i, Siex _ .
x>0

1) Consider 0<x<X , we have

AmquOAB<Area.cfsecb\r DA'B<P:feaconAc

%r’s‘mx < ér’x < ér"hanw_

Sin® < x < tan=x
v \

Sinx
= < |

Sinx
CoS X < =

. Sinx
. CosS X< = < |




2) Consider -%<x<0 , we have

Let Y= =x , then o<yu<L , so
Q

cosu\<S'—v,”a’—< |
d d

cos (-x) < < |

Sin (=x)

. Cos X< SWX
A

Savd\.ﬂck _n\e.ovzm =

S;V\l =

lim
x>0 X




e.a Fmd_ljm_ﬁn'%x
J

x>0 prd

Iim Sin3x _ |'I|aa Sn3x 3 = (.3 =3
x50 pr'd x>0 3Jx A A Q




eq Find |y Cosax-cosin
q ‘

x>0 >




eq Find |y Cosax-cosin
J

XSO >

iy CoOS@x-cosbx |-“M 2sin 75

x>0 o =S ‘:C"

nath insa
=l a(atbyleay I~ F TS F

A0 a_-_l;.e.-,_ o-a




l_.IVV\Tt at IV%V\“H'L& :
l_f fw 36\'5‘ C(OS.QY' and dsser o a r‘eal nwmber L as = ?@ bi@%e-’r
and b‘-@%er (as x Goes 4o +400)., then L s called +he limrk c-f tfa) ot +o.

We. write (\W\ —F@o L.

(Siwnlav def‘y\'rhow v l\w\ «F@o ) (3;\
g=Feo
J_\)u;\w—-F@ = L Lk _/_\____ - )
/ 4
o feo < M 7y

J;“;—F&J and J_"\*_’\w‘FbO are NG&T ne.cessawa “+ be the Some 2

But -j? i —fc-;o =J_\’u_/\&—-€@ =L, some S]MF'(& wyite (wv\ ‘F@o L .

L+e0



eq. —fm = %

Qs

(@)

(’\M—Feo - l‘\M"F(—,o e

LD+o0 | A>-0 |

R <Simply
V' d

l‘\m —F(-,o = 0

Ao |

FACT (ot

'})wsf )

|f|<>o,-ﬁz\e.vx

('\W\ 4 =

o

A4




Algelormc waFev‘he.S cf Liwts &t ﬁ:rha :
lf liwa ’F(x) and  lwm 3(70 edst (VQV\a 'lw‘l:u'tqvtt 2

A+o0 A+o0

)l (—faa " 6@0)

A4c0

fun Feo + L geo

A>+4o0 AI4o0

@ b (oo - ge) = feo = fim g0

LD4o0 AL4o0

& (‘fbo 6(:0> = [ ’_F ™ 360

A+4c0 A>+4c0 A>+o0

fwn
(@D J_\,u;\w (—%(:%) = I * ‘lf l'\W\ %(x) *o

A0
dngeo

Siwc\lar vesuls  hold 'fb\" liwts at -oo.

. “then



e. ?) [ (1w i

Ao LA |

2
[iwa L — ’lﬁ]::* i AN
A+ S+ | - (‘lw- > K\
ek T BS\""\ hw\Tb
, R
= (_LW\ | 1 CJ-Q Nb\t 2\<\|§E—?
e et oa
3
|+ O+0O




Ao 3 e+ |

eq. Find  fwm 22X+t
@)

(.‘w\ 23+ |
A4+o0 3 - e+
S |
) (\M ‘7—(_+ =
= _ ~ |
Lo I _‘Z. - x>
O +o0
3-0+0
= O




lV\ Suwwv\oma ,

l—f PO and g0 ave ‘Folngwf\a].s
?w=amx“+a“_lx”'_,...+q,x+ao with.  am>o (e de@ 'Fec)faw\.)
qe0 = b + G K4 e b +be  with ba>o (e de@ %ec)am)
‘then

+o0 ,39 dea ~‘>(-:o > dea 960
lim P %m n-f deg 'F(:x) de@ %(-x)

340 %(10
o .-f dea ”F(x) < de@ 960

Similar vesute as the case i lmiks of Sec{uew:es.’



FACT (Wrhet me>

<
lim G+L) evists !
AP+

X
<
We. qle'ﬁne_ e = v‘(tg\-\-oa(l-'- L_X_) A& 2FE8 (ie. call the lwt e )
FVOW\ e.x = (+'=L+%:+3l?+...

