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Drﬁerewhal Eclua(:?on
A diﬁe«ewaal ec(mdﬁon S an ec(uaﬁon Haat  involves  some fw\ctlovx cf one or move

vavidbles with s devivatives .
du _ 32 dy = d -
e.ﬂ. &3_3 +5 gv(?.i ng‘& +2y Fx+3

33&@+13§@ 3wy

What we do hevre
First  order ovdimna qhﬁerewﬂal ealwa‘tion (lst ovder ODE)




Ord'mav-a : Sinjle. vavidble , i.e. % dﬂ»nds on x onha.

st ovder : lnvolvlna devivatives wp to (st oder, ie. % at wmost
le. F('*"a'gé') =0 .

Solviv\j +he ODE F(x,&a,-g"é(_-) =0  means -fwzlmj (6&0.
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ax Sua’

method - saasd«a = heodx

ja(mc]u« = vfheodw_

C
S
Ql




M>AM= )’Aﬁ_

g d

C(Aldbi:chdi_
_‘3 = 2 R I. ) .
5‘6+C' <+ C let C'-C.-C

("I'kis_sfzp_cm_bLskq:Ped )

’
<+ C

.
2

=3+ C (et C-2cC")

C(z2el)S

as oS, oSy




eq. SFreacl of Yumor .
FPUI»\[a.'biOV\ of a school = 200
t o time (day)
Assumption : each one who knows the vumor woud talk 4o & people each day
~«A) : number cf pesple who know  the vumor at time t .

2x©) = 20



H

lvxl

vate of increase of 'PeoF(e who know  the vumor.
5« # 'FeuF(e who knwow the vumor at time t

% Fvo\oab‘ul’rha cf mee(:\ws o person who does NST know -the vumor
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‘FW('. t-=0, x=20 : Q:%(V\a‘
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Fl“l'zo:-xl = '('_'\' s ‘V\ q
200 _| . G5t
22 - = Qe
<= 200
(+9est
'Remavk :

) _{_[_'l_rmx@l:) = _&ymﬁ%t = 200 . Eve.n'hna”ta_ , e\leva‘oo&a knows .

2) How louj does Tt tdke so Haat kaf cf 'FepFle know -Hre vumor
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mg- kv = +Cae
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VO) Vo => V°~l'§- =5 (Which szav\ should we —|>icl< 2)
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Case | : V°>Lv§-
0<\I°-l“l§-=¥%

—%>o = we  should -Pici: +the green one.
3
. c;_=+(‘<Vo-W\%) a.Vd VED = % +(Vo"mk3)e m-(-'

Ca-se 23 Vo <£E'
O>V°--l"§-=¥%
—le>o = we  should 'Pick the red one.

C,_:-(kvo-m%) and  ved = ﬁk% - (%-V‘,)e_%'ﬁ




Case | =V°>ng- Case 2.: \I°<Lv|§-
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2) Tevminal Velocr% is im\e‘;evdey\-b -fmw\ e nttial VQloc.H:na Vo .



Fist Owder Linear Ordmara 'D'ﬁa«enbial Ectw,ztions :
All |st order linear ODEs are of the. fcm :

S ooy 9

FRe%avd (%-‘-‘F&x}) as an cFev-a'Eor (chﬂ?erewha( cFerat(:ov) activxj on «acvo
ie. (ad;+'}>bo)taw=%§-+‘l>éota

“Linear  means  the fo“ow'\V\S 'FvvFerEies :

i) (%*‘F(’:O)((é(bo+(6,(70) = (ad;-*‘F(’x)) Yoo + (éi;qmo) LSO
i) (ad;-*'re:o)(c-taéx))= C-(ad;-*'FbO)ka(x) , wheve ¢ 18 a constant,

( Some advav\'(:ases in ODE ‘(:lr\eona lf one. 18 linear. )



lf 6((1) =0, ten t 8 caled a \Aow\ojeneov\s e7ua:tlov\ )
othenwise Tt 15 called 'lm\now\ojevxeou\s e7wzﬁlov\.
(Uswal(.a ) how\oje.ne.ous ecluaéiov\s are  easier to be solved. )

