(1)

MATHS5011 Exercise 9

Optional. Let 9t be the collection of all sets £ in the unit interval [0, 1] such
that either £ or its complement is at most countable. Let p be the counting
measure on this o-algebra M. If g(z) = x for 0 < x < 1, show that g is not

M-measurable, although the mapping

fro afle) = [ fodu

makes sense for every f € L'(u) and defines a bounded linear functional on
L'(u). Thus (LY)* # L in this situation.

13 13
Solution: ¢ is not 9M-measurable because ¢! (Z, Z_L) = (é_L’ Z) ¢ M.
The functional Af = > xf(z) is clearly linear. To see that it is bounded,
if f € L'(u), then f is non-zero on an at most countable set {z;} and by

integrability,
Z |f(zi)] < oo
i=1

Thus Af is well defined as ¢ is a bounded function. Hence the operator is

bounded.

Optional. Let L* = L*°(m), where m is Lebesgue measure on I = [0, 1].
Show that there is a bounded linear functional A # 0 on L* that is 0 on
C(I), and therefore there is no g € L*(m) that satisfies Af = /fg dm for
every f € L*. Thus (L>)* # L. '

Solution: Method 1. For any x € [ take A, f = g(z4) — g(z_) for all f such
that f = g a.e. for some function g such that the two one-sided limits g(z )
and g(z_) both exist. Then [|[A, — A,|| > 1 for x # y. With reference to the
question, we can just take x = 1/2.

Method 2. Consider xjo 1y € L* \ C(I), as C(I) is closed subspace in L*,
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by consequence of Hahn-Banach Theorem (thm 3.11 in p.38 of lecture notes
on functional analysis.), there is non-zero bounded linear functional A on L*
which is zero on C(I).

If there is g € L'(m) that satisfies Af = /fg dm for every f € L™,
I

Af:/lfgdm:O,VfGC(])ég:O.

we have A = 0 which is impossible.

(3) Prove Brezis-Lieb lemma for 0 < p < 1.
Hint: Use |a + b|P < |a|P + |b? in this range.

Solution: Taking g, = f, — f as a and f as b,

‘ |f+gn|p - |gn|p} S |f|p’
or,
- ’f’p < ’f+gn|p - |gn‘p < ‘flp'

we have

_2|f‘p < ‘f‘*’gn‘p_ |gn’p_ ‘f‘p <0

which implies

“f+gn|p_|gn|p_‘f|p‘ <21fl",

and result follows from Lebesgue dominated convergence theorem.

(4) Let fu, f € LP(u), 0 < p < oo, f = f ae, [[full, = [If[l,- Show that
[ = fIl, = 0.



Solution: Using the Brezis-Lieb lemma for 0 < p < oo, we have

1o~ FIE = /X|fn P du
fgéun—ff—unw—uvnWwyéﬂnf—vmdu
< [ W= 17 = =100 o+ (150 = 111)

—0

as n — o0.

(5) Suppose p is a positive measure on X, u(X) < oo, f, € L'(u) for n =
1,2,3,..., fo(x) = f(x) a.e., and there exists p > 1 and C' < oo such that
/ | ful? dp < C for all n. Prove that
b

n—oo

lim [ |f — fuldu=0.
X

Hint: {f,} is uniformly integrable.

Solution: By Vitali’s convergence Theorem, it suffices to prove that {f,} is

uniformly integrable. Let q be conjugate to p. By Holder inequality,
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< CHuEY,
for any measurable E. Now the result follows easily.

(6) We have the following version of Vitali’s convergence theorem. Let {f,} C

LP(u), 1 <p<oo. Then f, — f in LP-norm if and only if

(i) {f.} converges to f in measure,

(ii) {|fa|P} is uniformly integrable, and



(iii) Ve > 0, 3 measurable F, u(FE) < oo, such that / |fnl? du < €, Vn.
X\E

I found this statement from PlanetMath. Prove or disprove it.

Solution: Let ¢ > 0. By (iii), there exists a set E of finite measure (WLOG

assume positive measure) such that

/E|fn|p<a.

Since {f,} converges to f in measure, there is a subsequence {f,,} which

converges to f pointwisely a.e.. By Fatou’s Lemma,

/E|f|p<s.

