IV\'Eejru‘tion of lrational Functions -

W For A@-€ , we let x-=asin®
@) For A+ , we let x=catan®d
@) For d2-& , we let x-asec®

eq [em= &

J2 = e
= 8site Jicos® (5caze) do
=J‘ 32 oS OsIn Ode
=J 23D coSO Sin G
=j 22 co@ (1- cos'0)

- { 3 cod -20cos0dcos®

=TCDSS == cos’0 +C

2 (dEy _ 2 (dEdx)

-2 (=5 )‘%(; =) +C
el

Also we have

. lv\'l'Ejmnd wth A2 | dde , la=

NG&E a2 s Ne.ll-defwa:l onla when -+ 20

-l<smnB < |
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et ~=2sin®

b= D cosOdO

X =2Sin® =5 <ind =-§

Cos ® = +J(-sikB =J(-(§)’=i"%
-%ses% = cos O >0
. c°se=n|4--z_"
: Y
. that means -a<x<a .

T T
when -~ <053

’

Think : How about A&+ and X-& 2

so -azasinf@=za , Hat is the veason wlr\a we let. x=asing .



J’Jf*a?&i = _?':-x Xttt + -—_;:d',l'\l‘l-l-tjfiaal +C




|VrE23wra'bi on |o;a Parts

Recall : Let ueo and veo be cl‘nﬁevev\'bable 'fw\céiovxs .
PReduct  vule - ad_;(uv) - uﬁ%+v§§

ug,—;’c=ad;(uv)-v§§
lvr(:eﬂm'te both sides with vespect to x
Jugsde < [t e [vdeax
Judtae cuv-fudede

OR: \rud\/ = uv-fvdu

I vation ba Parts - j' ug;,—cd‘—c = UN—J'V %%(dx
eq f-x_"‘ lnx e = J’(lnx) x* dx
= ~((|vf\7c) -g;(%:—) o= (Now, u=ln=x , V=§ )

fnxdZ

= Zinx-JZ ddnx)

£
=

= %slnx-% +C (\/er'r)% the answer bta ol'uﬁerewﬂaﬂo“ 2)




e.q J'xequ-x Note - ad_;_e"= e*
exdx= <:le.X
fxexdx Now, u=% , v=€°
=,rvt.dex
S X
= xe -J. e o
= xe - +C

= e =-D+C

Remark . Why don't we try the -fo“owin?".
f xedx
=_r e
= J' & d&)

What l'\aFPevxs'?

eg- f-x‘exd-x.

- fxde

- -z.‘e"—_f e*dc
= 2 [axetde

Ex: : - Ps‘FF\ta ‘V\'Eeﬁr:rﬁon bta 'Fa.rﬁs asain 4
Ars : € (@-ax+2)+C

Question : How +o make a juess ucd  and veo 2
I vation loca Parts j ugﬁdx =uv-\rv%“&dx

e.q. fx’ lnx dx = J‘(lnx) X dx
(A E SN

Realize the 'M‘Ee@m\hd os a "Fmdwc‘(: Cﬁe Tar(:s and  make a guess sf ueo and veo
Such Hat one Fare can be vealized as a jeuw::'(:ion U , ancther 'Favt s V&




e.a gr-xsinzy_dx

jxginzxd'x_
=j‘ xcl(--ls Cos3x)

= —é—xcm?sx —dr- -ls—_cgs?nc d

= —é—xm&x + TaL_siy\?rx + C

negpction. of Logartimic. Fuc

‘f lhxdx =2 fnr %x>0

US'IVS |WE€3ra'elnn l:a 'me‘t:

Jlnx d= u=ln= V=X
= xlnx-jxe“nx
= % lnx —r-x-—de
J A
= Zlvrx- ('Ql-x
J
= 2% - +C
Ex: [ l93u1d1_1’>
H'uds- Ioax= I""'
J° In a
J los,_:zdz =—l|_[.|nx dx
= | (~ ] pa i)
lna XN P, G i Ny
ez __x . _C
na lna Ina
=1|03 -—=% 4 Ca—S  just a constant ?
= Ina Ina J




ej. (-T\mnsfowned wito the uriSinaJ |v\‘fe4jml)

J e’“ Cond:L

J " cosx o = Jh et dsinx
= &'Sinx - fsimr. de™
= 'sinx - J Ssinw
= €'sinx- j‘ €-d(-cosx)
= &Sinx - (- cosx - f— cosxde™)
= &Sinx- (- cosx - .[" € cosx odx.)
= E'Sinw+ € cosx - Ie?(C.os-xQIx Be ca:eﬁ/‘( cj? +/- 0
back o tseff ?
. 1J’ S cosxax = E'sinx+ € cosx +C’ o> Dot fwﬁet :

