
 

57.2 Riemann IntegrableFunctions

Than7.2.1 Cauchy Criterion

f e Riab HE O I Ye o suchthat
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11811
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then 1515,8 Scf E I E
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if 1181KMe 11011 Me

then 1515 8 L K E and

1515 Q LI
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Steph I seq on with O sont son An1,33

such that if 1181KOn HEIKE

then 1515,8 54,07kt
Pf of Step1

By assumption fa E t o 7 Y o s.t

if 11811 4 11011 4

then 154,8 515,01 th

Let On min 71,7 74 0 ta 1,33

then Intamin 41,7 Mt Mt
E min 71,4 74 On

And if 1181 On 11011 On

then 1181157 11011524
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Quill on and Con giveninstep1
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PfofStep
Fa each n 12,3 chooseany tagged partition

On with IlanIkon
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uniform partition withanytags at t ing
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Then fa men I we have
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Hence te 0 one can takeany integer host
and conclude that I Maz no
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Slf On is a Cauchy sequence

By completeness of IR Thu35.5 Cauchy Convergence Criterion

his Slf On exists let call it L



Final step FERIAb

PfofFinalStep
Using Steps and Is bytaking moos wehave

Slf In L Et An1,33 Ha

Now He O K is an integer sit k E
Then if P satisfies 1181158k
wehave 1515,8 ScfQi et bysteps

and hence
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Eg7.2.2

a g to33 IR defined by gas I
3

2
I

is Riemann integrable Eg7.1.46
O 3

In Eg7.1.46 weproved that

if 11811 8 then
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If Q isanother one with 1101kt we alsohave

8 58 E Stg Q E 8 50

Hence 1519,8 51g E Is 8 58 8 50 108
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b Applying Cauchycriteria toshow a function isnot integrable
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I 0 Q with 1181157 talky sit
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Concreteexample

Dirichletfunction fix
t if X rational xeco.is
O if X irrational XElo I

eg5.1.691

Consider Eo t 0

t y o let P any partition sit
11811 2

with rationaltags ie all tie no I

any partition sit HERR
with irrationaltags ie all tie to.IQ

then Slf 8 Efflti Xi Xi l É Xi Xi13 1

SH Q EIflt Xi Xi D O
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Thm7.2.3 SqueezeThm let f ab IR asb
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Remark Wedon'tneed to assume EsoSabe a EsoSide exist

but ofcourse theirexistencefollows from Thu7.1.50

Pf E If f E RTab take LEF We HE 0

Then Sabf f o c E
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we have Saba e Slf 8 Sa wa te

and Sabe es Sct E Jabara te

154,8 54,0 Cabarete Sabre E
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Since E 0 is arbitrary f satisfies Candy Criterion
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Recall Def5.4.9 of theTextbook

A function 9 ab IR is a stepfunction
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Lemma7.2.4 Let J subinterval of Ta b

Ccd are endpoints of J

If 9 x I fa XE J
O fa X J xEta b

then 9 ERTab and Say d c

If There are 4 cases fa J
J Ted CC d Isd and c d
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All these 4 cases different from each others by a

finitely many points at most 2 therefore

all 4 cases have the same integral by That1.3

By Ex7.1.13 assigned in Homework4 we have

Saba d c fa the case of J I d

Hence Sabg d c fa all cases



Thm7.2.5 If 9 ab IR is a stepfunction thenGERtab

ie Stepfunctions are Riemann integrable
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Then byusing the notations in lemma7.2.4
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Eg7.2.6
a Eg7.14 b again
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3 9 9
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is a step function
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Define stepfunctions an o I IR
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Hence byThm7.1.5
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Thm7.2.7 If f ab IR is continuous then feria b fasacbeto

Containers functionsonclosed bounded interval are Riemann integrable

Pf ByThm5.4.3 cont functions on closed boundedinterval
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and way ff
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