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FINhyperbolic geometry all hyperbolic straightlines
are congruent

di Twopoints in the hyperbolic geometry determine
a unique hyperbolic straight line

Recall TE TZ in our case of
wrt l HH w rt Htt

T transformation in hyperbolicgroup

of unit circle can be written as

T

lemmat Eachtransformation of hyperbolic geometry

Tqs each pair of point symmetric wit the
unit circle to another pair of points symmetric
wrtlheuuitc.ir

We also need the following



htCkaUmeLtz k

destruct symmetric points wrt C Then any

Claire C that is orthogonal to C andpassaig

through z must also passing ought

Conversely any line that passes through E

isorthogonaltod.EEa2 I proo i transforms

the figure to
c

Proof of the Thm

d let d be a clone that is orthogonal to the

unit circle ie d is a hyperbolic straight line



And let to be a point on C

mita

mean

By lemma2 Zo't also lies on C outsides D

where Sym wrt the unit circle

Let Tz eio Ezfz.co
chosen later

Then Tis a transformation of hyperbolic geometry

ie T E IH the hyperbolicgroup and

TZ o o THolt T tf A

TCC is a line passingthrough 0 o

and orthogonal to 3121 13

TCC must be a diameter ofthe unit circle



Finally we can choose 0 so that TK x axis
Ex

unit or

I wit the unit circle

This proves that anyhyperbolic straight line C
is

congruent to the x axis Andhence all hyperbolic

straight lines are congruent This proves part is

For partdis let 2 if z beany 2 distinct points
in

ID Then

Tz ei0EI
takes IT to O

choose a arg E
Then TZ z ett Z5

1 Er 22



eiofz.EE feiarglEEEI

fFIE7z so positive realnumber
and infact a l

Notethat x axis is the unique hyperbolic straight

line passing through 0 and Tzz Thisproves

that Thx axis is the unique hyperbolic

straight line passing through It E

Euclidispostulates

Postulate Two points determine a straight line

Postulate A lute can be produced indefinitely

in either direction

Postulates A circle can be
described withany

center and radius

Postulate All rightangles are congruent



Postulates Through a pointnot on a line

Here is a unique line parallel to

the given line
exists a
uniquef parallel

parallel notintersect

Par 4H
Def d The points on the unit circle are called

ideal points

Cii Two hyperbolic lines are calledparallels

if they do not intersect inside
but

II do share one ideal pointa

Ciii Two hyperbolic lines are called hyperparallet

if they do not intersect inside
D and do

not have an ideal point in common
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Postulates is false in hyperbolic geometry I
In fact t point p not on a hyperbolic line

d

there exists 2 hyperbolic lines parallel to d

and passing thro P

If For any hyperbolic
tone C transformation

T E IH such
that T C x axis

If ZEID is a point not an C then

TZ is a point not on Tcl X axis



air S
the points 1 Ta FEI

lemma2 C is

orthogonal to the

unit circle

Sara C Ted x axis tangent at 1

they have no other intersection

a is parallel to TCC and

passing thro TZ

fed is parallel to d and

passing thro
Z

Sainilarly we can faid Cy passog thro I
TEH't

and TKd i is parallel to d and passing

thro Z

Susie C t C postulate5 is false



Angle ofparallelism

RI Let C Stg be a
hyperbolic straight luie

and p be a point

in
thro p t is1

perpendicular to C

Then the angle 0 between one of the parallels

pJ a paf and the perpendicular pit is called

the angle of parallelism

Renard Ext A tray passing
thro p makes

an angle with Fr s O then it
oitzsrq.ci's

an angle with FFA then it isparade tosing



Ciii an angle withPT o then it is hyperparallel
to stay

I

i

RemarkTheangleofparallelism is alwaysacute
Easy Ex transform p to o

gfanfare
Euclidean geometry



Chercycley

unit circle

Mb h

horocycle

HE
hypercycley

t tCkaputaofaSk
a straight line inside the unit disk

Suppose that c is notperpendicular to the
unit

circle Then C is called a cycle
If d is entirely contained in ID then C s a

l1 hyperbolic circle

If d is tax to the unit circle then



Il

C is a horocycle
If d infests the unit circle at an

angle E J C is a hypercycle

By lemon1 if T is a transformation of the

hyperbolic group ten T maps ID onto itself

and hence T 2B 2B If T has a fixed

pouituisidelD then the symmetric point

Court 2B outside D is also a fixed

point of T T Tz G It

So we can analyze TE IH Tt Id by the

following situations Cuseig cycle
A t fixedpoint outside D I fixedpoint outsideD

B 2 fixed points on 171 1 2 D

C I fixed point only mustbe on HzH f
2B


