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1 Subsequences and the Bolzano-Weierstrass Theorem

Definition. Let (z,) be a sequence of real numbers and let ny < ng < -+ <ny < --- be
a strictly increasing sequence of natural numbers. Then the sequence (x,, ) is called a
subsequence of (z,).

Subsequence Theorem. If (x,) converges, then any subsequence (xn,) of (x,) also
converges to the same limit.

Theorem 1. Let (z,,) be a sequence of real numbers. Then the following are equivalent:

(i) (x,) does not converge to x € R.

(i) There exists eg > 0 such that for any k € N, there ezists ny, € N such that ny > k
and |x,, — x| > €.

(111) There exists g > 0 and a subsequence (x,, ) of (x,) such that |x,, — x| > e for all
ke N.

Example 1. Let ¢ € R. Show that a sequence (x,) converges to ¢ if and only if every
subsequence of (x,) has a further subsequence that converges to ¢

Example 2. Show that if (z,,) is unbounded, then there exists a subsequence (z,, ) such
that lim(1/x,,) = 0.

Solution. As (z,,) is unbounded, we have VM > 0, 3n € N such that |z,| > M.

Pick n; € N such that |z,,| > 1.
Then pick ny € N such that |z,,| > max{2, x|, |z2],..., |Tn|}. So |1/z,,| < 1/2 and
No > Ny.

Suppose n; < ny < --- < ny, are chosen so that [1/z, | < 1/j for 1 <j <k,

Pick nj41 € Nsuch that |z, | > max{k+1, 2], |z2|, ..., |Zn,|}. S0 |1/, | <1/(k+1)
and ngy 1 > ny.
Continue in this way, we obtain a subsequence (z,, ) of (z,) such that

|1/x,, | < 1/k for all k£ € N.

Now lim(1/z,,) = 0 follows immediately from Squeeze Theorem.
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The Bolzano-Weierstrass Theorem. A bounded sequence of real numbers has a con-
vergent subsequence

Example 3. Prove that a bounded divergent sequence has two subsequences converging
to different limits.

Solution. Let (x,) be a bounded divergent sequence. In particular, any subsequence
of (z,,) is also bounded. By Bolzano-Weierstrass Theorem, (z,) has a convergent subse-
quence (z,,). Suppose lim(x,, ) = ¢. Since (x,) does not converge to ¢, there are gy > 0
and another subsequence (z,,, ) of (x,) such that

| — €] > 9 for all k. (#)

By Bolzano-Weierstrass Theorem again, (x,,,) has a further subsequence (xmk]) that
converges to some real number ¢'. By (#), { # {'. Now (x,, ) and (xmk]) are the desired
subsequences of (x,,). <

2 Limit Superior and Limit Inferior

Let (a,) be a bounded sequence of real numbers. For each n € N, define

t, = sup a,, = sup{a,, : m >n} and s, = inf a, =inf{a,, : m > n}.
m>n m>n

Then, as required in HW, one can show that (¢,) and (s,) are both monotone and con-
vergent.

Definition. The limit superior and limit inferior of (a,) are defined, respectively, by

lim sup a,, = lim¢, = inf (sup am> ,

n n n21 \ ;m>n

liminf a,, == lim s,, = sup (inf am) )

n>1 \m=n

Proposition 2. Let (a,) be a bounded sequence of real numbers. Then

(a) liminf a, <limsupa,.
n n

(b) (an) converges to £ if and only if limsup a,, = liminf a,, = £.

Example 4. Let (z,) and (y,) be bounded sequences of real numbers. Show that

(a) limsup(—z,) = —liminf x,;

(b) if x, <y, for all n, then limsup z,, < limsupy, and liminf z,, < liminf y,;

(¢) liminf x,, + liminfy, < liminf(z, + y,) < limsup(z, + y,) < limsup z,, + lim sup y,,.

n n n
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Example 5. Let (z,,) be a sequence of positive real numbers. Show that

lim inf =22 < liminf ¢z, <limsup ¢z, < limsup ntl
n Ty n n n Tn,
Solution. We only prove the last inequality. Assume lim sup Uas g
n x'ﬂ
. X . X
Let a > limsup —* = inf ( sup —2*L ).
n Tn n2l \m>n Tm
. x
Then there exists n € N such that =22 < « for all m > n. Hence, for m > n + 1,
T
l'_m — Lnt1 . Lni2 . Lm < am—n’
Tn T, Tn41 Tm—1

so that

1
_n
S, <o Tmry =a- VO,

where C' = z,,a™". Now

limsup /Z,, < limsup(a - ¥/C) = lim(a - ¥C) = a.

m

Since « is arbitrary, we have

. _ x
lim sup z,, < limsup nil
n n

n