By (ii), there exists § > 0 such that whenever p(A) <4,

1
/ | ful? < e;
A

WLOG, by choosing a smaller §, we may assume further whenever p(A) < ¢

/Ifl” <e
A

because there is a subsequence {f,, } which converges to f pointwisely a.e.
and we can apply Fatou’s Lemma, By (i), there exists N € N such that for
alln > N

£
1(E)

Now, for n > N, define A, = {z € E: [(fa—f)(2)[" > .5} and B, = E\ Ay,

o€ B |(fa= N@)| 2 ——=Ih <4




and we have

Jita=tr= 15— s+ [ 1 v
<2p€+[4n\fn—f|p+/gn!fn—f\p

<2p5+</An|fn\p+/An|f|p>p+a

< e+ 2P + e = (2" + 1)e.
This completes the proof.

(7) Let {z,,} be bounded in some normed space X. Suppose for ¥ dense in X',

Az, — Az, VA € Y for some x. Deduce that z,, — x.

Solution: Since {z,} is bounded, there exists M > 0 such that ||z,| < M.
Write M; = max{M, ||z|| }.

Given € > 0 and A € X', choose A; € Y such that ||[A — Ay < 3LM and
1

choose N large such that |Az, — Ax| < % Then

|Az,, — Az| = |Az,, — Ay | + | Az, — M| + | Az — Az
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(8) Consider f,(z) = n*Px(nx) in LP(R). Then f, — 0 for p > 1 but not for
p = 1. Here x = x[0,1-

Solution: For 1 < p < oo, let ¢ be the conjugate exponent and let g € LI(R).



By Holder’s inequality and Lebesgue’s dominated convergence theorem,

1

/angdx: /Onnl/pg(a:) dx
< (/Oi(nl/p)p dx) ' (/Oi|g(a:)]qu> E
<(/ X[o,;ﬂg(ﬂf)lqu)é

—0

as n — oo. Hence, f, — 0.

For p =1, take g =1 in L>°(R). Then

/fngd:c:n/n dr = 1.
R 0

Hence, f, /4 0.

Let {f.} be bounded in LP(u), 1 < p < co. Prove that if f,, — f a.e., then
fn — f. Is this result still true when p = 17

Solution: It suffices to show that for any g € LI(u),

/(fn—f)gd,u—>0asn—>oo.

By Prop 4.14 the density theorem, we may consider the case where g is a
simple function with finite support. Let F be a finite measure set such that
g = 0 outside £ and M > 0 be bound of g. By the solution to Problem 5,
{fn, f} is uniformly integrable, for all e > 0,35 > 0, s.t. for any A measurable
s.t u(A) <6,

/A|h|d,u <eh=f,orf

By Egorov’s Theorem, there is a measurable B s.t u(E \ B) < § and f,



converges uniformly to f on B. Hence

‘/(fn—f)gdu‘ = ‘/E(fn—f)gd,u‘
= \/E\B( gdu‘+]/ £gdp

< 2M&?+‘/ f)gdu’

< (2M + 1)e, for large n .

For p=1, the result is false by Problem 8.

(10) Provide a proof of Proposition 5.3.
Solution:

(a) Let F = U E; € M. If X is concentrated on A, then A\(E;) = A(E;NA),

and so

IN(E) =sup{) _|\NE))|: E=|]JE;, E; €M}
= sup{Z|/\(Ej NA)|: ENA= LOJ(EJ NA), E; € M}
= [\ (ENA).

(b) If Ay L Ao, then ); is concentrated on some A; (j = 1,2) with A1 NA; =
(. By part (a), |\;] is concentrated on A;. Therefore, |A;| L |As].

(c) Suppose p is concentrated on A. If Ay L g and Ay L p, then A\(A) =
Ao(A) = 0, which implies (A + A2)(A) = 0. Hence, A\; + Ay L p.
(d) Suppose pu(E) = 0. If Ay < pand Ay < p, then A\ (E) = X\o(E) = 0,

which implies (A; + A2)(E) = 0. Hence, A; + Ay < p.

