e.g. l:f 'f(-x) ‘(s’ c:h-ﬁ'elw'ﬁa\ole. . Hhen k-f(—;o Is ehﬂ‘erewtio.‘a(e_
ond Qk'?)('x) = kfl("r.) (or wytke j:‘—(_ k’]e(-z) = k% }

w [dea : et g(x):k , then 3'(1)=0.
QHAH 'Fwolu.ct vue , dhe vesutt *-fo“ows.

eg: Bnd ac{i(%£+’tx—l)

&£ G- = T EO+EF)-F® Apply © and @
=3 4TI E - F @
= 30x)+HD -0
= bx+F

<g. Bind  the devivative o]e the 'jewchm R =Bx 4+ )%+

éi;_ [R-5x+ Dx+P)]
= [51{2@13-51 + 0] (x4 F) + B =5 ) [,‘iz(?-’t'\':f)] AFF'S () ’F\«:clkc't rule.
(6x-8)x+F) + Bl=5x+ O

1§+ -3

Ex: 'Tva +o Sowpare. Ex]aané RL=-5x+ )Ox+F) and 6&. Pt -3 4 F
Then Qkffzvewha('z gt the. Same  Yvesute ?

e.é. BFind  the devivative Gf +he 'fv\vxc‘hon x?‘-:cl

[E T - o [ )]

d 2x -
S TR <=2
. 268 ) -2 )
)
_ 242

S




é&_(%—{*ﬂ) =a;_("x_"+‘1§)
2
= ——-%_'1-1 +J.i'>f.-§

Devivatives of —rﬁsov\eme:tﬁc. Function :

’PreFava:biovxs :
.2
’ltan "';f"- = lim ;s%%) Note - cosx = |-285n (Z)
© x>0
o i L S S l-cosx = dsin (F)
xS0 X (%)1
=L
2

lim Jd=cosx  _ |im J%.x

Ao & b o 1
= Iim =COSX IIM =
Ao A0
= -& -0
=0
Let oo =cosx
lim Fosoo-feo _ |, cosGian) -cosz
A&xX~>o ax LS ax

- hm COSX. COSAX ~— SINX. SINAX. - CoS X

AX—>0 o &

= fim Cos x SB&X-L g, Swex

AX=30 3 X

= -Sinx G lim Cosax-l o ond  fim Snex )
oX>0  &X ax>e  AX

Secx = —! cse e —t Cotx =S85 X
CoS X Sin Sinx




Ex: "Ba 7MU'€'(€V"(: vule

Ex - é; Secx = Secx tanx
% csSCx = -csc X cot =
% cotx = -csc

Devivative u)e e’

< 2
Recall : &* = (+-=c-«-"c +?+

CLMHVS &e =&(l+x+_’. % )

1
0+(+1+_+?+
*K

e (842'“’\“8 back ‘rl'se('g)

G[eomdﬁcd \Meavﬁng :

]
[
|
'

'
|
x

eg Find aﬁz[e"(zxﬁ Fx-2)]

ﬁ'—l{ [+ Fx-2)] [ailz ] (3 C+Fx-2) + é’c[&(%ﬁ-& F-2)]

e (3 +Jn-2)+ € (Lx+F)

& (Rt + B+ 5)

Question: How o chﬁevevtha{e a  more camFlicaﬁed 'funQ"ﬂon ,Such as ot 7
We need a tool cdlled chan vl .




CL\AFV\ (Rb\le :

l‘g —f(x) ard geo ave d‘rﬁevewh‘mlple fw\chon . then He OOvv\Fofrte.

'f\mc‘l'\ov\ %og)(x) = f(jbo) 13 also d‘rﬁevvzw&?a\ole ond
(o) = Fae gt

Had +o wnderstand 2 Let's vernite :

Let n=ge (6=fcuo =‘f(ﬂ€x)) , then

Chain  vule : dy dy du
d’:(. - dun d’:(.

R Ay Ay Aw
Think as - AN DA AKX

eq Find the devivative sf o .

d
et u=ﬂu)=-z"+":x_, a% T 2x+3
dy
4= fo = dn 3 =5
—hen -f (3@0) = A
R dy _dy duw
FBSC}WIV\V’V\‘Q,di—d‘AdI
|
= m— '(27&*-3)
!
PPy \
-f'(ﬁcx)) gled
ate. §
—“hen ~|>v<\: back c(zjw
2015
eﬂ' TFind the devivative é‘f (G T I
d
let w-= geo = 23 g5 = bx-2
Y- —f(u\) - Wo" %3‘- = vois ot

2ol

—then -f (3(1)) = Gt
R dy _dy du
-Ba C‘l’\aIV\ Vldle, d’x,_dug.d’i
= 205 (bx-3)

- (x+2) '|>m't n= T+3x back

= 2015(%-:3-&?@"“- (bx-3) 'Fm't nu=3c->x back

= 4o30(Zl-n) e G- 1)



g‘oaavx : diﬁwha(‘e. [a:)er l:a [a-aev-.

ax

Ex: B‘a (As‘mS chain vule , show -that gz &1 ae

Ex : Find the devivabve 6f (%5‘ .

