_Tal aor fPolanomials

Let -feo be a :fuv\c-{:'«ov\ with devivatives cf all _orders on an opan nterval T , and aeT.
Geal : Can we approximate Feo avound the point. a ba a 'Foltanowﬁd‘ Peo of dejvee n
in a sense that -f(ao Pw ?

4 ’
'f(ﬂ) = @) N+ condrtions

o P

LZ(‘, FPv\(i) = a°+ Q. (X-a)"'a;(x-a)“""" + a',(x—a.)n
n i
= Z ai (‘4(.-0.)
i=0
Qo.Q,, -, G ave constants +to be detewmined .
W—)
N+ constants .

Remark : n+i condrtions , n+i constarts = a's  are c,owaleﬁe(«a deteymined .

To  determine ajs :
e P = Gt O (x-A)+B (%= - + an(x-a)“

-f(a.) =Pula) -a,

, Y n-1
c Beod = [ai+205(x-Q) +203x-Q) +---+1.an(x-Q)

-fém <Pia) - [ a,
a, - f

“” N2
- Bey=2lay+22 0 (x-2)+--+n.(n-1)anx-a)

-f(a) =Paa) =2la,

Lo

'RePea:bv\S +he 'Pvucess . In 3eneml, we have O = k=0.1,2,...n

k!

, " )
FR(:L) = -f(p) + f(a)(x-a) +-i§_%’-(x-a.)z+ ---+ﬁn%)-(x-a)"

Vi@ o
hs xa)

is called -the Talyor Polynowial order n. generated b at a.
g poigromialof 3 4
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féx) =-Sinx

e.a. LE'E, féx) = CoSxX | fmcl the _ra\;aor ‘Folanowﬁals Sene\ra{ec[ l:*a f at x=0

Nete - -feo = Cos %
fgx) = =COS ¢
fa()vc) = CoS X

£ 1 cosx

-f"'zw =)

. Rato = Rt =

25

15
Po(.’l,’)

*,
f &) = sinx

)
f(s(-x) =-Sinx

Qi)
f Y00 = ) sinx

fmn(o) = O

a) Sinx
by i

A Ilnt+x)

Ex: Fnd +the Tahaor ‘Folanomials Sevxem:‘:a:l l:-a f at =x=0 , lf -fbnh

?

When we aFF\mxiwu(:e. f(x) 'oa Beo . theve 15 an error teem E.&0 =]e(.,0 - P
The ervor term —tells us how aood / bad our aFFroxima(:ion i ¢
The ermov term can be described Lé +the ‘fDHW'Mj -heorem .



_I'alaov's Theorem

Theorem (Talyor's Theorem ) :

B § and s frst n decvatives . 4. . $” are contimmous on the closed wterval
between a and b, § is dfferentiable on the open iterval betieen a and b,
then there exists ¢ between a and b such that

-fda)--fcan-f@do a)+32L(b a) +. +ﬂ—1(b ay + (o-a)™"

N+t

Remavk : lf n=o0.
‘f(la) = -fcm + )e ©@b-a)
Tt is JuS't Mean Value Theorem .

Let T be 4he 'Talaor Pelanomnal cf order wn Sey\era'&e.d b‘a f at +the 'Fouvf(', a.
i.e. ’P G = -f(a) + -f(a)(x Q) +—3{>(L(x a) +. ﬂa) x-a)"

b ‘ ffga) . je(“()a) .
‘f( ) = ‘f(a)+’f(a\(\o—a)+ S (b-0) +---+T(b—a) + (n+l)' b-a)" fw oo
-f(b) = B+ (v\+|)' b-a)" /
(1)
ervor Y fi)_(b a)
n+ !
B

a fa) b
fReHa.cz b b% x, and let = vavies
1)
f®=?\(1)+ﬁi%l(xa) . cto lies between a and x .

