
 

53.4 Picard Lindelof Theorem fu Differential Equations

let f be a function defined on

R Eto A total x Exo b xotb where to Xo EIR
and a b 0

We consider Cauchy Problem Initial ValueProblem

IVP fit x
x to Xo

it find a function Xlt defused in a perhaps smaller

interval
x to al total Exo b Xotb

such that pity is differentiable

X to Xo and

Et t flt X1tD Atef dtotal

fu some o salsa

eg3 Consider HE
XCO D

Here fit x It x2 is smooth on Ed a x Eb b for any a b o

However thesolution xcts tant definedonly on C E E

Even for nice f we may still have aka



IT defined in R Ito d tota xExob Kotb satisfies the

Lipschitz condition uniform int

if I L 0 Sit A Ct XD It XD ER

1ft X flt XD E LIX Xa

di In particular flt a is hip cts in X At Eltontotal

L is called a Lipschitz constant

I If L is a Lip constant fat then any L L is also

a Lip constant

V Notall cts functions satisfy the Lip condition

ef fit x t x is cts butnot hip near0

Vi If R Ito A totalxexo b xotb and

flt X R R is Cl
then fit x satisfies the Lip condition

infact forsome Y E Iob Kotb

HctXD fit XP Exitg x2 xD

Hence HetxD fit xp E LNa Xi l

for L max I Exit x Ct Der



That Picard LindelofTheorem
Fundamental TheoremofExistenceandUniquenessof
DifferentialEquations

Let f be containas function on R Ito a total xExobxotb

Cto Xi ER a b o satisfies the Lipschitzcondition

on R uniform in t Then I al ECo a and

X E C Ito astotal such that

X o b E Xlt E Xotb f te Ito as total
and solving the Cauchy Problem IVP

Furthermore x is the unique solution in Eto d total

Note Onewill see in thefollowingproof that a can be taken
to be any numbersatisfying

o sa's min la I I
where M Sup I fit X I It DER

L Lip const fa f



Prop1 Setting as in Thm3.10 everysolution X of IVP

from Ito al total to Exo b Xotb satisfies

the equation x Xo SI fit XD It 3 7

Conversely every Xlt E Cfto al tota's satisfying 3 7

is C and solves IVP

If Obvious by FundamentalTheoremofCalculus

ProofofPicard Lindelof Thonem
Xob fOct s Xotb

Fa also to bechosen later we let

I qECTto astotal to Xo pit exobYotbs

with uniform metric do on I

First note that I is a closed subset in the complete metric

space Cto astotal dos Hence I do is complete

Refute Tar I by

Tp A Xo SffispisDds
This is welldefused as 915 E Xob xotb

Clearly TG E CItoal tta 4 to Xo

To show TG GI weneed 4 t E Exo b xotb



let M Ieper fit x1

Then t t t t to as total

CT9 t Xo Sffis asDds EM It tol
Ma

If we choose o a'Ek then

7 It Xo Eb

TYE I

This is for Osa Eh T I is aselfmap

from a completemetricspace I do to itself

To seewhether T is a contraction we check

Ta Ta It XotSffisadds XotffisasDds

E Jiffs9 s fisgolds
L Settees 9,511 ds byLip

condition

E L It to sup 19215 9,151
Etodtotal

La da 9,91



Therefore if we further require La 2 1
then T is a contraction

dis Ta Ta E 8daL92,9 with K La's l

In conclusion it o al min la Fu I
they T I is a contraction on a completemetricspace
Therefore by Contraction MappingPrinciple T admits a

mique fixed point at EI

ByProp3.11 we'veproved Thm310

Notes

l ExistencepartofPicard LindelofTha still holds with
flt x its only withoutLip condition However the solution

maynot be unique

If Consider flt x 1 1 on Rx IR f is cts

butnot Lip cts

CauchyProbem
1 1 on R

XCo 0

has solutions Xiao and yat It to

It too

check X is differentiable with date till Nal ft EIR
X2107 0



2 Uniqueness holds regardless of the size of the interval

of existence Proofomitted as it is more in the
curriculumof ODE SeeProf Chou'snotes faceproof

3 The proof waks fa systemofODES just the X and
f become vecta valued

Thom3.13 Picard Lindelof TheoremforSystems

Consider Ivp fit x
x to Xo

y Xo Ey

where XA II E Tx b x tb x a x XubXntb and

fit x In e C R with

R Ito a tot a x Tx b x tb x a x Xub Xntb

satisfying Lipschitz condition uniform int

flt x flt y E L lx Y1 t It x KY ER

for some constant L 0

Thereexists a unique solution X E C'tto a total with
Xlt E Tx b x tb x x Xub xntb t t Eltoa total

to IVP where a satisfies

Osa'smin a k I here 14 79,1us HjtxJl



4 ThePicard LindelofTheorem fu system can be applied to
initial value problem for higher order ordinary differential
equations

gym flt x It TÉm i

X to Xo
IVP

t
to X

Iquitos Xm 1

By letting I ftp.qq
then

def

47
Yt

Ata q

II Ict
Idate

with Ito Yim



Chl SpaceofContinuousFunctions

54.1 Ascoli's Theorem

Notation If I d metric space we denote

Cb I FEC I Ifm EM H XE I fasoneM

the vectorspace of all bounded continuous functions on I

Clearly Cb I C I

I set of continuous functions on A

eg If G nonempty bounded open set in IR then

I E CLE

as G is closed and bounded FEC G has to be bounded

Recall Anam Il Il on a real vector space I is defined
by the following properties
N1 11 1120 NX11 0 X 0