(a) 'E«a chain vule ;

(b) Wwte (’::_‘) = (7:()-._ . then b«a c(wsﬁewt vile .
Ans: Ruth eciual “+to 2

(1)

W

e.ﬂ. Find the devivative sf e

[st laﬂer 9= N W = et
dInd lo:)e« wWe=d U=t
3Id lasqr U=+

dIA. _ dlﬁ. _dw .dvx
dx dw du dx

e.ﬁ. Revistt dr clw:'hewt' vule. .

(:SE)'(x) - Qﬂ(_ (gﬁg) = Q?L ('f(“)fjwj")
%Lx& Ej(-x)]-‘ + 'f(x) % [56,0]" (Product  vude)

t\ Aﬂ’l‘a chan vule heve

%& E3(x)3-‘ + ’f(x) {- Eﬁeo]_z %ﬁ;—}

£ qeo - feo 3
[geoT"

. Swae-foae
J PN |
[3(7:)]




‘Dﬁevewﬁiabﬂ'rﬁa :

Theovem : |§ f(vo s ekﬁora&(‘}a\cle abt 2= . then fé:o s conbinuous at w=w. .

. N Geotax) = s N
Fvwf : ’Bg assuwf'hovx , Al;ln_/’\o o edsts .
Also . we know l‘tw\ AX =0
X0
i Plxat a0 o = i (‘F(—xwmo e 1_)
P> E 1 AX>o fay &
/ both exist
= ( hM fg&ﬂ-b’lz— f(nz ) -(l\w\ Ax)
Pay &Y oy & AX>0
=Je) .o =0
" A(_?;'go-?(x.+bx) ='f6c.) . So 'féx) s continuwous  at =Ko
However , the converse 18 NOST e Y

b g =Feo
eq ‘f —feo={£-‘ g" x 2| \.l

(- :f x< | l

2 2 kS
[ian Fir 0 -£0 = lim Ko 1] -0 _ [, 2acemd
2ts>ot o Lt->ct &% axast o

A

(& means we ave looking at
Small ok 'roS‘rl-‘we )

= 2

F 0 -F0 _
&ax B

l\(w‘—]:l—(l-l-bx)j -[>J = fwa =2 .

[\IW\ -
> I5L>0 AX axs>om 8% l

Pay E)

A

(& weans we are (ooking ot
Swall ot V\ega-hve, 5x)

l\lws 'F(l-eax)-‘?(l) 7‘ hM—‘F(Ha;Z-‘FQ) = hM :E(HA::Z—ﬁO does NST edst !

Pay &3 ot aX Pay &1 Pav 224

" -fbo 1= NST ckﬁe«a«\-\alole at w=1.




EK;




e-j Lot :f(_l)={£cos—1i -j? XL#O
o ff A=0

Does ‘fl(o) exist ?

lim f(o+o-x.) -:E(o) - lim Ax‘cos—l—az

Ax->o 3 X0 &%

= [i I
= m AX.COS —
Vay & 1.1 Ax

=0 ES sandwich theorem

|f xfo., 'ff-x) = 2xeps =k + X (- Sin % )=k)

- L in-L
= 2xCos ¢ + Sin=

j" s a d‘ﬁew.v\-b‘«alole. f\av\cﬂov\ ,le. cl'«ﬂ?eveyfﬁa\:\e ot evev:j "I>o“m‘(:,.
Note : H s Nm'ﬁ <o Sa«a ]efx)z').xcos%-»sin—v‘( , So f'(o) does NOT exist .

Axcos —.,'c + s'm—.,'c l‘f AL#O

Now, F&o =
f {D \f x=o0

Ex: Show lim fé&) does NOT exist (= -f’(vo s NOT continuous at =0

A~»o

2 f is d'nﬁe\'ev\'b'nab‘e (“Sood” n_Some sense )

but ‘fl(x) can be B Bad" .

eq Let jiﬂk —®R be a non-constant J@wcam Such that
it 3‘-‘ s diffeventicble at some x.eR
iy femax - feofup For all %y <e®.
Show +hat :
a) -)em#o j?or all xeR and f(o)=( :
L $ 1 dffeetiable at ey zeR and :f’(z)-%% Feo .



a) (f :?(a)=o forswme. a eR

-(:l«en*fowama «eR , we have

f(x) = f(x—a-t-a) =f(x- a)'f(n) =0

ie. j‘?eo s constarnt zero (Contradict 4o -+he assmram)

f(-x)qéo VxeR .