JéfCos:Ldi = -&é‘(s‘mx+cosx) +C (c- L c)
Q..j. f sin Un=) d‘l

J\ Sin Un=) o

% Sin(ln=x) - J"x d sintlnx)

~ sin Unx) - \f cosln ) o

% sin Unx) - (sceostn ) -\fmql costinx) )

=< sin Unx) - xcosn) -J‘ Sin Un=) o

n

J\Sinﬂnx) dx = &x [S‘M(lnx) + cosln x)] +C




Reducﬁion Fomulae
|dea : Obstain a -fwm,Ja +o reduce the ComF‘Qsd‘f%_ cf the lwﬁﬁmvd.

e.ﬂ. [et T, - S et , whee n 18 a novmejczbve_ 7W&€3€r.
.—PYDVQ 'H/\A‘t Iy\= 'X.“e.x- V\Iy\_l + ’for nzl.

To = ("
= J"x" de*
= X"t~ J’e" d
= et - Jnexx“"chc

= e - nT,,

Note : To= s - &
We acan a:FFlta_ Hais fovmu\la reFezﬂé wrtil we see T, :

\(’ etk = T, = -3,

= e -3(xe*-21,)

= e o3 (3t 2 (et 11 1))

= B -3 1 3axe -22-1-1

= fe"—%x"e"+3-1xe"-3-1-l-e‘ +C

3 3 xX 3 X
= - P+ Pixe -Pie* + C

3
[ 2 Fidre Tac
ln geneval , J‘i‘é‘dx I ) Pret Jec or N3 1.
ﬂ r=o

The fmrmula I, x"e*-nI,, is called a reduction forww\(a.




e.ﬂ. Let Tn-= jfan"xdx , wheve n s a novmejczhve ‘lvvbajer.
Show that T.- -R‘_T‘Ea.v\"-‘-x.- Tos fov- nzo.
N\ma_/ How do we se(: +his?
" d tanx

I - [tarc
- [ o« tar« dx
-J tan"x (sedx-1) e
- [t % sedc dx - e dx
St dtanz - T,
el ™ T

n=t

As we can see, the index n is decreased b:a 2, So we have two cases :

Case | : start 'fmw\ anevey\iv\'(:eﬁev- n=2m

I;w\ T +an % +I:.m-1
=+—| -&V\m-"x -+ 2”:-3 'EAV\M-}X + IQ.W\-4
=l +tan + 5 tan % +oo+Ltadx +tanx + L (end at T.)
= +tan x4 T dtan x4 ot L tadx +tanx + %+ C (L= [dx=x+C)

Case 2: start 'fvom an odd iv\'(:ejer- = 2m+l

Izm.,. =-2;“—‘+AV\M7L + Iam-l

Un -2

=,>_:m—+.an x+2"f_l+_anmx+...+2‘F+av\"x+l.2-bav\’x+1. (end at T.)
am -2

=’>.|m_+‘“" *+ 2":_1 tan 3 + ---+2'F+an“x +% 2% + In|secx|+C

(1, =j'(‘anxdx slnlsec=|+C)



Deﬁnﬂ:& lV\'EeS\’Z’Cﬁun

Goal : Find  the area of the \'eGiovx under the curve 8=-fbr.) over on wterval [a.bl.

44 ‘6=:ff’°

Area

v

)
D--———~—

Riemnn Sum
Brea as +Hhe limt u‘f a_sum
‘a-u

O Thee F

;

No=Q X, K X Tpa Y Tnzb X

Subdivide [a.b]l into n eztwal subintervals , G -x=ax L D=0,2.3,.,0

k)FPer Sum_ = MAX f(’g.) AX 4+ MAX f(;,) AX 4+ -+ MAX f(;,‘)Ax
xo‘.§|“1| 7L|s"§._sxq, 1W-ls.;v\"z'\

n
Uy‘ = _Z max f(gl) AN

=l <Bis
Lower sum = min f(‘g.) AX 4+ Min f(’g,) AX 44 MiIN f(’g,‘) A%
AosH €, LTSNy -1 € TS Xn

n
I_,\ = i?( x‘_‘z\';:\é-m f(i;) AX
NU{G : I—v\ < AY'EO. < Un
’Roual'\ idea: N—>o00 , wmore Yectamjles , better a‘Ponximo:(:ion !

I'f '!l;n“ Lo ='!knnU,\ =A , we deflne the area to A. — (%)



Remark :

) B the area is deflned, we dencte by Jf-fﬁodx.

2) i -fbo is_a continuous jﬁmcaon, f:fwdx is well-defnecl for any ash.
2 let a:Zfedax - flask-adl) - Ba | then Lo<cacU,.