NZ II 2 11 14 4X4 LE IR

N3 IXtyll E 11 11 1144

And avec tu space with nom A 11 11 is called a
name space A nam space has a natural metric

d x y AX 411



Fact The arm Ilf lls SEE If l
is a name on CbA

And we always assume Cb I withmetric

daff g 11 f 8110
given by the suptorm

Similar to Cla bl dis we have

Prof Cb I da is complete fuany metricspace d

Pf Let Ifa be a Cauchy seq in Cbt do
Then HE 0 I no 20 Sit

Ifm full E F m n Zno

In particular A XE I

e Ifuk fax I Ifm full o c g t m n no

fun is a Cauchy seq in IR

By completeness of IR not 1 Ima fuk exists and
in general depends on X Let denote it by

fax lyinfact V X E I

This gives a function f on I



Claud f is bounded
Pf Letting me in 411 we have te o and txt I

a fix fuk E f then

In particular Hix fndx Ey He o tx

Axel lfxkftlfn.us EEtMo
where Mo is a bound fa tho

i f is bounded

Claire f is continuous

Pf Fn Is t Xo EI HE O IT O

sit I fax fado key t dexXo d

Then together with 4 2

fix fixes E fix fnolxsltffndxs fnolxosltlfn.co fix

4 4 4 LE A dixXo ad
I f is cts at Xo
Since Xo GI 5 arbitrary f is cts on I

Claims ft CBCA

Finally by 432 If fix fax 4 then



ie daffy f E Ey then
So doffa f o as n is

That is fu f in GA do

Notes I We've just proved that Cb I do is a

Banach space ie a complete armedbeta space

ID GII is usually of nifinitedimensional

egs When ITR a subsetwith nonempty interia in R
Expliciteg I To IT CR then

f NEX ÉCCA
clearly X Into is a linearly indep subset

Cb I Cto IT is of infinite dimensional

Iii GA couldbe offinite deniension

eg Itp p finite set with discrete metric

Then I IT is a linear bijection
I k ftp3 ftp.t



A A reason for studying Cb I instead ofCA is the

fact that CCI may contain unbounded function and

supn am 11 His doesn't define

eg I IR GA ta

However in some cases it is still possible to define a
metix on C I

If RY BTlo XeRm Nk n it n1,33
H f eCCM defuse

d f g É I
f 9Ha Bn
It 115 GlaBits

where 11 a la Bato is the supnoon on the closed ball Bto
Then d is a completemetric on CARD Ex

v Cb I maynothave Bolzano Weierstrass property

Recall

Bolzano WeierstrassTheorem in R

Everybounded sequence set has contains a convergent

subsequence sequence



Lf Cho I CEO I Let JalX X XE to I

Then Ifalls 1 t n

Note that pointwise limit fax O otherwise

no subsequence converges in CbTo 1J

In view of note v we needfurthercondition to help us
to find convergence sequence in subsets ofGCI

Def let I d be a metricspace A set ECI is called
a precompact set if every sequence in E contains a
convergent subsequence with limit in I notnecessaryinE

If further required that the limit belongs to E
then it is called compact

Note Compact set is a closed precompact set

Pf Let XFCE E precompact I Xa Z E A

E closed Z E E

Hence closed precompact compact
The otherdirection compact closedprecompact istrivial



eg Bolzano Weierstrass

ECR is precompact E is bounded

Hence E CIR is compact E is closed e bounded

Def let I d be a metricspace A subset c of
I is equicontinuous if He 0,7870 suchthat

Ifix fly l E A fee dix y o x yet

Note Clearly if E is equicontinuous then any Ed
is equicontinuous

Ef If I E C IR G open bounded They

f ECLE is always uniformly continuous

H E O I 8 0 sit

Ifex fly a E H d x y lxy ko x yEE

The O here usually depends on f Comparingto
the definition of equicontinuity E is equicontinuous

if we canfind a uniform 8 0 forall functions f e E
ie O is independent of points x get and functions
f E b



eg A function f defamedon a subset E of IR nonempty

open bandG is called Holder continuous

if I 2ECO 1 suchthat

Ifix fly E L lx y p X ye E

for some constant L
The number x is called the Holderexponent
The function is called Lipschitz continuous if 4 holds
for 2 1
For a fixed a e 0,17 L 0 the family

E teCLE f Holder Lip with exponent a and L o

is an equicontinuousfamily

Pf HE O let 8 o suchthat Loke
Then f fee t x y EI with lx y lad

Hix fly I E L lxYl c Loke A

Prop4.1 let E be a subset G where E is a nonempty
convex in IR with G open bounded Suppose thateach
function in E is differentiable and there is a uniform bound

on their partial derivatives Then E is equicontainers

ie E f e G f differentiable Exalt EM Fi
is equicontinuousprovided 5 isconvex s a sane M I



Pf t x y e E E convex
Xttly X EE Ate Io I

Then fly fix Side fatty x dt

So É fattyxDeye xi dt

É S fatty xDde Cy xD
I TÉISEGAN ly X
E Th M ly XI where M uniformbd on the

partialderivatives

Interchanging x y we have

Hgs fix E Th M ly Xt A x y E E
Then by the aboveexample E isequicontains