FP 1 X=Nn=0,
“ng =g

f(ow) - -f@ f@)
f(o) = ['f(p)]z

Fer=1 or O Crejected)

b) f s diﬁexev\ﬁa\ole. at %o
= 240 = lw ;ﬁ&i%‘fsg_

AxX>0
= lim fﬁn)fm -f("xa)
x>0 A
i
e Feo-Fed _ fe .
o i TS = ¢ fe ¢ o)

Now , lim Forso £

&sx20 &%

= hM () T -T)
iy 21 A

=20y iy TeO-FED
‘f(x) &l:: . A%

- ?&.&
(o) f&)

" :f is dlﬁevewbia)ole ot a/e.vla ~eR and 'j’(z)=-%% f(—o.
CUn fac(: , -feo =™ fcr Some non-zero Covstart a .)

Ex: let f be a diﬁemwbia\:\e f\mcbov\ Such that

jzbc-ua) = 'fw+-f(a)+3118(1+3) Y x,«a_ek .
a) Show that fl(o)= [iwa _'ﬁb_’o .

sy 21

b)Y Hence, show -that f'eorf'(o)-l-%-x_".

Cn foc(-_ -feo =ffp)x+f D)



Rolle’s  Theorem

lff!safwc(—;ov\suck-&a(::

D) j’ s covtinwous on [a bl
'z)f s cbﬁemwﬁalcle on G@.b)

2) -fm =fd=)

then there exsts ¢ €lab) Such that j’émo.
%‘F
-fca)=§do)- -1t

f((‘.) =0

Mep.v\ \/a(ue —”/\eorem

lf-fisafmeaon such that :

N f s contivuous on [a bl
l)f is &ﬁerewaalale. on @.b)

+hen there exsts ¢ elab) Such that f’(c):.'ﬁ%%ﬂ

I h\
[ SIoPe crf X S’lc|>e c:f L.
G2 L

a - b X

"vaof . Let Se;o . :fwdo-a)-xl:fd»-f@)]

Check.: D 9 is covtinuous on [a bl
2) g chﬁmwaalcle on G.b)

2) S(m - jd:) - Iofw -dfd:)
AFF"Q Rolle’'s Theorem -to q - the resutt —fbl\ous.



eq. A vehicle is sPeechnj on a ‘ﬂij\nwa:a \)2 s sPeecl > 120 km/h

(at Some  momerct )

(f the [ert\'\ of +he h{j\'\wma is 20 kwm and If kelvin ovxl:g srewt 15 wminstes on

the \/\'ﬁmoaca. Should he be avvested ?

_D\EO\"EM s
lf fﬂk-—fk s a d:ﬁevm(:?a.\:le and f’eo-.o YxeR |,
~then f(i) s a constanrt ‘fwr\cﬁ'\ovx.

'vaf : Fix %eeR , let weR\ 23

lf *X>%e , note f is dzﬁermtiable @e«aul«eve Cin Parti@\lar, on (xo.x) )
= :f s covbinuous elena.»heve Cin ‘Partkw\lar, on D=1 )

Prn:lca MVT, 38 ceGx) such that
-Feo = j’c ) G- =
e —fcvo "c %-%) = ©
o ‘oa ass«»\mF('Zon.

i.e. —feao = -fcc.) LETS'R

We have similar resutt ‘De x<xe , the vesutt -fcllows.

2.3. Let 'f('x) = CoS™x + St
’
f&) = =D pSASINX + D Sinx CosS = O
‘. CosS™ + Sinx 18 a constant.

|V\ Tarﬁc«lar , f(o): [, So j?eo = Ccos"x-t-s‘w(‘x =\

—nl\eovam s
lf f'ﬁ :R-R are ekﬁereﬁ(ﬁa\:\e and -5'(70 - %'6:0 YxeR ,
“+hen f(vr.) =5(7.)+C ,wheve C s a constavt .

'quj’z Let heo =feo-3(=c).
Then h'eo = f’eo - 3@0 =o

S hed):C , where C s a constart . e f(z)=ﬁ(=o+c.

Next, we. ove 301'13 +o diseuss how dlﬁerewblathon lz\el?s —+o
flnd madimum /. minimam fro\wEs 65 a fm\c'cxon .

F'IVS‘HS , we. moke Some -FreFara'(:ionS :



|ncreps'w6 / Deweasivj Functions
lf- -f(-z.) s a -‘fwcl:xm such -that —-fw all %, % with  acx,<x,<lb , we have
1 -f(-m S‘fﬁiz) ('f(ﬂ(‘) z'fﬁxz) ), then -fc-ao 1s called an ‘mcveas‘nv\j (a alecvzastnj)

9=feo
PROVSHU ?F_Qplc?ms :

The (a‘rje\r X we ‘uvvl:nxt
the lawrje.r Lg we. 3€t ?