eyvrovr E,.eo



P

Asso\me l:>>a .
Let PReoo be 4he Ta'aw Folanbwual cf order n Sey\erated \:\a f at the 'Fmvrt a.
le.  PaGo = ‘f(a)+-f(a)(x—a) +m(x-a) +. ﬁ&?-(x-

5
Let  Foo = foo -Reo - %3“—3 (x-a)"
Check : F is continuous on bl
F is d'lﬁb'ﬁn‘ha]o\e on (ab)
Fa = Fby =0
PrFF\\a TRolle’s  Theorem , 3 ¢, eca,b) such that Ficy -0

Check : F'is combinusus on [a,b]
Fis el'lﬁzrew(ﬂaue. on (a,b)
Fta) = Fley =0
Aﬂqg Rolle’s  Theorem , I c, ela.c) such that Fiy=0
'ReFea'bnﬁ the Pvucess : I Cp €0, ) Such that Fmﬂ)(c:...) (o)
) oy b-Bds
Note : F oo = 760 - tasn)! b

O = F-t"ﬂ)(cm) = f CC-.H) - (nen) ! Mi\d_@.

- (b-a)™"
(<) < ﬁb) -Pndoz
n+0)! (b-a)**

Feo = 'f(-x) -Beo- M(x-a)

n)w
Feo = 'fc-:o -Beo- -j; (x-ay"
Recall Fy-=0 . fdo) s Bath) + -Ldo !

" (0]
PO NIRE SSRIIE « TR i P

n+0!

The 'P\roaf -for He case a>b s similar.



2.3. \ArFFvoxima'te Cos 0.1
et j?(vo =cosx ,

Reo=Pueo = (- % + —;% 'Ta(aw 'Fn(aV\ow&aJS je.nerabed \oa f at x-=0.

Cos O.1 = f(o.«) ~ Pelon) = 0.995004166 - .-

)
'B% Talaor's Theoven f(o.l) = Rlo.) + %‘l—) . ce(o,0.1)

© . ,
ABS!:(WEQ Evror = 5%‘;’—) (o.1) \ Nd‘te. : f(b(x) = -CoS %
. (
s-&co.o" ~ 138 to = |f6)<°>| = |

Ve\na small .

Question : lf we wart o aFFvoxima(:e cos 2 Ba BR) with the same Tveds?ov\ ,
ie dosclute ervor = 1.38*166', then whot 8 the least w ?

%lve n
) wl
Abs@‘wbe Evwor = ﬁg—i\ﬂ‘ < -2 = |.3§ ac(o-q celon)

G+t h+ 0!

n=162 Much more <terms wneeded !

ej. Let :f(x) e
Ex: Suﬂ»se Reo s 'Talaor F°lan°mial cf order n Sey\eraﬁe.d \:\a f at O.
Show that B6O = (+x+L+-+"

Note. : f(o.|)='_= NI

I-o1

'Pn(o-0= [+01+00+--40.1" = LIl
—_—

n
E,\(o.l)-f(o.l) - B s 3eﬂ:mj closer and closer to O as w increases .
Good A'Ffrvex’\ma'bion

foo oo

Pua) = 14243+ 42" M

E.?) --f(z) -P is NoT 3eﬂ-.mj closer and closer to O as w increases .
Bad A‘Frvoxima'l:ion



’ ‘e N )
We express fw = -f(a) + -f(a)(x-a) +-§%—(x-a) +---+%)-(x-a3" +E.e0

ul k
_ (@) -
= Eo = =-a) +E,&

Fix % , then Enc) becomes a sealu\ev\ce of veal numbers .

('f ,!"_‘;"QE"M =0 , that weans Hre ervor s jeﬁ-.mﬂ closer and closer to o
as we increase the number of terms  to aFFroxiwa('.e f(‘x).

lf '{'!;naE“@O =0 far al xe1, we have feo = lim ff “l'-) (x-a)k =§° (@) (7(-4».)'=

N> k=0 k! k!

