



































































































































Thin8.2.6 Dinis Theorem

let fu ta b IR be a monotone seq of continuous

functions

1 fu f ar tab pointwiseconvergence

f is continuous

Then fu f on ta b uniform convergence

increasingseq n em fuk s fuk txeta bRemark
monotone

decreasing seq nem fax afmix AXETaib

Pf Weassume fn is a decreasingself Theproof issimilar fu
increasing sequence

let ga fa f

Then Gn is decreasing continuous and

gut 0 pointwise

Different proof from the Textbook

Assume on the contrary that gn o notuniform

Then by lemma8.1.5

I Eo o a subsey Gnp of Gn and a seq XueLaib

Sit I gnalxa 012 Eo

GurlXu Eo asGn decreases 9,20






































































































































Suice XkETab Xk is a bounded seq
Then Bolzano WeierstrassThu Than3.4.8 implies that

Xp has a convergence subsef Xue É
let LeoXue Z

Since Cail is a closed interval ZE tab
By assumption gu z 70 as now

I gnaelz o as leis

I L o sit

if let then Os Graetz s E
In particular Os gnats

0

Fu clarity of presentation denote na by N
Then O E Golz s E

Now using continuity of Giv f Gum
heyy9N Xie 9N z suice GaXue 7

I 470 sit if 174 then

9N Xue s E






































































































































Using the assumption that Gn is decreasing we have

g n Xue E GulXue s E f n N n k

In particular for n nke with e max4,41 we have

8 In the E E

which is a contradiction

Therefore Gn 0 uniform convergence

Remark The approach in Textbook requires the fact that

forany given function th at i o a tab

I finitely many tie ta b Eli e such that

Tab C Y ti Ottis titoctis

This needs the Thur5.5.5 which is notcovered inMATH2050

These two proofs use different versionsof the fact that
carb a closed bounded interval is compact

i Any sequence in tab has a subsequence converges

to some point in Tab






































































































































dis Fa anyopencover ofTa b Cais C Y can pal
where Hi pi are open intervals couldbe infinitelymany