1 |‘f we have shict ‘meclmh'\b , s cdled a S‘hr\cﬂﬂ ]vcreas‘\vj (Qlecreas’iv:ﬁ)
‘fwc'b}m on (a,b) .

“Theovrem :
|‘)2 "f(x) I8 d‘rﬁerewb?a'ole. on (a,b) anelﬁ']e'(x)ZO (;f'(i) <o) ‘fcr all x € (a.b) ,

en ‘f(-x) 1S Increo.siv\j ( decreas“mj) on (a.b).

4, 4= feo
§|o]>_o. = f&-:c) 2o

‘V\C_YEAS?V\S

]
[}
|
1
[}
a > S

iu |‘f we. |have shict MQGlMHb , je&) Bk a S'*V‘\ctls iwcrens\vj (Qlec:reasiv:i)
‘f\«vcb\ov\ on (a,b) .




Droci

: Jl'? a<x.<x-<5

apply MVT 4o f on .l
da J

Ece_(x,mda_-hhah_fﬁo;fm)_=

£ (- > ©
d.—

\'i '}
o o
—Ba OSSWnF('Jon
Relabive / Global Extrema :
" dea -
relative  maximum e
\ e )
i x /
P / \ / , Note : No global maximum
\_x/ |Q)
-/ \ ’) M ths case .
N /
relative  minimum
f \ vl

%l obal minimum

has a Sloloal maximum vesp. minimum ) 'Fo'lvd: at a 4}?

(resp. 02 %@ ) Pfor all « wn the domam. of €.
{ J J J J J

has a velative maximum (resF. minimum ) 'lpo‘wd: at a GF

(resp. 02 £ ) For all x wm a neiohborhood of @«
| J J J 18] )




eq Number cf daﬂs c-ll-’ us'wj dm3 L
L“rfe Gsa a -ﬁsln [ (weeks ) whidh s estimated 53

T = -5% + Sox - 120

Teo = -lox + 8o
Teo >o Teo <o
-lox + o > o -lox + §o < o
~ <& > &

R S T ghd_b ‘mcreas‘mj when =< & ond
e is S'fhc('l:) de.cweos\nj when = >8 .
Net hard to  tnderstand w\«j T atkaing  waximum  when =8
ord  maimum hj'a sf a —f?sk = T = Y00 (weeks)
P

i) : T = -5% + Qo< - 1206
nC.

Y dec

\ %

™~

Q- L. _Ll..

/

Neote - 'T'(&) =0.

Remavrk : Vevi the above vesuwt |o«:) com};h'hvxﬁ Sclmve. )



e.q. et CO=2z ., X #o
Feo = 2

"Jel(vc) >0

’fl(ac) <o

\f-x<o
7f"i>0

eq. Let -feomlﬁ

Rewvite. - I rf x>0
'f(x) = O rf xX=0
= rf +<0

AX->50

= f’(& does NST exist

-f(—:o s S‘\'V\CH% iv\cveasing when <o
f—('x) [ S'l'victl% dec»’eosing when. %>0

Heowever . ‘f(o) s NoT Ne_”—elefned , So theve is NO maximum Po‘-vcb.

!f x>0, -feomf; . Hhen ‘f'(x):ﬁ >0
be X <0, -f(x)m!-?. . then f'(-x):- |

- -f(x) is shnctlca ’m.cveas'uvxg when. x>0
-}(70 i S’l’ﬁcﬁ% decveas“mg when. x<o

However, lim | Foteo-Fo _ fim

AX->0 ax AX->50

- hmhﬁ-fb_) does NST edst

but as we can see :‘f still affaing minimuwm  akt x=0.
B Solv’mj —féo o +o ﬁ“d max [ min 18 NOT enaﬁk

x*
>7(_
‘am jzcaoa =
>
which does NOT exist ,

[



Exact  skatemert :

st  Devivative Check :
SwFFose jz(-:o s cotows at x=a and dWable on Some Y\.eiﬁlr\)oov\*\ood 1
Covvbo.in]ng a excq:‘b FOSSiu!a at x=a Tﬁel’f
lf f’(x)?o -fbr all « w I with =2<a , and
ja'(x) so -for all %« w T with z>a ,
then (@ f@) s a velative mondinmam.
(Similar j-’or velatne  minimum. )

- (a,—f(ao )

41

X

p_________
H\/

( Remember +the SIO%&V\ : C'/\m\je. Sign oj? _-f’co at x=a)

’Fwof'- lj'x.el and x<a ,
a'FFI.a MVT -+o jp on [x,al,

Scelx,a) sudh +that j’cm-fu) = j'co (a-x) 2 0o
v v

(o) O
Bva assu\mF('Jon
fco sf(a) V xel with w<a

Similafha, we. _have f(:o sf(a) V xel with ws>a

f(vn) sf(a) V xel .



