
 

eg3I let fixy X 3g't't again

Ci Cz Cz are lime segments as in the figure
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We already did Sqfds o eg32

one can similarly calculate

ugfds fds t Jgfds

E z ex

fu instance Sgfds S Ci 345th dt
whatparametrization

The observation is Sc tds OF Squgfds

even d e dy d have the same beginning and

end points

Remark different from l variable calculus



Conclusion Lineintegral of a function depends notonly
on the end points but also the path

VectorFields

Defto let DC 1132 a
1133 be a region then a vectorfield

on D is a mapping E D 1132 a 1133 respectively

is
2 vector

In component form

R END MIXDit Nixy j
1133 Fixy Mexy it Nix y ft Lexy I

where M N L are functions on D called the

components of E

435 Easy y it xj
Tty

on R't110,0

seino Et osoF in polar coordinates



Properties of F d IF f I
tryo o ai's E t Fix y xityjI or
go go go rcosoitsinoj

11 to Aaa Ex sketch Fixy xityj

eg36 Gradientvectorfieldof a function

d fix y Efxky's

Jfk y ftp lxiD xItyjh
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egI Heathfield along a cave

let C be a curve in R parametrized by

o o Iffts
f Ea b3 R2

Fitz

it aYits.yitss

rTtsDtjRecalliT uuittaugeutuectafield.f
along d Fft samepoint butdifferent

IFtty outa
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Note this I defined only on C ta ageneral awe

but not outside C
vectorfieldalong a cave may not comefrom a vectorfield

on a region

Remarki for eg37

If we use ds ITEtil dt then

F Tpftf FIT dats bychainrule

ifs is afunction

where are length s s defined

upto an additive constant by

sets Set If ft Idt

A parametrization of a curve d by arc lengths
is called are length parametrization

Fcs arc length parametrization

Ideas I I



Def 11 A vectorfield is defined to be
continuous differentiable Ch if the componentfunctions are

eg3d Foxy Fixy xEtyj is c
5 notcontainas in IRFixy
butcontinues in 1134490B

Lineintegral of vectorfield

RefI let C be a cave with orientation given by a

parametrization fits with Itt Ho ft Definethe

lute integral of a vector field E along d to be

E Fds

where F ffft is the unittangent
oectafieldalong C

i

L
aiented or
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Note If Fifa b 7 IR h or 3 then

E Fds _fabEHTTD.FIeTilrftHdt

JbaECrTtDcoFEtsdt dF
naturally we denote 1df F

and E Fds E df

eg3I Easy zi xyj y'T
C Fits _titty 1ft I ostel

Then df ate It I dt

and fdfetds fdfodf
fcczitxyjtyD.cztitft

E dt

fo'Atitefxtsf astieftitftrettidt

L'Etrett E dt check



In components f non

Line integral of E Mit Nj along
C Fits_gCtsIthIHj

can beexpressed as

E Fds E.df fabft.LI dt

Sba Mg'tNa'sDt

Mae explicitly fakmcgcts.ae gftstNCgithhItDhEtDdt

X getNote that I y htt

dx GET dt
L dy htt dt

i fcE.tds JCE.dr fabmdx.INdy

Suisilarly for 3 dwi

EFds E.df fabmdxtndyth.dz

Cfa E MitNft LI



Another way tojustify the notation

F X y z the position rector

dt fdx.dy.dz naturallynotation

Then fdE.jds f.E.dk cCM N
L3oeldXdydzJ

fcMdxtNdytLdZ

eg3I Evaluate I Jc ydxtzdyt2xdz

where Ci fits _cestftsuitjith often

Cost suit t

Sole df f suit cost e dt

I J suit fsuitl tcest zcatuh.de

IT check



Physics

H E Force field
C oriented curve

then W
a
E Tds

is the workday in mooing an objectalay d

G E velocity vectorfield of fluid
C oriented curve

T d
Then Flow SdE Tds

Floe alongthe cane d

If d is closed theflow is also called
a circulation

Deff A cave is said to be

d simple if it does not
interactwith itself except

possibly at end points

Is closed if starting point
end point

is simple closed cave if it is both simple and
closed



Note

go 0
simple NO Yes NO Yes

closed Yes No No Yes

F velocity of fluid
C oriented plane cave CCIR

aim parametrization fctj

xctsityctsg.tkoutward pointing unit normal vector tothe

cured

l s TE

A

n FxI A Txt

if disof anti clockwise if Cisof clockwise
orientation orientation



Formula fair Wrt the parametrization Fittatsity it

Recall f Fft
Tq

it yet j
IF'Ity

in arc length parametrization F IIs Esi 1 4

Anti clockwise
n e r
i g k

a exit L

a Its 5 xEtsj
mitts for A Hi dats

Clockwise i

g yttritxEtij
nifty

or A Fsitadff

amountoffluid
Fluxof f across C EI ScE rids geftoggoyanteotfe

If F May ItNCxy j
and fits xitsi yctsy.is anti

clockwise parametrization

of d Ganoe
Then



Flux of F across d

MitNj Ceti IFF ds

Mdy NDX

Remade a cave is closed in anti clockwise direction

cake isclosed wi clockwise direction

not a common notation

But in some books only is weed NI arrow

Then one needs to determine the orientationfrom

the context
Convention i If no orientation is

mentioned

without arrow means anticlockwise
orientation positive orientation


