—ralaor FPolanomlals

Let -feo be a ]ewction wirth devivatives of all orders on an opan wterval T , and aeI.

e(oal= Can we. aﬂ:vofxma'ba -fﬁ) around  the 'Foiv\'(: a ba a 'Fohanowaa| Paco cf desree n
in a sense that -f(a) = Fu@ ?

f(la) =Rl(a) ! conditions
() Q)
f @ P

Let P = Got A (X-Q)+Ca(x-QF 4 - + Cnlr-a)
n i

= ]2: ai(x-a)

Qo.Q,, -, Cn ave constants to be detewined .

W—J

n+t Consfav\'fs.

Remark : n+1 condrkions , n+1 constants =S a’s are c,ov«F|e'Ee(ca determined .




To detevmine ajs :

o Pao = Gt a.(x-a)+a,<u-a)‘+---+ a.‘(x-a)“

'f(“’ =P.la) -a,

U LY n-t
e REO = [0 +20,(x-Q) +203-Q) +--+ 1 Anlx-Q)

j?im =Paul) = | q,

/
aﬁjg

. 'P..'('x\ =2 1@+ 22 Q3 (x-Q) +---+w(v\-|)cg.(ac-cz.)m'2

f{a) =Pul@) <20,

_ fZa)
Q= >t




)
'ReFea:bv\j “the Process | in 3enem‘ ,we have ag =%L k=o.t,2, .0

P,\(x) = -f(p.) + -f(la.) x-a) +-£—)-.§°‘! (x-q)z+ ---+ﬁ)5)-m x-aY'
n k
- (@) (.-
- I:Zso ka!. &-a)

is called -the —l'allaov 'Foltahom'\a‘ of ovrder " 3enem€ed l:ua f at a.



e'ﬂ' et feo e, fiwal +the _rc\llaovr FO%MWinS B Senevu'&d 'o‘a f at x=0.
Nete - fd?x)=e" and ) = | -fnr keo.l.a,..n

Preo = o) + iy + L& ﬁ") Pt +ﬂ97-x"
o2 +§

nt

. l+x+—l—'x +---+%x

143
oy






e.a. et fb(.) = CoSx fir\cl the _l'allaor 'Folanomia.ls Senevm:ﬁeel B\a f at x=0.

Nete. 'f(:() = CoS x fbc.) =-Sinx
f'é(.) = ~COS X fmbo = Sinx
fa()v:) = CoS X f(s()'x) =-Sinx

‘fv&) = (-!)“COS x f D(x) = (—l)m's'mx
'f(:?O) = (-l)n f l)(o) = O

4
" RBnto = Rt = |-i.+l_---.+<-|>"%
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Ex: Fnd the Tc\‘\aovr ‘Folanomials Senem:ﬁed l:wa f at x=0 , lJe -fun
a) Sinx

L) i

A Int+x)

When we aFFvoxiwute. -f(ao ba Beo , there 1s an evror teem E,&0 =f<-x> - B0
The ervor teom —tells us how aood [/ bad our aFFvoxirv\abior\ s 2
The ervor term can be described La +he -follow'mj —Hhecrem .



Talyor's Thearem
Theorem (Talyor's Theorem ) :
B § and tts first n derivatives §. . ., § are continneus on the closed nterval
between a and b, 7 is dfferertiakble on -the open nterval between a and b,
then -there exists ¢ between a and b such that

‘f(la) = -fcm +'f('a)do~a) +i_%7—(b-a)z + ---+§;§f—‘)—(b-a)“ + % b-a)

Remavk : l'f n=o.
$doy = ¥+ Pex-ad
't is Jus'b Mean Value Theorem .



, ” 2 " Oved / /
Fdoy = Fan +'f(m(\o-a.)+-%L(b-a) +~.+%(B-a) I A CYPONIS

N+ ! /
7< (CT3))
'€ ) .\ W

e // Gntnt o
-f(L) = By + Jf—_‘_“?— o-a)""

N+t

3 o
— Twlo)

€rvor —

2
Nt
o

(et1)
L Dy e ..+t cto lies between a and =

SO -= \y\(&/ﬂ'- ! oc=a)

3

o
ervor E..(vo




Preof
Assume  bra .
Le'(: —P“GO loe 'El'\e —ralaor 'Folanomnal cf brde\*' |4 Se.heraﬁe,d lma ‘f def 'H'\e. 'Fmvrb a.

ie. Paeo - -f(a)+-f(a)(x-a)+i3’—(x-a) 4. x-a)

Let Feo = foo -Rueo - %‘;ﬁ' (x-a)"
Check : F is continuous on [a,b]
Fois ciffecentiable on (abd
Fa) = Fdy =0
AFF"S Rolle’s Theorem, 3 c, eta,b) such that Fep=o



Check : F'is continusus on [a,b]

Flis dtﬁmewbalole. on (a,b)

Fa) = Fep =0

P'FF‘S Rolle’s  Theorem , 3 c, €€.c) such that F"&:,) =0

W+

'RePea'bv\S the 'Fvucess : J Cpu €Ca,C) such that F (@) =0

) o) -
: = - !
Note : F 60 = $ 60 - taen) b

o: F™%w - fwc)c....) - (e ! -J‘ed’—n—l(g:");‘;
-,

)
e | Ao Rd
(r+1)! (b-ay™



Feo = foo -PBeo- J&%:Pgd'—;)— (x-a)
-a

)
Feo = feoo -Peo - f e o™

n+0! i
(Rgca(l Fdk)=0 so Ly = P...(B) + -f G do-a3""'
J (n+1)!

