MATH 2055
Suggested Solution to homework 3

Q2 I denotes the n-th term of each sequences by a,,

(a) bounded above by sup a,, = 3, bounded below by inf a,, = —2, monotone increasing, lim a, =3
neN neN n—00

(b) bounded above by sup a,, = 2, bounded below by inf a,, = 1, monotone decreasing, lim a, =1
neN neN n—oo

() an = =2 =n+1
n+1
no upper bound, bounded below by inf a,, = 2, monotone increasing, divergent
neN

(d) bounded above by supa,, = 1, bounded below by infa, = —1, lim a, =0
neN neN n—=00

(e) bounded above by supa, = 2, bounded below by infa, =0, lim a, =0
neN neN n—oo

Q3 (a) by definition, for all € > 0, there exists m, such that supa,b, — € < amnbmn,
neN

also, 0 < a,,, < supa,, and 0 < b,,, < supb,
neN neN

as € is arbitrary positive number, we have supa,b,, < (supay)(supb,)
neN neN neN

the equality may not hold.

for example, we can pick

a; = 1000, a,, =1 for allmn > 1
by=1,b,=2foralln>1

then supayb, = 1000 while (supa,,)(supb,) = (1000)(2) = 2000
neN neN neN

(b) by definition, for all € > 0, there exists m, such that sup|a, + b,| — € < |am + b
neN

by triangle inequality, |am, + bm| < |am| + |bm]

also, |a.,| < supla,| and |b,,| < supl|by,|
neN neN

as € is arbitrary positive number, we have sup|a,, + b, | < sup|a,| + sup|b,|
neN neN neN

(¢) by definition, for all € > 0, there exists m, such that supa, — € < a,, < supa,
neN neN
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which imply a,, < supa, < a,, + €
neN
as |am| < supla,| and
neN
|am + €| < |am| + €

we have |supa,| < maz{|am|, |am + €|} < |am| + € < supla,| + €
neN neN

80 [supa,| < sup|a,|
neN neN

Q6 (a) prove it by MI.
whenn=1,2<z;=25<3
assume 2 < x;, < 3 for some natural number k
then 4 < m% <9

and hence 2 < aj41 = £(27 +6) <3

—
=3
=

Utf=

(n — 2)(x,, — 3) = (%)(xfb — 5z, +6) =2pt1 — Tp

(c) as2<uzx, <3
Ty —22>0and z, —3<0
imply p41 — 2, <0
so {z,} is monotone decreasing. As it is bounded below, it is convergent.
let x = lim x,

n—o0

then nan;o(xn+1 — ) = nl;ngo%(xn —2)(zy, —3)

which imply =2 or z = 3
but x,, is decreasing and x7 = 2.5, hence x = 2

Q8 there exists N such that for alln > N, a, <l+1
take M = max{ai,aq, - - ,an,l+ 1}
then a,, < M for all n and hence {a,} is bounded above.
for all € > 0, there exist N such that ay > sup(a,) — €

as ay, is increasing, for all n > N, sup(a,) — € < an, < sup(an) < sup(an) + €
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so we have lim a,, = sup(a,)
n—oo

as limit is unique, so we have | = sup(a,,)

if a,, is monotone decreasing and convergent, then | = inf(a,,)

Q12 (a) by definition, for all e > 0, there exist m > n + 1 such that a, 1 — € < zp,
as m > n+ 1, we have x,, < a, and hence a,+1 — € < a,
as € is arbitrary positive number, so we have a, 1 < a,

S0 a,, is monotone decreasing.
as x,, is bounded sequence, let |z,| < M for all M.

then —M <z, <apq1

SO @, is bounded below and hence convergent.

(b) by definition, for all € > 0, there exist m > n + 1 such that b, 11 + € >z,
as m > n+ 1, we have x,, > b, and hence b, +€ > b,
as € is arbitrary positive number, so we have b, 1 > b,

so b, is monotone increasing.
then M >z, > bpt1

SO a,, is bounded above and hence convergent.

(i) limsup(—1)" =1, liminf(—-1)" = —1
1

(ii) lim sup(L) =liminf(L) =0

(ifi) lim sup(—1)"(1 — 1) =1, liminf(-1)"(1 — 1) = —1

n n