'Rou\akl«a s-real:ing : As %ostw, e gyows NNj?os(-.ex " Han any «* . wheve k>o



[iwirks

l nvolving e :

L+

Ly

e.g F‘iy\el lim

A+

D¢~

lim

L+ —1 )x

Lex-0+%

A+

xx—-1

221 _4

) ]

1+




eq Find ,IJX,"‘_,(""LI)’C




e
e.g. Find .’lti_n;\_m(l+ L)

x

Lt Y=-% ., a5 X>-w R

lip Gaed) - S (1)
S %'J_":m(—g%l—)'a
- %l.i:’n+“(l+#)‘é--l Gagle)
e
- e

Remark : From ~he above WW\F‘Q , we  know ’ltigw G+ Lx)x



- —> R o —co)

‘i_m (l-mc)é‘z = lim (1+—.l—)v°L =e
X0 ~->00 a




C ovitinumiky -
d

A j i i ] i 2 = fced
J ) J

xX-SC

[*] dea : @ ‘['\'/\g.la_e%Aal

J
i Loy = o)
x>c 7 J
A N\
| \

®—n/fl i J 3 - ot x=c




W Ul:"?(’:()

: 473
g"f --------------- / (x fe)
SeO) SEEEEEEP P —

' i
/ﬂ@): i \ e cunwe does NST

// :', := . byeak m[; at 'H«\g_*l:_ql«tt ~x=c ?
/ o x e

l—JF a ‘fw\cbiov» is  Covitinwous  at e.\levta "IDo]yd: .
then f i3 cealled a continuous ’:Jﬁancbion.




eg. | ot j":'lk—ﬂk defined loé. —j’(vo=x+\

D iy foor

® fon:. /

_‘)‘Z s discortivuons ab x =1

LS

eg. Lt :f:TR\{ﬂ —| cleﬁvxecl bé f(x) o x| X AL

|

(@) Iiwn ‘f(x) =2
> & X
) fcn) s NST wel\—dgﬁv\eel _

‘f is  discortinuous ot ==1. /




t oand oy lim . Poo = lim feo = L
J d AL )

J ~=>ct )

b i at wx=cC rjp

lim foo = liw Feoy = Loy
A=>c ) J

x=>cT J




e.q —(Zm C 'x— T‘F x = |

-2 3 X< |

J

@D lim, —(—3(73 tw L-1 = o

x> 1 2>

® (um —E(-x.) = l}m l-— = O

x>0 A1

@ -;?U) |

= 0

—f IS corttiwous at w= |




ALDSQLA‘{‘Q Valwa :

x| o =

eg. 2] = J3* =49 = 3
-3 = AR} =49 =
ol = o

(givwrlla slz.o_abv\g: Havouw au.)ma —+the + or -— S?SV\)

>aS

(é:\’(.l

Rewvite. :

x| = {-x. ‘l:f A =20

nY




e.g. fPYwe ’fbo ==l = cobnmows at x=o.

© [iM (<) [iw\ > = ©O
x>t FEY

hW\ -xX = O
XSS

) liM -]Qbo

Ao
® ‘})i@) = 0
liM =) = liM ) = ‘:f(o) = O

x>c* Ao

fcx) Is contvueus  at x =o.

Further z««sbicv\.- Is -f(x) = x| a cotlinuous fwxckzm'?




Remarks :
0 We can ’fwfl"/\e.v vewvite

A fmwon 'f(—x) 1S Said to be cortinuous at x=cC rf )!;‘:’Ao 'f(c+k) ='f(c)
(Hwet : let x=c+h , a3 hso, wsc)

2) FACT (et me p)

. 'Folanowﬂa\ '-fwcl-lov\ 'F(vo 18 covfiuous eveyaul'\eve. .
. & is cortvieuws -fov <20

Al tigonometvic jz\«v\cb\ov\s are. cowbnumous at evema -rowcb where. -H«ea avre elcfxv\ed

l:f —f(—x) - geo are conthuous . -then ffbc)ig(x) jet:ogeo %E) (when geo #0)

Qare.  covtinmous

20 , &) ove contwuous |, thew (qe0) Ghen Tt = nedd ) 13 cowtinueus |
3 3







i ing x=uy=o,
a) W&JS a

f(o+o) = -f(o) +)9(o)
o - 1-)%)
fﬁo) = 0

|o) f 'S coxbimwous at. © = yl\irgfb*'k) = f(o)
= J\i_v;;f(l@ -fco>= o
et x.eR .,
vl\i:no 'F(Ioﬂr\) = vl\i:nc f(z.) +-fd«o (vau]:n.H-a cf' 'f )
- j‘iu.) +13“_€°'f"'°
- Je(;(.)