NO’EE that ‘f Q(T.)=O , ‘then
%?i""?@()(a':O

%‘g— = -‘F(x)ca (SeFaque ea'uahon )

?da = —'F(i)dw.
\(—é—da =-j‘|>(x)e|x
bn 1yl =-ﬁ>wdx

Y=t ep (-j"|>(=odx)



Note -that 552 g0, then * 8 no |ov3er saFavable [4
How o solve %1@-+‘l>€>ota= 6(@0 4

Idea : Can we express %*P@Olﬁ wrto %(?) ?

lf Yes . then S’%—*“Fﬁ)lﬁt 6(60

vaorﬁwwﬁela . we cannct , but how about mul"ci]:l 1v3 a fw\cﬁ'(on Teo on
both sides and ‘Ena aﬁojn ?



T 31‘6- + 1) peay = Teo c((x)

like result ob'bni\:ed b«a ‘|>vt>cluc(: vule

d d
Sa@ -1+ Ly
. The OV\lla c?u\estnon lef&. is how o Se'b a j?u\wc(:lon Teo so that

3—1 la = 160 'P(x) 8

i—i =160 'P(x)

J"le -.-J"F(x)dx

T =J"F(x)dx

e
Pns : et Teo- ehﬁo , s Fewfec& 0
T is called an 'ierEjmﬁinj factor.



?&(1"0‘6) - Ieoge

Ico Y = jl(x)?&x) o

9= Ileo leﬁw&x

( Note : Teo=e

fpoodx ;



'Rew\m:l; H

j—_}(—dx-lv\1+c Uhta_u_e_dan_qse C-=-0"7

Check « C#0., Just mubliply both sides by a constant.
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- xe™
g = r-xe.'xclm .Ex: ) \ .
g ) Ivﬂ-eav-ahov\ b-a -Far'ts

=-e 1(x+|) +C
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eq gg=l+x+u+xu
J [¢) [¢]

j‘é: - (45U = l+=
J

Nd&g B "ID(’_) = = (l+x)

.y -] te=d
T60 = QS'P& = I

—x+ X
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%‘é—- -(l-l-x)la: L+=
s+ X S X s+ X
e 1)%',3{ -e Gt 1)(\-&1)«3 s T ) (1+x)
e+ ) xe X
g(e = y) =e 5 ()

sz D) x4 X
e TF Y =§e 3 (%)

k3
-+ %) cxt+ )
e > e e

ta:..

k3
-t %)
o =

16=C

Ex: B-a wvl'Einj iﬂ- = | +x+|6+1\6_ = ((+x)(l+|3) as a Sera.ral:(e. ez.luaﬁov\ ,
'6'3 4o solve ™ and Compare the vesuks .



AFFI“\ccer (Seﬂ"w\a w]; ObE)

egq. (P320, Ex92, Q53)

(Dilution) A 4omk contuims & ‘Fov«vn\s c‘f Satt  dissolved 1 40 %al\oms
csf2 water . Puve water vums o dhe dank at the vute sf-
| aal / win, and  the  wmixture l<eP+ wufem lo\a S‘hvﬁna L Yuns
out ot e vxte o-F 3 %a(/vwm.

5

- ]w‘ﬁbw . ‘Pwre water
le\"ﬁuw T Saited water .,’

ge"c U\F and Sove on wttial  value ‘l)vo\o\ew\ fb\r “+he amowusk Sf Sal't g(‘l:)
n the tank at tme £ .

Kea ?o'm-b : Evewj\%né s clear e><ceF+ g
What s the vate of change of st ? (of cowse, ceamasing I



What I/\QFF.D.V\S at time £ :
Dimowsk u‘f water = 4o-(3-D+ = 4o-2% ga\
(.. ost=>0)
Amow\‘E U‘f sott = Stﬁ) ‘Fovm&
Concentration = — S8 _ Ppownd / gal