'f(x) B - éo—ff‘za!*) (x-a)k

/

n

(et
Y f—@ (x-a) " = Enco
n+ !

B

Z':::o ‘(:!n (x-a) is said o be -the Taalor‘ sevies 3enev-ated Ba f at a.
We. say +the —Taltaov Sevies c.ovwev3es “+o je(x) fw all xeT 132 vl\i_v:\mE,\eo =0



e'S' Let j?(vo =CosS

2 an
- = o X X _ X
feo =cosxs 1o e X+ Byl 60

]|

"Pzn(’o = 'R.V\+I®

2),
os |[Buwe| = |%(S’?) i I (l;f\%:)l, Note : |§°m’(cco)| = | costeen| = 1

l 22|
V\L“?n ().V\-\-).) t

Bza sancdwich -Haeorem , J\i_v’nalEam.(’C)l = 0 and hence J\'!',‘“ Euw@=0 .

=0 — &)

&+l
Xt n 2" R N
Cos X = | St ----+(—l)—::)! e = |=Z=|_3'- x for al xeR

*) For a fm'x,'(:kevzexlsﬁs keN such that Kxl<k

|'2M1| |‘>ck| x( Il x| (=l aneask
OS G DT T TR kel R 3ea s M (|<+|)
—
M
An+2-k
x| . bl _
Note : As o<t Zr< L. '!KH“M(lkﬂ)l =o
) e

'B‘a sandwich theorem |, v!m T2

Remark: In aevxeva.l et 2eR . e have liwn o o .
n-aco NI

FY“QG(MMHB used —ralxaor Sevies :
1 W Sy (PP Y. T A ST 2 A kx|l <t

- Nn=o
2) L (et m e X)) e = 2 ), x| <1

[+ Nn=o
3) &= l+x+—§}+~--+%+--- =§° - Y x€R

U - I - st B i il
4) Sin=x ==x TR +1) (zv\+|)!+ v\g\c T Y xeR
5) < . <t n 2 f ' an W r

C°SX="F*’E""""'D_o.n)g*'"' = 2o x ., x€

oo N Akt

6) lV\(l+')0=X-§+%-"-+(—I§‘“lw+"'=v§°% , vV -t<x sl



e.g (NsST ’Rijomus) )
SMFFOSQ ]’-60 = fa + -f'(a)(x-a) +3§ﬁ!-(x-a)‘ +---+ﬁn%)(x-a)“+---
in an vtevval T and aeTl .

|f we. kwnow je2m=o and flfla0>o .
'Hl\en If X~
f(a) +%(x-a.) +-ﬁ-(x-a)

O

locall«é . like a "Faral:o(a. oPa.v\‘wj u?»oavdg
I'E S(fﬂests w\‘\é fw athains minimum ot x=a .

How aboxt -f'fa)=o'?

e. 3 (NST 'R?jomu\s)

<,
S __“T3 S
x x
4
- x =x _ ...
b=37+ 5
—
“+teyms involves =
H Sumefg |lm Sinx _ |
r & 1.}

3o.vml f"" = -fcco + -f(a)(x-a) +-%—(x-a) 4.

40 = g + 3ca><x-a> REICROA

Swr?ose f@ =j(a) =0 ard -f(po . 3'@.) +£0

’ X4 N
'f(a)(x-a) +-¥-(~L-q) + .-

¢ “ N
g@cx-a) +32 x-ay + -

lim feo = ’im

Ava GG =x»a

‘f I(a.) +tows nvolves G-a) il

‘im

—=a ﬁl(a)+‘E£:rws wolves G-a) 6‘0‘)

e -fwmal statemerdt. : L,L\S'F“réal Rule



lctevmedicte. Form  and L hapital Rule
lrtevmediate Form 2 and L hapital Rule
Consider  lim j"ﬁ and &xFFose _J(iina fc—:o and _’lgiina 3(1:) oxist .

x>

l
Case | : If_’l‘iiv\aﬂéx)qéo ,then im ﬁ:éﬁi

030 L g0

Case 2.: If-;l;i-'»“a.ﬂ(")’O and _!:iivxafa) +0 , then lim% does NOT exist.