has finite subcover it
I finitely many hi i bi e suchthat

a b C É Kai Bii

Detail discussion and proof are skipped
































































































8.3 The Exponential and Logarithmic Functions

TheExponential Function

Thm8.3.1 I a function E IR IR sit

I EFX ER H XE IR

Ii Elo 1

Pf Let E x It X

Ez x It SEE It Statt dt txt

Ent x It SEEn Un 1,2

Then Induction niplies for all n 1,33

Enix I txt t I Ex

Consider a closed interval EA AJ CA 0

Then fu XEEA A and m n 2A we have

Emx En x
x
na

t t I
f It t r t mt since AKA

It It t.it iIntas



E I It t
Am

n

n n
n s

say Itt ta t since n 2A

s 2 An
htt

Taking sup over EA A we have t m n 2A

11Em EulleaA E EY o as no

Cauchy Criterion fallaifan ConvergenceThn8.1.10 replies

Enix converges uniformly to some function onEAAJ

Since A 0 is arbitrary we conclude that

Enix converges for all xEIR notnecessary uniform on IR

It is because V XEIR we can find an A 0 sit

XE F A A Then the uniformconvergence on EA AJ

implies Enix converges

Denote the pointwise limit by

E x denote legsEulx AXER

Notethat Enix It SEEn I
EnO I t 4 2,3 E o l is clear

Hence ECO LESEnCo 1



Also by Fundamental Thmof Calculus 2ndForm That3.5

and En x I SEEay

we have ETCx En lx
A O

En Leaay En la EleaA Mfa

Thenby Thm8.2.3 togetherwith Entilea o Elo

we have Elegy is differentiable and

Elea 3 E
EAA

Since A 0 isarbitrary this implies Ex exists t XEIR and
EEx E X

Cort3.2 The function E has derivativeofeveryorder and
E EX EG V XE IR

Pf Easy by induction



Cor8.3.3 If X 0 then ENI HX

Pf From Enix I txt t.it we have

M n EmIN Enix VX 0

Letting moos and take n 1 we have

E X Z Enix E lx HX HX 0

Thm8.3.4 ER IR is the unique function satisfying

EG EG AXER
ECO 1

Pf Suppose that E Ez satisfy 1

Let F EL EZ

Then F is differentiable and

FL ET E I E Er F

FCO E o Edo 0

Moreover induction F has derivativesof everyorder

and F F A 4 1,33

Hence F O Flo O Un 1,33



Applying Taylor'sThin6.4.1 to Flex fax o

a Flex o fax so

we have fax 0

FIX Flo E Xt FIE x F gu x

Ff x

fu some one to xJ

Since F is cts on To X F is bold on To xJ

i I k o depends on x such that

IF Ca Ek kn 1,3

I Falls k Xt

Since last 0 letting no we have Fix to
I F X O FX 0

Similarly fax O we alsohave FIXED tx o

All together FIXED

i e E X ER

i The function E is unique



Def8.3.5 TheUniquefunction E IR IR suchthat

EIF EAI AXER i

I E o I is

is called the exponential function and is denoted by

ex or exp x

The number e Ell is called the Euler's number

Thin8.3.6 Exponential function E satisfies

E X O K XEIR M

E Xty ENJELy VXYER
Y

Elr et Are Q 14

Remarks iv justifies the use of notation ex Ex
ext's ex et FX y ER

In Lv RHS means the rational power ofthe numbere

Pf Ciii Suppose on the contrarythat Ek 0 forsome LER
Since Elo I L 0

let Ja closed interval 50,25 a Ta o depends on the

signof2

and K o suchthat I ENK K V XE Ja



As E has derivative of all order Taylor'sThm6.4.1
base at X L implies th 1,33

Elo ER EY CO d n it EY o d
Ch D

Eggen co as

for some Cn E Ja

I ENTERED ELIEN't a EMC D

Egg e as
since ECO I and ED E t 2 1,3

By Ek 0
I ES C D

I s Kyl A n 1,3

o as no o

which is impossible ER 0 KLER

Pf Civ Fix y and consider the ratio

GA
ENTY as a function of x
Ely

Glx is welldefined since Ely 0 bydi's

Glo EET L

E differentiable G differentiable and



Glx EY byChain rule

FEI GA by K

ByThin8.3.4 GA EX HXER

I ECXty ECHELY TXYGR

Pf o
By Is EINX EG DXTX EIR DX EG

CECCHIXTER EG

ECO EAT EAT On1,33

Clearly it alsoholds fan 0 Elo.x ExD 1 tx

Putting t we have

e ECI EG G ECT

i Ect et as n root ofthenumber e

For MEZ

Cased Mao

Then Elk EG et et
Case 2 MCO

Then m o and I ECO EC EH E A EEE



E A edge gig since m o

eh

Thm8.3.7 Exponential function E is strictly increasing on IR and

E IR SyEIR y o

Farther leg Ex O
and

l lets EAS to

Pf E differentiable an IR E continuous on IR

It's proved in Ciii's in That3.6 that E x 0 VXER

i Elo 1 Ex O H XER

Otherwise intermediate value then E Xo o fa smeXo

which is a contradiction

Hence Efx E x O KXEIR

which implies E is strictly niceasing

By Cor8.3.3 E x H X H X O

AsiaEcx to



Using Civ if Xso then E X Ex
i AS EN Esta EI O

Finally with continuity ofE and the values ofthe
limits intermediatevalue than implies

t y o I XE R St Y ER

Therefore E IR YER y 0

1
9raphof Ex expex e

The Logarithm Function

Def8.3.8 The inversefunction of E is called the

logarithm or the natural logarithm

Notation IntheTextbook logarithm is denoted by L

Other common notations are ln or log
9

used mae in graduatetextbook

ofresearcharticles in mathematics



Note By definition

LOESCH X AXEIR EIR Y o ECIRD

Eo 2 Cy y Hy o

ie Ine's x eld g

a logex x elogy y

That3.9 The logarithm 1 3 105 R is a strictly increasing

function with domain XER X 05 and LXOD IR

L'A tx 0 ri

Llxy Lex Lly Vx o y o Cri'D

17 0 Lte 1 I

Lex rLex HX 0 and REQ X

XiGift LIX O FELIX to

Pf All are easy from the definition Ex

Note that in property x Lex thx actually works

fu irrational number 2 11 9 24 1

However X is not yet definited in the Textbook

fad EQ



Power Functions

Deff3.10 If aEIR and X 0 then

xx def eden E Lux

The function Xt x fax o is called the

powerfunction with exponent a

Note If 2 re Q then fax o

EldLK EGLIN ECL XT by property x

X

Def8.3.10 is consistentwith previous definition fared

Thm8.3.11 If LEIR x ye 0,0 then

a 4 1 b x 0 c xy x ya d EY
Pf Easy EX

Thm8.3.12 If 2 B EIR XE 0,0 then

a XP x'XP b XP XP XP

C X E ta d If xp then XkXP fax I

Pf Easy EX



Thm8.3.13 Fa LE IR

Xt X is continuous and differentiable on 0,0 and

DX 4 2
2 I

Pf Chain rule X is differentiable hence continuous

and DX DEGLIN ELLADDILLIN
ELLLAD L D LEXI

ax I ax

TheFunction log a logarithm of x to thebase a

Def8.3.14 Let a 0 and at 1

log x de eux
en a ta x o


