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MATH 4050 Real Analysis

Tutorial 12 (April 12)

The following were discussed in the tutorial this week.

Let E be a measurable subset of R.

1. Let 1 < p < co. Recall that

1/p
LP(FE) = {f measurable function on E and ||f||, := </ |f|p> < 00},
E

where we identify functions that are equal almost everywhere on E. The Riesz-Fisher
theorem asserts that (LP(E), || - ||p) is a Banach space.

2. Let
L*°(E) = {bounded measurable functions on E},

where we again identify functions that are equal almost everywhere on E. Define
[flloc = inf{a: m({z € E: |f(x)] > a}) = 0}.

Then it is easy to see that
Ifllo <A <= |f(x)] < Aforae z€FE.

Moreover (L (E), || - ||s) is also a Banach space.

3. Recall the Holder inequality: if 1 < p,q < oo satisfy }D + é =1, then
£l < 11f1lp - lgllq-

4. Suppose m(E) < co. Show that if 1 < p < g < oo, then LY(E) C LP(E). The assumption
“m(FE) < o0” cannot be dropped.

5. Show that if 1 <7 < p < s < o0, then ||f]|, < max(||f|,||fls)- In particular, L"(E) N
L3(E) C LP(E).

6. Suppose || f]|; < oo for some 1 < r < co. Show that

[fllp = [flle  asp— oo



