
 

7.4 The Darboux Integral

Def Upperand lower Sums

let f a b IR bounded

P Xo Xi Xn partition of a b

Ma tnf f x XEXk XD

Mk sup fix xepay xpg
exist becauseofboldness

The lower sum of f corresponding to P isdefined to be

f P ÉMalXk Xke
uppersum of f corresponding to P isdefined to be

Ulf P ÉMRXK Xk 1
Remarks is upperand lowersums are notRiemannsums ingeneral

because Mr Mr maynotattained at any pointinTxuXu

unless the function f is cts
di's On one hand LA P and Ulf P are simpler

because they do not involve the infinite many possibility

of tags But on theotherhand inf and sup
are harder to handle than values of a function



x.at yI
y
jb x5x a1 É y Éb xs

lower sum f D upper sum Ulf P

Lemma7.4.1 If f ab IR is bounded and

P is a partition of Taib

Then
f D E U f D

Pf Ears Mr Extent ftp.xnf Mr

Lf D EmalXkXk1 EEMulk Xh i Ulf D

Def If P Q are partitionsof Tab and PC Q then

we say that Q is a refinement of P

Remark If D Xo Xi Xn and Q Yo Yi You

then Q is a refinement of P if Xue P Ak oh n Xue Q

Cie Xu Ye fame 1 0,1 m

Q

Xo X
B
k b X xo d G X y be42 b X

so I Is y



In other wads subinterval Exa XD of P is furthersubdivided

in Q Txu Xu Ty Yj 0 U Ya Ya

lemma7.4.2 If f ab IR is bounded

P is a partition of Ta b

Q is a refinement of P

Then
L f P E LIF Q and UCL Q E Ulf P

Pf Special case Q is a refinement of P byadjoining one point
Let P XoXy Xn and

Q Xo Xi Xk l Z Xk Xa

Then mi af fix XETXr i ZT

2Mf I fix X E TXk I Xu Mr

ME if I fix XE Tt Xu

I if I fix X E TXki Xu MR

Lcf P EgMilXi Xi c MrXu Xu is

InMi Xi Xi 1 Mr Z Xk 1 tMkXk Z

I ftp.milxi Xi 1 mice Xu ist MkXn Z

f Q



Similarly Ulf P 2 Ulf Q ex

Generalcase

If Q is a refinementofP then Q can be obtain from

by adjoining a finitenumberof points to P one at a time

Hence repeating the special case or using induction

we have Lff P E LIF Q

and UCF Q E Ulf P

Lemma7.4.3 let f ab IR be bounded

Then Lcf Pi E Ucf Pa

fu any partitions R Pa of ta b

Pf Let Q P UPz
Then Q is a refinementof P and also ofPa

Hencelemma7.4.1 lemma7.4.2

If P E LA Q E Ulf Q EUCt Pa



Notation Let Ilia b3 setofpartitionsof cab

Ref7.4.4 Let f ab IR bebounded

The lowerintegral off on I is the number

Cf sup Lf P PE Dab
and the upperintegral off on I is the number

Ucf auf Ulf P Pe Plab

Thin7.4.5 Let f tab IR be bounded Then Lif andUlf
off oncab exist and LIF EU f

Rf Lif and Ulf exist

f bounded MI e if I fix XE I Taib

M I sup I fix XE I Taib exist

It is clear that HP EPUB
MICb a E LA P E Ulf P EMI lb a

f and Ulf exist

and satisfy Me b a E LIF Ucf E MI lb a

If EU f

By lemma7.4.3 Lf P E Ulf Pa fuany partitions
Pi Pc



Fixing Pa and letting P runs through Otab

We have
f sup Llf P P E Tab E UCt Pa

Then letting Pz runs through Ota b we have

L f E Tuf Ulf R RE Tab Ulf

Def7.4.6 let f Tab IR be bounded Then f is said to be
Darboux integrable onTab if L f U f

Inthis case the Darboux integral off over Ia b is defied

to be the value LA Ucf

Remark We'll use the same notation Saif a Sabfesdx

fa Darboux integral since it is equal to the

Riemann integral Thm7.4.11

Eg7.4.7

a A constant function is Darbouxintegrable

In fact if fix C onTaib P is anypartitionof carb

then Lcf P cCb a Ucf P Ex7.4.2

LC f cCb a U f



b g 0,3 IR definedby gas 3 I Leg 7.1.44

i
o

is Riemann integrable Ig g

Using Darboux's approach weonlyneedto prove

LH Uff
Noneedto check whether they exist

As If seep of something

Ucf if of something
we only need to find sequence family of partitions

4

consider all partitions

g is clearly bounded

HE O consider the partition i
Pe O 1 HE 3 o e He s

Then

U g Pe 2 1 0 3 HE 1 3 3 HE

2 JE t 6 32 8

U g 8 Ug influg P PEPE



And Llg Pe 2 1 0 2 HE 1 3 3 HE

Iago xedHe 2

2 ZE t 6 3 E f E

S E e Leg LG sup Lig P PEPITO33

Hence Them7.4.57

8 EELIGIEUGIES
Since E 0 is arbitrary wehave

LG Ug L

I g is Darboux integrable
Sab s s

Easythan Riemann

C has x onto IT is integrable

h is clearly bounded kill
let Pu 10,4 13

Then Uch Pn tent o f E f t te t hat

itzt n.tn Gf Itt

and Lt Pn O G o thin f t E t hat

itzt n.tk l G1 t t



t t LCA s Uch Stl Ht

letting he is wehave Lch Uch t
ha X is Darboux integrable on To I

a Sbah t

d Ey7.2.261 not integrable

Dirichletfunction fix It if X rational xero is
O if X irrational XECo I

To prove non integrable weneedto considerall partitions

as a segue family ofpartitions can only provide

upper bound to Ulf lower boundfor LA
not good enough to see U f Lif

f is clearly bounded Off El
Let P Xoxy xn be a partitionof to 13
Then for each subinterval TXki XD