A
ea. Lo X3 Ouchent ﬁ‘{:b: T! sals  Coont Runctions)
J =542 S
A
o 2X43d e d ncckor ! SN
(&Y )]

'f(-zo N CQﬁhmm_mmnauLm_esmz[sb ~=1,>




Seguential Crttevion fbr‘ Cowl"lv\uv\'rba
A f\mc:(:’lon f i covtinuous at c 'if and onl\a_ 'tf
fnr everna sec(ue.v\ce G, wrth vlLl_g\“a.\-c, we have m'fm=f(!@“an)"fcc).

; iy : oL
2.3. ConSnIer G = oy ¢ we l/\ave. nl_lxb Qn= iy
Also , we know j?(x)a.li is continvous at %,

3 vl\l_v;n& 'f(a.a a -f(kgaaﬂ)



-J'@ﬁo- f' Tf e and
b}

I)Idg s § n3 INQ-I cm'\unlAQ ae_ x=0

J--=' O =0

) oo N—->co

lout f(%ﬂ.‘) - -f(o) =1




Cortinmous on. [, k]

Let f:labl =R Le a.fmct{ovx.,

f is Said 4o be codiuons ab x=a Tf ﬁlLi_v’v\a:F-JJitao=—f(a.)
f is Said 4o be Coduons ab x=b rf oo - oo

a1 (b )

rs
=
g

(We camst. —nlk abouk
J&V‘\r -f(x) and &zb_ -f(x) )

o

PRy A
v

X

(‘f ‘f=ta,l='.l —TR 13 Continueus at evew.a 'Fo\vtt ~eclalb] ,
“hen ‘f 13 sad +o be continuwous on [a,bl .



Meon Value Proparty Clntermediate Value Theorem )

gun»se ‘hat ‘f- it continvens on Tkl  and -f(a) <"Jedo).
Furtherwore ‘njz L s a veal number sudh dhat —f(a) <L < —f(lo) ,
then there edsts (at least one) c ela.b) such that -f(c): L.

“f(c)= L

Similay  vesutt  holds :for —f(a) >l > 'f(lo) . (Lhat s e ﬂ]>1<:bwe. 2)

Y



e.g. % Number o‘f ?wduc’cs ‘Fvoclucecl (n hndreds  wirts )

Revewe = R&) = (00« (400 - 3)

Ceost = Ced = (>oooo + Foox

"owr(-, = P = Re) - C& = (00 (-3x3+393= - (2oo)
® FP(O) = -(hoooco <0
® P) = 3qoeo >0

® Peo w a ?olcavxom\a( . So Tt s coulinuous QVe_vvaw]Aeva )
i 'Farﬁcu.lav , Tt 3 coutinvwous on [o.5]




34\ (5, ¥o00) We do NST krow the Sl'\aFe sf:
7//' the grph . ot e bimd o wntarsats

the. o-axis ak least oxe .

le. P =o C(uwhich meas breakeven)

RE

g -for some  <cc(0,5)
(O, -Xo0o00)

Conclusion : We do NOT know e SL\AFQ c'f “the. Smli\, but we know Tt inkersects
te ~-axs at least once . which W‘?\ e QV\O\Ajll\ ‘fur Cevtain, Parpose.



e.S. Let —f=[o,l] —R be a continuwous jﬁmc(:row Such Hhak ‘JF(O) =-J€<|).

Rrove that thee oist celo.4] such Hut :}e@ =-f(c+-.5) :

>

)
for -ferH>| N\

jorgo [/ \




e.s. Let 'fﬂ:o,(] —R be a cortiuors quchow such that f(o) =f(l).
Brove that there adst celo4d such Hwut f@=feeb.

)
Let 360= -f(-;o -'f(':u-:l.-) which 1 cont. on T[a.b] f@hf(m—,‘:)—

g = For - e for=Fo
J=- Fe-fFw = - g

>

lf 3(°)=O , dev\eg (c=0)
lf 8(0) >0 , then 3(-%)< o } termediate Value Theorem

%(o)<o . then g(—‘,—_)>o = 3 celp,i] st. 30:):0

l.e. 5(43 =f(c+-.§_—)



:D. erevvb‘(a'bo.,\ :

Recall : (a\;q_\(-aae) g?eeo\ - oh_séf\“v:e
distance
e
/F Mok
S+ro\]8|f\’t line-
= =S
[S=vt & v= =
> time &)
FRM :

Us‘mg oliSFlacewxevrb and Veloc:rté TJO You know .

