift Clab f EA
Then f crosses some lines

FE AU B
Hence Cta b IZ AUB
so we onlyneed to show that An is nowheredense tn
by proving
4 An is closed th and
2 Chab An is dense

Pfof11 Let Ifk's be a seq in An and
fk f in Ctabl do

Since the An I LkEEDM and
Xk E TAb

Sit
4
fr alt e fr a Xk f tf Xknt Xn

fr alt 2 fr anXk f tf Xk Xatt
te Tab

Bypassing to subseq we may assume

Xn Xo Eta by
Lk LoE En n

Then fr unless fr aka t t t Xk t Xe

fut date fan ahh HE Xk t Xk

Now t t t Xo tn Xo I ko20 Sit

t E Xu ta XD U kako suice Xa Xo



Then fief in Ctab3 do dado Xa Xo

wehave fits Lots fix 2810 by letting btw

Since t E Xo at Xo is arbitrary we've proved

f dolt I f do Xo t t t Xo taXo

Similarly we can prove

f t 2 Xo t t E Xo Xoth

Hence te An i Anisclosed

Pfofa het BY f CCtab be a metric ball

If f An then BEA s Crabs An 0
If f eAn by Weierstrass Approximation Theorem

I polynomial p sit Ilp floss 93
Defore Glx pox f GA E Cta b

where 9 is the restriction to ta b of the jigsaw function
of period at satisfying 059 1 and
slope ofthe graph of 9 is I't Cr o tobedetermined

except the finitely many non differentiable points

i

t I I or

Then 11g fila ell g pl tip floe 5 5 e

ge Bolt



go Belt

suppose that geAn
then I Xeta b LEEN n sit

1 g alt gals text X

g act g a x AECX X th

If pix eTo.IT then consider t te x tnx
Plt felt at Epix fax ax

pix pit z 311kt E pix pits
i

By theproperty of 4 It with ox tear i
sit pix pit e E tf
consider re ninth 12 7 where L Lipconstofp
By rata te x nt x sit

I 2344 t E pix pits

Is Elix ti tf LK ti

1214ft l

which is a contradiction

Here YA E IE I



Then consider ft e x Xt's

pits fact at a past Old DX

Ect 61 12 Ect x E pits pas
By the property ofp It with o s t x car

sit Git q X E E
since rat t E x t sit

I 234Ct x E pets pas

I E Lta r s t as before

Again it is a contradiction

Therefore g An And BEA Icca b An 0
This completes the proof of the Theorem Xx

Def A function f ab IR is said to be nowhere monotonic

if I no interval ISd Cta b on which f is monotonic

Car The setof continuous nowheremonotonic functions is
a residual set in Ctab hence dense in cab

Pf If f ECTa b is monotonic on some interval Is d

then LX b with be fld flds crosses f
if f b f c a be fld fly if flo fi d



If fl o f d then f cast on teds Clearly

many lines cross f Hence f monotonic on

some internal f E Ctab IZ
Since Ctab 12 is of 1st category anysubset

of Ctab 12 is also of 1st category
set of its functions monotonic on some interval

is of 1st category
i Set of Is nowheremonotonic functions is a

residual

Remark TheThar can be used to prove Them4.13 too



Another application of Baire Category Thenew

Thm4.14 Every basisof an infinite dimensional Banach space
consists of uncountablymany vectors

Pf Let V be a Banach space
Suppose on the contrary that V has a
countable basis B 3Wj

Then V Wn

where Wa spanhw n wn

Claim1 Wn has empty interior

Pf Since V is of infinite dimensional
V1Wn 0 An 1,2

Trev N I IWn 0 fat r

i one can find to EVIWn suchthat
Nott

Then t weWn and E 0

Wt EVo e Bel win Vian

Belwin VIWn 0

Wn has empty interior



Claim Wn is closed An 1,3
Pf let up É be a seq in Wn and converges to

some Vo E V
Note that T Wn IR

g EW t Yay ans

is a recta space isomorphism

And hence the norm in V I ajWil v gives a
noun on IR

Ilcan an 11 154asWil v
Since any two norms on IR are equivalent AWS
11car an Il is equivalent to standard Euclidean

now I lay and Xian
I 9 Ca o sit

lulu S C Tol e Calvin t veWn

Since Vevo in V IVe's is Cauchy in V t.tv
HE O I do 20 Sit

IVe Unlv S E H l ke lo

ITue Tun le IVe Un E E t Skelo

The is Cauchy in IR withstandardmetric

By completeness of IR I ah cat an ER

St Tue at o as e o



let U T at In agingEton
we have

Ne Mr E Gltoe att so as to

By uniqueness of limit Vo Ut Vo EWn
i Wn is closed Thisproves Claw 2

By Claws1 2 Wn is nowhere dense and V ÉWn isof
1stcategory But V is complete this is impossible Hence

any basis of V cannot be countable



Final Exam

Chl Fourier Series

Riemann Lebesgue lemma

pointwise and uniform convergence

Weiestrass ApproximationTheorem

I convergence mean convergence

Parserval's Identity

Chz Metric Spaces

Basic notations

Open and Closed Sets

Interior closure boundary

Elementary Inequalities fa Functions

Young's Holder's Minkowski's

Pfomitted



Ch3 Contraction Mapping Principle

Completeness

Fixed points Contraction

Perturbation of Identity
Inverse FunctionTheorem ImplicitFunctionThm

Picard Lindelof Thm IVP anODE

0h4 Space of Continuous Functions

Ascoli's Theorem

equicontinuity uniformboldness precompact

Arzela's Theorem

Cauchy Peano Thm IVP MODE

Baire Category Thm

nowhere dense 1st category residual

Applications ofBaireCategoryThm

g nowhere differentiable containers functions etc