I rational tr ETXki XD and

irrational the Xu Xu

Mp seep fix XtTxuXu firn I e

Masint fix XtTxu XD flankO



Ulf P MaltaXa i EAaXac 1 VP

U f if Ulf D PEPE I 1

And If P Malta XaD o HP

f seep Lf D PE PCO113 0

i U f I O L f

f is not Darboux integrable

Thin7.4.8 IntegrabilityCriterion

Let f a b IR bebounded

Then f is Darboux integrable

HE O I partition Pe ofTab suchthat

Ucf Pe Lcf Pe E

Pf G f Darboux integrable
Lf Uff

Now HE O I partition P of Lab sit

f E S LIF R as f sup LA D PEPITO IT

and partition Pa of Ta b sit

Ulf P Uff E asUlf MUA D PEPITO IT



Then the partition Pe P u Pe is a refinement

of P Pz and have by lemmas7.4.1 7.4.2

Cf E C L f D E Lff Pe
S UCF Pe E Ulf E UGH

Uff Pe LA Pe C U f E LG E

E as U f LIf

Fa the converse we observe

LCF B E LA UCF EUCt D

A partition Pe
i OEUG LIF E Uff D LA B S E

Since E 0 is arbitrary Ucf LA

f is Darboux integrable

Cor7.4.9 Let f ab R bounded

If Pn n1,3 is a sequenceofpartitions of I sit

leg UCFPa LcfPn 0

then f is Darboux arable
Sabf legLcf Pn alsoUlfPn



Pf HE O I ne 0 Sit

Of Uff Pn Lff Pn s E f ne ne

Just pick one of the Pu nane saysPne as Pe

and use the IntegrabilityCriterion Thu7.4.8

Thin7.4.10 let f tab IR beeithercontinuous or monotone

Then f is Darboux integrable on tabl

Pf let Pn XoXy xu beuniform partition ofTaib sit

Xk Xk 5nA

1 If f is continuous then

Mpsup f x Xu Xu fan forsome UETayXD

Ma if Ifix Xu Xu fun forsome UneTXh iXD

Then

f Pn I m k XkXks Ef un Xu Xu i
Sable

where he is the stepfunction n sit É'sde

as in the proof of Thar7.2.7



and Ulf Pa IM k XuXui Ef Un Xu Xu i
Sabwe

where we is the stepfunction n sit É'sde

as in the proof of That2.7

Ulf Pa LG Pa SI e de s e

Can7.4.9 if 5 Darboux integrable

2 If f is monotone may assume increasing

Then

My sup fx Xu Xu f Xk

Ma if Ifix Xu Xu flXu

and

Lcf Pa I FIXa c Na XaD Saba

Ulf Pn E flXu Xa Xa i Sabw

with L W are functions as in the proof of Them7.2.8

Ulf Pn Lit Pn Saba d

by feb Stas

o as n as

I Cor7.4.1 f 5 Darboux nitefrable



Thm7.4.11 EquivalenceTheorem

let f ab IR Then

f is Darboux integrable f is Riemann integrable
In this case the integrals equal

Pf H Assume f is Darboux integrable

ByThu7.4.8 Integrability Criteria

HE O I partition Pe of Ta b sit

Ulf Pe Uf Pe E

If Pe Txu XD É
define stepfunctions he we sit

Le X ME YES f f XE TXhi XD ThatXn

if k b n t if 4 9

and we x ME Elitist YEE Y Eg
Then Leix E f x E Wax H XETab

and fide ImacXu Xu D Lcf Pe

SabWe MIXa Xa D UCf Pe

S we de OffPe LIFPe E

Squeeze Thu7.2.1 FERIA b



If f E RTab with A Sif
Then f is bounded on Taib and

HE O I 8 0 sit

if 8 satisfies 1181Kde

then I 515 8 AKE

let D xox Xn bea partition with 101kde

By definition of ME ftp.xpf I the Xu Xu

such that
flea Mu Fa

Surilarly I th Eta xD Sit

f th s Mu t Ea where ME exit f

Then the tagged partition 8 1TxuxD tr bi has
Riemann sun

Sff B FAN XuXin

É Mk Ea Ck Xa it

ÉMalka Xa i EaEda Xa it

Ulf P E



Using 15158 AKE we have

Off P Sct 8 E At E

Hence U f At ZE

Since E 0 is arbitrary UG EA

Similarly for the tagged partition BEITxa ya tintin

Slt D's fit'D Xuxa

E MatEa XkXk it

ÉMalka Xa EaEda Xa it

LA P TE

f D SH DS E A Ze

Lif A ZE HE O

Lf A

Therefor A ELISE UGRA
f is Darboux integrable

and the Darboux integral A

57.5 Approximate Integration Omitted