:ed:) I‘£
J J

imilay-




e'ﬂ' AFFvoxima'tz Cos 0.1
et feo =cosx ,

FPS(';O = 'Pu(x) = (- %l— + %‘IL ‘l‘ahaw 'Fo(avxo\m‘(als 3enera'€ed \oa f at %=0.

Cos 0.1 = f(o.«) 2 Pelo) = 0.995004166 -

fB\a —ralaors Theorem -f(ol) "Ps(ol)+ﬁ—(ol)é ce(o,0.1)

Gl
©) .
A‘os«:(w&e Errer = ‘3% (o.1) \ f ) = -Cos x
S—&(o.l)" & l.’$.8,<|c>'q H( (°>| = |

\/ev'a small .



Question : lf we. wart o O.‘F'F\roximct(:e cos D l;.a B wih the same T\re.dsion ,
ie. doscluke ervor = l.38:<lo-q, then whot 18 the least wn ?

%lve n
) Wi
AL)SO‘UCEQ Evwvor = ﬁc_.)_)_"“'" < 2 s .38 x (0““1 celor)

Gy s+ i)!

n=162 Muds more terms wneeded !



eﬁ. [_e'b f(x) =-—|_L,z
Ex: SuF‘Fose Reo —Talcaor P°l3n°wﬁal ef order n Se.nera'be.d bna f at O.
Sl'\c\.b M F.PV\(X) = l+x+£+...+-x“

Note. : f(o.l)-- | T

-0

P@d= 1+00+0r+c40™ a L1l
—

n
E,\(o.l)-f(o.l) - Pae.) s 32&»3 closer and closer to O as n increoses .

Good A'Frvoxi mation

-f(:) = (11 %

Pu@) = (42424420

E,@) =¥ -F@ s NoT 3e(-bmj closer and closer to O as w increases .

Rad A’Frvox'\ma'bion



, "
We. express jztao = -f(a) + -f(a.)(x—a) +-f%L(x-a)’ +.--+%L(x-ab“ + E.0

= éj%(x-a)k + E.&0

Fix % , then Ent) becomes a se&luence of veal numbers .

('f '!i_-;aaE.,.eo =0 , that weans the ervor s Szﬁhv\s closer and closer 4o ©

as we increase the number of terms to aFFvuxnma:Ee f(x).

k & k
(Q) (. = @ (.
! &-a) Z:‘:O ] x-2)

|f v&LE“&=O -j?ora.” xe1, we have fw=v!i_v‘n“§:° e




NS k=0

n 0
|f '!i_g’v\aEnﬁO =0 -fw al xe1, we have jz(,o = lim 2%(}-4)“ =‘§° li‘!‘) (x-a)*

'f(z) Bea = é jed?a(" (7(—61)‘=

N

n

f(?c':) &) Nt
(a0l G-a) = Eueo

Y

B

k=0

= écln x-2) is said +o be -he Taalor‘ sevies 3e.nem":ed L:a f at a.
We. sa,ca +the. —Tallaovr sevies Covwev3es +o je(w.) fv« al xeT 15— vl\i_@@E&OaO



e.S. Let feo =Ccos %

k3 4 an
fw CoS X = l—l'(‘%— - (=) (35, + E}_y\.‘.‘w

NP:.v\(ﬁo = fRV\+I®

os [Euwed) -] 5(}_“ (3?) X |s% Nete : |§°’"”Cc&)>| | costeean] =

22|

lim —=——
nveo )t

B«a sardwich  Hheorem , vl\i_v:\“lEgm.(’t)l = 0 and hence vl\'-':\ Ep)=0 .

=0 — )

‘_ oo _I=+|
Cos % = |_i+$_...+(_()“é 4o = Z_:’_:ég‘ - for al xeR




X)) TFor a f’m'x, thee exists kelN such that Ixl<k

e e N o I S S R < M(ﬁ)mﬂ'k
! <! ¥l kFX dn+v K+1
——
M
AN42-k
‘ el a b=l -
Note : As o< Zr<t. v!l_gn“M(kﬂ) =0
|22

B% sandwich -theorem , v!l'l?o Gt oo

n
Remark : |n aehe\ral L et aeR, we have v!l_v’v\“ ﬁ. =0 .



Hec(wvﬂa used _ral«aov- Sevies :

)

2)

3)

L)

5)

6)

N
L axt e =
(—x N=0
| A ¢ $
2 lex = e ) 4o = 2 (=)
(+x N=0
X = X -5 X
e-l+x+2!+ + o -§° T
N = = i - AP i
Stnx = X -gp e Fpo e *ED Syt =
BT <P i S
Cos X = |- Z-+55 4+ n:[.’;
3 oo
lV\((+X)=x-%+%——--'+(-lg‘ﬂ(w+" =v§°

fx| <\

x| <\

VY x <R

o P
n=o Qn+i)!