(e) Let B = U E; and suppose p(E) = 0. Then E; C E implies p(E;) = 0.
If A\ < p, then A\(E;) = 0. Therefore, Y |A\(E;)| = 0 and it follows that
Al (E) =



(f) Suppose Ag is concentrated on A. If Ay L p, then u(A) = 0, which
implies A\;(A) =0 by A\; < p. Hence, A\ L \s.

(g) By part (f), A L A. This is impossible unless A = 0.
(11) Show that M (X), the space of all signed measures defined on (X, 9t), forms
a Banach space under the norm ||| = |u](X).

Solution: It is clear that the M (X) is a normed vector space if the norm is

defined as in the question.

Recall the fact that a normed vector space is a Banach space if and only if
every absolutely summable sequence is summable. Let {4} be an absolutely

summable sequence. Let E' be a measurable set. We immediately have

S m(E) <Y |l (E) Z|Mk|

hence Z pr(E) converges absolutely. VE € 9, put

E) =Y m(E)

which exists as a real number by the above argument. We will prove the
countable additivity. Let F, be a sequence of pairwise disjoint measurable

sets. Then

n(Us) =



We have proved that p is a signed measure. To show that u, converges to

in || - ||, let X,, be a partition of X.
> (u - Zm) (X)) =D m(Xa)
n=1 k=1 n=1 k=m
<33 ()
k=m n=1

<3 () = 3 llll > 0
k=m k=m

so that Hz,uk —,uH — 0 as k — oo.

(12) Let L' be the Lebesgue measure on (0,1) and p the counting measure on
(0,1). Show that £! < p but there is no h € L'(u) such that dZ' = hdp.
Why?

Solution: If y(E) = 0, then E = ¢, which implies £L'(F) = 0. Hence,
LY < p.

Suppose on the contrary, that 3h € L'(u) such that dC' = /h dp. Since
h € L'(u), h = 0 except on a countable set. It follows that £!({h = 0}) = 1.

However,

LY ({h=0}) = / hdp = 0.

{h=0}
This is a contradiction. Radon-Nikodym theorem does not apply here because

4 is not o-finite.

(13) Let p be a measure and A a signed measure on (X,9). Show that A < u
if and only if Ve > 0, there is some 0 > 0 such that |A\(E)| < & whenever
lu(E)| <6, VE € M.

Solution: (<) Suppose p(FE) = 0. By the hypothesis, for all e > 0, |\ (E)| <
e. This implies A\(E) = 0, hence A < p.

(=) Suppose on the contrary that 35 > 0 such that Vn € N, IE € M with



(14)

u(E) < 27" such that A(E) <e. Put £ = ﬂ U Ex. Then p(E) =0 but

neN k>n
A(E) = lim A (U Ek> >0 > 0.
k>n
This contradicts the fact that A < p.

Let 1 be a o-finite measure and A a signed measure on (X,9N) satisfying

A < p. Show that
[rix=[fhan vrerio, fhe

d\
where h = m € L (p).

Solution

Step 1. f = xg for some E € .
We have

/XEd)\:)\(E):/hdu:/XEhdu.
X B X

Step 2. f is a simple function.

This follows directly from Step 1.

Step 3. f > 0 is measurable.
Pick 0 <'s, / f. Then 0 < s,h / fhon {h >0} and 0 < —s,h
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—fh on {h < 0}. Hence,

/de)\: h>0fd)\—/h<0—fd)\

= sup/ sdA — sup/ —sdA
0<s<f Jh>0 0<s<f Jh<0

= sup / shdu — sup / —shdu (by Step 2)
h>0 h<0

0<s<f 0<s<f

= Jhe dp — Jhedp

h>0 h<0

_ /X F(hy —h_)dp

:/fhd,u.
X
Step 4. f € LY(\).

Writing f = f. — f_, the result follows from Step 3.

d dv d\
(15) Let p, A and v be finite measures, > A > v. Show that & —V—, 1
dp  dAdp

a.e.

Solution: By (14), we have for all measurable sets E,

dv dv d\
v(E)= | ——d\= | ——dpu.
(E) pd\ pdX\dpu

The result follows from the uniqueness of the Radon-Nikodym derivative.
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