Rote e-f cl«anje. cjz saft = — ot e‘? onxk-j?louo water x Concewtration
Tm‘mms %’81/\ wndicates  decreasin
- Bgl/m o 50 /gl
- - _3S . . "
é&% . yr— (S'MF\B lesr £ 'w w‘f\'l'\Vj S)
(seFo.va\o\e e,%w:!'ﬁo\/\)

a8 3 -
lfwe rewvrte the ei’ua-hm as d_b+(40-}b)g-o ,
{2 o3 N -'fc\c:l- a_homogeneous | st ocler linear ODE



d8 . - _3S

4t 4o-xt

e - )

Sds 4o-Xt
[Py perm—
S Lo-Xt

S = %—lv\(l-t-o-}b)+c'

Sw=C (L\o-:c(-)zZL
[nrhial  condrtion : [Ue) = &5
5> 5-Clhst o C-5457
o Sey = (20—-(:)_}: —for ost<>0
8B

Think - wb\.\,) S, 4o =07



Let's look a ths:

< = - 2
Sdg L4o-Xt

Jg8- ztieo o
WS = % lnGt-to) +C
S - C(}.—t—ﬂ-o%
When  we. Pt -t;o )
e have  3(L40) uhich 15 NST defred

What ‘s uwg’? How o cowect 2



Let ‘s loo\( G.+ ‘H/\'ngz

. = - 3
Sdg L4o-Xt
U _ 32
\S‘Sds - \S\ > -L4o d-b
lhS =2 lnGt-te) +C Mg - yeuo <o
S = C CZE-LFD).E e SL\mAH wvite. :
When  we —F\A't +=0 , S = % nlxt-tol +C

oo bave 30N hic 15 NST defred 1 Hhen S = 2lnlioae) +C

What ‘s mﬁ—? How 4o covweck 2 as  [2k-Lol = 4ot



e.g. Two kinds cf bacteria , X and Y, coexist In envivonment. Roth re?rod\m at a
vate PwFov-(:tonal 4o their numbers, and the constanrts rf 'FvoFortiovxah-ha
Yo and r.a (na > Y >0) resFecﬂvel% _The ervivonment ‘Frovides Svﬁidewb vesouwrce.
Qo that no nabwal deaths occur dum\ﬂ the time cf ivwestz;«jctbion. However,
each bacterium X kills bacteria Y at the vate cf c Fev' untt  time . ln'rha“a,

+the -Fu?ulatiov\ cf K ad Y are % and @Fechvd‘a

Sv\ﬂwse that afﬁev' time + , the 'FoPula'E.ion cf X ad Y are % and ad:)
v‘esFechvelxa. Find < and (6(-&)
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e

A= =C..€.x

XO) = Ao = Co=%ao

t

Lo = e (asixmeahia' Sv-o\.sh\n)




%%—:mbe.ofckanﬂe ofvan\oerof\(
Yateofrqm‘bdvchon of Y - vate cfdea‘th covsed ba ‘:illivs'frcmx

= r%-%—cx
B Yot
R B B

2 %{é— = Yig-t4 = —Cx‘,er’:b (which 18 a Kkt oder linear ODE)



- _ —-Yu)t
er'a-{:%%-—e 4t Yu - U -cx.e_(r i
g d

| Y'..‘" (Y-x ﬂ.)‘b
(e~ (6) = -Cxe
-\"3"3— . rCLe(rx-r.aH: o
r,,_-r.,&
uo) = kﬂt Q C = ki..J- _CL
d rx-‘(ia
Q-ra_tm - _CLe(rx-r‘a)—b-a- b 4 CX

d G-y G-y
Y =_CFe o +(|oc=+rc'x° e ‘a-t



% et c rt

Y _We + (ks — )x.e d
Y} 4

lf Y will extinct at some +time t . ie. (3&(:)=0 -fw some t>o0.

That means C—"“’er"-t+(|<+ c )xoer'é’lt =0 has a solution .
G- Yy - Yy

<. S er"-t=-(|<+ c )ker.a't

o - Y'la x - Y.% —
———— “+ve
-ve +ve

This eciua'(:‘(on has  solution |f ard onl\a If

(k4 rc )< O
x-r\a

—k<rcr
779

Y,,_> Y;a—i No{e. i Y < \'-(a > Yx-Y'.a<o

k