’

Y xR

Y xR

VY -t<x <l



6.3. (NST R oPovxS)
3 “ )
SuFFose j?co = f@ +-f'(a>(x—a) +i§;‘!‘?-(x-a)’+---+%%l(x-a>“+---
n an vkevval T and ael.

If we know f2m=o and flia)>o ,

then 1:? X~, 5
’ ‘e
o0 & fio + $oxea> + T
—
by Y

[om‘l«g . ke a "Fa.raL:ela. U‘:ay\w:j v?wavelz
H Stmes’fs w\/\a -fco athains minimum okt x=a.

How abost f'(a) =07



“+evms  nvolves =

[-(-_ < H Sin > = |
*>0o x




IV\ Sevml ’ f@Q = 'f(a) + -fl(a)(i-a) +-%L(x-a)" N

300 = ﬂ(a) + 3I(a)(x-o.) +3.-§%’—(x-a)z e

S«F‘Fose f@ =j(a.) =0 and —ffa) . Sr(a) #£0
N f@x-a) vHea e ar s
lim = ’im - - N
4 4o xa g@ex-a) + 38 x-ay + -

fl(a) + tows nvolves G-a) ,fl

= ,im
A=A

ﬁl(a)+‘bawws wolves G-a)

The formal statement L L\S'F'réal Rue



lctevmedicte. Foym  and L hopital Rule
lrtevmedicte Form 2 and L hapital Rule
Consicler Ji_v:\a-'%— and lezfrose _Li_@a f(—z) and 1‘2—'»“:; 3@0 exist .

|.
Case | : lf |im 3(1:)-{:0 , then lim ﬁ=’xm&—f(ﬂ
xS

xa lim ge
xXSa

xra

Case 2.: lfbinaﬂw=o ond in“af""*o , then lim%‘% does NGOT exist

Case 3 : |jf lim geo = lim f(-z) =0 , then we do NST know whether lim Fo  east
x>a x>a x->a
We call it wrterminete 'forwx % .



Theovrem (L’ |/\6l>'rtal ‘s Rule)
SuFFose “+hat -f(o.) = 3(:1)= o, T 18 an open nkecval covrbaiv\imj a,
-_f ond 3 are cl?ﬁevey\'(:iable on I\{a}, and 3’(70#0 on I\{a} .
|§ i T = exists , -then

AS>a 3

lim i@- = I\M _ﬁ&

<>a 3(70 xX->a 3@0
(Facther , -f -f'(x) and 3’&) ave. continuous ot a and a’(m 40,

“then lt_:aa -f(xs-jeem and | 3(—:0-3@
S (. hmi”cﬁ-iﬁ )

xA>a 360 A->a. 3(70 30&)



ea iy Sinz o
J *A->0 & ( 9) —
= l' CoS X
m == — .
x>o { Ge k) I_o
= L
|
= |
e.a i [-cosx (L)
+{->0 - ©
- Iim Sinx_ (=)
A0 2% (°]
o lim cosx
+{+->0 2




ltevmedicte Form £2 | 0.0, o0-00

oo

L L\GF?tal's Rule can also be aFFhed o 2
L |r\6]>'rtal ‘s Rule can also be aﬂahed = lej’-h hand limik or rijkt hand  limrt

lim, T - i T lim T - | T

+->at 3(7.) x->a* 3’60 x->a 3(70 x>a ﬂ'(-;o

L’ '/\6]>'rta| ‘s Rule can also be aFFIied t©  limrs ot ivvﬁn’rties
lim T ol T , i T o i Feo

AS+on 3(—;0 > p+c0 3'(7;) X-o 3(—;0 A>-00 3'(7_)



8

limn _ Sinx

x
x> >




lig I (=)
L>+00 2R o
A
= [._M _7lf-_
A>+0 »E
= lim %_L
A—~>+00







i (0-0)

=L~ +oo
= WE",‘L ) Let ==L
h>c" h © ==

As x>+

h—

o+




(im+J-;_c ln (00.0)

%50
| convert
<o
= lim ":‘ ()
%50
=<
A
= |im x
<X>0" |2
_Tx
= lim, -2&
“>0"
= O
Rem : ‘ y lim | & lnx lim J.; ) 2
d x>o" x>0 ()

[







(= ]

lctevmediote Form 15, ©°, o°
dea : Tal:iv\j n Crawverbiv\ﬂ —+o

e.ﬂ. Ivvﬁevmedia:te Form Ioo
t
Eind |iw\ vt.l-x (loo
x>t

A

Let (a= ln < ™™
o dnx
-

. 1 | g3
dnogs e
-l
x> =

- -1
! |
lim %" = lim e° =e



=
RS
lim l] = lim ln >
A>+oc0 At X
<)
= lim =L
D +o0 !
= O
L

lim %% = Iiw\ e(é =