: Cownstast sFe_g;JQ

SF'&A = S(b‘Fe. =

Vv



Hows about dhis case
distance

(%) S = ‘F&’b) distonce Hraveled _ distance tHaveled
From tms to k=1 from =3 4 k<4

le. gFeeo\ = clr\aha“wg

> ~+ime €6)

I':.‘ZLI(-

S-F@.d = dfﬁzevml: at dwﬁeme momentt .



distance

&

A S= 'F(‘b) distonce Fraveled _ distonce Haveled
From teo +o ket from =3 4 4

ie. QFeeQ\ = C'/\ana‘w\é

> +ime €6)

l1‘34'4-

g’rel?.d i d’lﬂzeveyd: at d‘rﬁzemwb moment .

Hold on 2
What 8 the W\QAV\‘MS Sjl S’Feed at a ‘Fafhcx,\lav momerct  (nstarttanesus SFeed) ?
b\)Q V\Qe& [~3 deﬁv\\'ﬂow !



[nstzrtanesws SFe.e.d at +t=t,:

S‘r S =fﬁb)

\Ie,vxa swall

AVQV‘SQ ?Fe—eA beboeen +, and totat

- Clr\anse_ in chistewee - OS Fetorat) - fto = sleQ °—f L
Clnomﬁe e ot at




™ [dea : Let 2t becomes smaller and smaller !
Instantaness speed at tets i defined 4o kel Feorta0) f
(’Fvov’tded H exsts |, ’tf so . it s dencted baa -f &y )

3= L 3 =f&)
a8 sC—=o /Q

slopa - F

-i; . +xt >t +. 25

Note : When 2st50 , L becomes the -Eanjevre e ot t=t , So
S[UFQ sf +he ‘Eanﬁe.wt e at t=t, = tf’(—(—,‘)



ea. B s-Lw =-€,—Find%’l(z)_0mgm_s?gml ac +=>) .
J  J J /

Dlay = |y Tt f
J Xt->0 pay ol
= lim (etaty - >
>0 st
o i —dat +at
At->0 A&C

[}
T
I
+
o
L]
IS




IV\ aey\eml ., We have ta=-f(—x) . ‘fN As .
Then ’f'(-:c.) means  vate o'f dnanae sjﬂ ta wrth ves'i:ecb o x at A= .

‘f(vc) 8 said +to be &?rffwbia)ole at =% “rf
lim ’ﬁ"“""‘“’o "?6(") exists ( denoted l:a tf'(xo))

Ax—>v AX

e s called 4he devivative c]e "f(vo at x=%. .

Note « By defartion, 1 few 15 NOT well-defined , we camst define Fex
0 feo must NST be Jfferantidde at x=x..



r-Pe_wrjzb\rw\ e 'Fevv‘uous ?(:EF o drffa«evc(: To‘-vd:s :
an /mﬁexc e at G feo)

€3 ,—F@o D,
I N 'je (X +ax) — ‘f(x)
SleQ = ALI(M; ) -

|

]

(|

[}

]

]

- >
«— x —> x

Recall : What is a ~fancbion ?
(Ro.,gl«ha s‘real:‘w\g s 6Tvev\ an 1n1>ud-_ « , vetum a value .

Now, we constvuct a new ffmchov\. , f’eo = lim Fecs 0 -Feo C‘nj’ exdsts)

Ax-o0 &X

(<. 8?vev\ an im?xﬁ =, vetum -the slcrl:g. ﬂc the -\:avsew(: me. abt (x ,—feo) )




ea. B Loy oo™ find o
J J / J
£%0 = lim Fectao —fe0
J AX->0 PaL 4

lim g1L+A=c)'L -

AX-50 oX

lim —ax i tAX 2

Ax-50 A

lim .+ AL = Dx

AA->0




FRQI“BDV\ ‘OQ"TJQQV\ -Pwa 803(})[’\8 GJF :?@O='Z" QV\CI. —f’(—=0='lx :

18

"f‘d.) = ‘X_L

1%

/ ::E,(x) =2%

\

/

\

/

/

Fr=2

iFéo3= o}

-

Feo=

- 27
Meam V\ﬁ M




Notations :

Y= Jeo = -

4=

Sg’— = %_x‘é- = -f’(x) = D

S&I =99 Ly aam - 6
iy hlas




£ = 2

W

I-(Z —'E(-z)-k
J

eq
d

N

(’d‘




Covcrzf:e Cowvrv\'hzhon :

(?vn

j-'r(x+A1) - -f (C)
&

= i

(Ax # o
Ax->o AX>0 OX ~_ R
= hW\ i
Ax>0 —— Ax
= (iw\ o =0

Ax—»o




Ex: Fid feo 30
(@) f(ao =~ Ans : -‘f’(-x) = |

b feo =6 Foo = 32

FACT (et 'Fvwf)

B Joo =" | whee r 15 a veal mumber,

‘then *f'(vo = v Uhenever Tt s defined.

(Think = f =L, oo = which s defined  when 20