- a
Case 3 : 'f lim geo = lim f(—z) o , then we do NST know whether lim Fo east 2
xS x>a x> 3®
We call tt witerminate -forvv\ 2.

Theovem (L hepital’s Rule )

Su‘F‘Fose “that f(a) =g@=0, I is an open inkecval CDW(:ainimj a,
-fawal 9 are. d?ﬁeveyvbiable on I\{al, and 3’(:0#0 on I\{a} .
Bl T&  evists . then

x*A>a 3’&73

lim T2 o i T

A>a 3(70 A>a ﬁeo

(Fuacther , f -f'(x) and ﬁ'(x) are continuous a«t a  and ﬂ'(m 40,
then liM 'f('13=je('m and liw\ 360:3("!)

x-2a x-2a

i F0 - fi Feo . F )

X geo  xa 3’(70 h 3’@)

e JLMO Shx  (2)
= |im Cosx — Gk %) Lo ic: limk k%) exists = [limt &) exists
>0 l 3

{

=-T

eq. lim =cosx 2
6 x—t’-‘: (°)
- Sinx O

Ji—v)“o 2% (o)

Cosx

= |im




lvrtevmedicte.  Fovrm

(o.e]

oo+ 000, 00-00

[o.°]

(oo}

L |A6F'r(:al ‘s Rue can also be aFFho.cI +o

L |/\6]>'rto.l ‘s Rule can also be aFFhed + Iefb hand limrk o rislﬂt hard  limrt
linn, FE0 = i, T2 oo Fe0 - i Feo
x->at 3(—;0 &Y 3(70

xS 3(—;0 B

- 7

[’ l'\6|>'rtal ‘s Rule can also be a'FFhed o limrts ok 'm-ﬁv\‘rties
lin T . i T ) lin T . i T
K>+ 3(70 X->+0 ﬂ('x) T -0 3(70

e'ﬂ' ltermedicte  Foym =
. sSec x. 0

= liW\ sSecx m =

2

livn _ Sinx
x
x-»E




lim ~xsinl (0-0)
XS +oo x
l convert
v\—
= lim lx (%)
A, 4+ =
-t cosL
=
_ IHM = l X
A=+ ';:.
= lim c.os7'
A+
= |
BHernative mebhod
li L (0c0-0)
LD+
= |im S L) Let W=-L
hsc" h © ra

As x>+ , h>o'

fim = la=x (0Q-0)
<>0"
| convert
<o
< lim  —nx (£2)
<0 j i
Nl
A
= lim, —=5
%" _ LS
= |im, -2&
+*1>0"

= 0O

& 2

?mma_dgui_m oy lim & lax = lim
d =x>0o" xX>0"




e.q. lctermedicte. Foyrm o0 - o0

dea : Covwerb'mﬂ ‘o & or &
i i -
Jm(sinx -:c> (o0 -00)
l Convert
to
= |; X - Sinx O
Jm xSinx )

Ex:
=0

lcbeymedickte. Foyrm 17, ©°

(4

+

o

o

ldea : Tal:iv\j [, Covwerbin3 —+o

e'ﬂ' [bevmedicte  Form |
{

I:ind lim x'-_x
x>t
A
Le‘(‘, (a= lv\ < ==
. nx
-
i = i IV\'X
A ge i, Snx
{
=)
- s =<
o, 2
= ~|
I 9
lim '™ < lim e° =
x> x> 1%

oo

e

oo

l

o

e.ﬂ. ltermedicte Foym  o0°

s
]:iv\d Iim <=
A->+00
s
Let (a=|v\ x*
- dnx
X
A>+oo Ad>tow X
a8
= lim L)
Ax>4oo |
= O
A
IIM X = IIM e‘é =

)

(€]

[=]

)