NM, we.  know lim L.\= 'lm Un = A ,  So llm a,\.A
N->00 Nn->o00 N->00

(6‘/\
l&:f(’x)
/

pii

e
A= A Ky X Hpea Yot Ta=b <

4) If -f is o piecewise conbimuous  on [a.b] , ie. discortinuous onla at jeivfr('ela vno.vua 'Fo’iv\":s ,

then j::‘ftz)dx is dz—ﬁwacl as +the —followivj :
%l\ ‘aﬂ

\ ,
/ —
! >X. ! : > X

a b a L NG b

ﬁfw&x ] j:'fwdx +I:Qfeodx +\{:feodrx

(N

"
w

Note : width of a -Fo‘m'(: =0



Pmles fw -Defivx?'ﬁe lvf@eﬁrals :
et fbo , S(x) be continuous Cor 'Piecewise corttinuous ) -fmc(:iovs.

Swﬂxse. asb .
b b
D l-f kis a constact , [, kfeodx < k L-f(x)dx

2) j:-feo:tjeodx = f:-fmdx tj':ﬁeodx

3) j‘:‘f&)clx =0
a (S

4 IL, ffeod-;c is ele-ﬁv\ecl +o be -L_-feodx (reverse divection.)
b c b

5 wadx=jafwdx+jcfwdx -for' ana c (subdivision)

% ascsh
U

/ s o
= | |+
S a b a << < — b

[ ot oo e [ fooce

d
= - +
: | S o b S a < b

o oo [ fooce
-I: Feod=

Ex:-nq'mk N"\la 5) 18 tuwe ]’f O.s.o<C !

—Ihese_ 'FYVFe.Y'bes are fb"oue.d +he clzfln'l‘bion K .



Covwrwl:a‘tiev\ cf area. :
NoT relqa on the above limk , buk Fundamertal Theorem cf Caleulus !

Fundame.vv(:al —nr\eorem f Calculus :
ReFara'(:ion :
Let fd:) be o continuous fu\v\ctlon.

(61\
4Je
d
Ao —x—> >t
T t
—fxa:\ movable

v
D L fode s well defined For all xeR

2)  What & a 'ﬁ/mc(:ion? 'Rouslnla Sreal:wj, 'IV\‘F\KE =, O\&(:FWE %
Now , conshuct a new f\m\chion Feo cle-f!v\e.cl \o«a
Feo = Brea wunder the curve avfe(-_) over [, x]

- ‘Efebd":

2) How about choosinj ancther —f‘-xed ‘Folvrt 2
[ et 'Efom_{:f&.)d-h , what s the ch:ﬁeremce between Feo and Feo 2

[ -fad:,
Feo - Feo = Ltfebd-& —J: febd-(—.

- _E f&)c& + J‘: ‘fd:)d'l:

=,{::f&.)d'€ which is a constant .



Fundamesttal Theorem cf Caleulus -

Let fét) be a cortinuous ffuw:tzon , %o be a jelxed -Foivd:.
Surrose Feo 1= xa f\md:ion Qlefvxed L:a

Feo = L fodt
then Feo 1 a &ﬁwﬁqble_ jewncb?on and Feo =feo.

(ie. Feo 13 an antidevivative of fbr.) D)

1) Divect COV\seﬂuey\ce : I:fwdx =Li§wdx - \C’fwdx

= Fd» - Fa)
ie. If we know how +o com‘Fw(-e avitidevivative of f(-x) .
b
then we know how to find Lo Fwodt.

2)  Wait ! Antidevivative cvf fw is NoT wﬂa‘ue  but w\ic(ue wp to a constoant .
Which one should we 'P'lc.k 2

e .x Pad
lf thL_ffeud—t , then Feo is ancther artiderivative of Feo .
i fo.cﬁ , H is NoT Sw'FrisinS, we know Feo - ﬁx) is a constant .

b a
Blso, [, Fooce jf Foock - [ Faodx
- Fo- B
_nt\ere'fuve, we can 'Ficl: anaone !

e.j. (\/e.ﬁfica-(:iov\ af Rundamerttal  Theovem cf Caleulus )

'f(-l-.)rt . Xo=O %/\ %=:f(-(:)=-(-_
‘f(-x)=x.
N
Feo = K:-f—e(-,)d-{-, N = >
=0
= Brea cf the shaded "br'lanle
= _{_X‘

Nete - We have Feo =-f(vo .



aa /
Antidevivative of J)=f~x+|dx-l+x+c (
Choose C-0, let Feo = L4 L=
Aanf;Hne_shadﬁ_el_msion =J' oo dx = Fa)-Fwy / = 5
. S Y x*
S4-3
What we wovite :
‘.l f(x\dx n[%:.'l"x]};
=(%:+2)—(—|.:T+|)= q--;2 =%
F Fw
ea Ffx-x y=feo=x
Jd Y : 4
Am_nf:ﬂag_slaadgcl_cesian= [,fwdx A ,
L], /
3 s
= () -(2) /é
= = l T




