MATH1030 Classification of systems of linear equations in terms of reduced row-echelon forms

1. Question.

Why are we interested in row-echelon forms and reduced row-echelon forms? What is the relevance of Gaussian
elimination for matrices to systems of linear equations?

Answer.

Suppose (5) is a system of linear equations and C' is the augmented matrix representation of (.9).

Further suppose Gaussian elimination is applied to C' to give the sequence of row operations
C=C,—Cy— - —Cy_1—Cn=C
which ends at the reduced row-echelon form C” which is row-equivalent to C, and (S2),- -, (Sy) are the systems of

linear equations whose respective augmented matrix representation are Co,--- ,Cy.

Then the systems (S2),---,(Sn) are what we will obtain in succession, with one ‘equation operation’ each time,
starting from the (5), towards some system, namely (Sy), from which we can read off all solutions (if any at all) of
S easily.

Remark. We have established a dictionary which helps us translate between ‘solving systems of linear equations’
and ‘finding reduced row-echelon forms for matrices’.

2. Theorem (1). (Re-formulations of consistency for systems of linear equations.)

Suppose (S) is a system of m linear equations with n unknowns, and C' is the augmented matrix representation of
the system (5).

Suppose C' is the reduced row-echelon form which is row-equivalent to C.

Then the statements below are logically equivalent:
(a) (S) is consistent.

(b) The last column of C’ is not a pivot column.
(¢) Norowof C' readsas[ 0 --- 0 1].

Remark. By logic, these three statements below are logically equivalent:

(a) (9) is inconsistent.
(b) The last column of C' is a pivot column.

(c) Some row of C' readsas [0 --- 0 11].
3. Illustrations for Theorem (1).

(a) (Refer to Example (2) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

r1 + 2$2 + 21‘3 = 4
Consider the system (5) : 1 + 32 + 3z3 = 5 . The reduced row-echelon form C’ which is
2c¢1 + 6x2 + bxy3 = 6

row equivalent to the augmented matrix representation C of the system (5) is given by

10 0 2
¢’'=101 0 =3 |.
001 4

The system (S) is consistent.

(b) (Refer to Example (3) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

T - ro + r3 = 2
Consider the system (.5) : 3z1 — 29 + wx3 = 7 . Thereduced row-echelon form C’ which is
—-xr1 + 3:1,’2 — 5%3 = 3

row equivalent to the augmented matrix representation C' of the system (S) is given by

The system (S) is inconsistent.



(c) (Refer to Example (4) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

o — 23:‘3 =1
Consider the system (5) : —r1 — 239 + 3x3 = —4 . Thereduced row-echelon form C’ which
21’1 + 7£U2 — 12%3 = 11

is row equivalent to the augmented matrix representation C' of the system (S) is given by

1 0 1 2
01 -2 1|[.
00 0 O

c =

The system (S) is consistent.

4. Theorem (2). (Classification of consistent systems of linear equations.)
Suppose (S) is a system of m linear equations with n unknowns, and C' is the augmented matrix representation of
(5).
Suppose C' is the reduced row-echelon form which is row-equivalent to C. Denote the rank of C' by r.
Suppose (S) is consistent.

Then r < n, and the pivot columns of C' are within the first n columns of C' from the left. Furthermore:—

a) If r =n then C' reads as
(a)

1 0 0 (751
0 1 0| uo
c'=1: : :
00 -+ 1]u,
00 - 00
and (1,2, -+ ,&n) = (u1,us, -+ ,uy) is the unique solution of (S).

(b) Suppose r < n. Then exactly n — r columns of C' amongst the first n columns of C’ from the left are free
columns, and C' reads as

1] % x| 0| % * | 0 0 * * | up ]

0[]0 O[T~ * |0 0] * | ug

010 0[07]0 0T 0] =% * | ug

C' =

070~ 0[0[0 ~ 0]07 0 0 I[% — *[u

00 - 0[0[0 -~ 0[]0 0 -~ 0[0[0 0 0[O0 |
There are infinitely many solutions for (S). One of these solutions is given by ‘Cq, = u1, Td, = Ua, ..., T, = Uy
andxflz...:xfn_rzo’.

There are some numbers f, ¢, for which k runs from 1 to r and ¢ runs from 1 to n — r, so that the solutions of
(S) are described by

T4, = w + it it + o F s
Td, = ug +fo1t1 +leoto + -+ o n—rtn_r
Xd, = Ur+ ﬂT,ltl + ﬁr,2t2 +--+ ﬁr,n—rtn—r
Tf = h
L fs = t
T, = tpnp

where t1,t9,- -+ ,t,_, are arbitrary numbers.

Remark. In the context of Theorem (1), we will refer to the z,’s as the free variables of the system, and the
xq,’s as dependent variables of the system.

5. Illustrations for Theorem (2).

(a) (Refer to Example (1) in the handout What is solving a system of linear equations.)



3

T+ 3% z 1 The reduced row-echelon form C’ which is row equiv-

Consider the system (.5) : { 2r1 — X9

alent to the augmented matrix representation C' of the system (S) is given by
,_[1 0] 3
e=lo V5]

The system () is consistent, and the rank of C’ is the same as the number of unknowns in the system (.5).
The system (S) has a unique solution, namely (z1,22) = (3, —1).

(b) (Refer to Example (2) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

T1 + 2x9 + 223 = 4
Consider the system (5) : 1 + 3wz + 3z3 = 5 . The reduced row-echelon form C’ which is
21 + 6x2 4+ b5r3 = 6

row equivalent to the augmented matrix representation C' of the system (.9) is given by

1 0 0] 2
01 0|-3|[.
0 0 1| 4

C' =

The system (S) is consistent, and the rank of C’ is the same as the number of unknowns in the system (.5).
The system (5) has a unique solution, namely (x1,z2,x3) = (2,—3,4).

(¢) (Refer to Example (4) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

o — 2],‘3 = 1
Consider the system (5) : -1 — 22 + 33 = —4 . Thereduced row-echelon form C’ which
21‘1 —+ 7CE2 — 121’3 = 11

is row equivalent to the augmented matrix representation C of the system (S) is given by

2
1.
0
The system (S) is consistent, and the rank of C” is strictly less than the number of unknowns in the system
(5)-

The system (5) has infinitely many solutions, described by (x1,x2,x3) = (2—1t,1+2t,t) where t is an arbitrary
real number.

1 0 1
0 1 -2
0 0 O

c =

(d) (Refer to Example (5) in the handout What is solving a system of linear equations, and to Example () in the
handout Row-echelon forms and reduced row-echelon forms.)

o + x3 + 2x4 + 205 = 2
Consider the system (.5) : r1 + 222 + 33 + 214 + 35 = 4 . The reduced row-
—2r1 — To — 3xr3 + 34 + rs = 3

echelon form C’ which is row equivalent to the augmented matrix representation C' of the system () is given
by

The system (S) is consistent, and the rank of C’ is strictly less than the number of unknowns in the system
(S).
The system (.5) has infinitely many solutions, described by (x1, 2, 3, 4, x5) = (10—s—t, —8—s, s, 5—t, t)where
s,t are arbitrary numbers.
6. Corollary (3). (A special case of Theorem (2).)

Suppose (S) is a system of m linear equations with n unknowns, and C' is the augmented matrix representation of

(5).

Suppose C' is the reduced row-echelon form which is row-equivalent to C. Denote the rank of C' by r.

Suppose (S) is consistent.

Suppose m < n. (So there are at most the same number of equations as there are unknowns.)

Then r < m < n. Furthermore:—



(a) If r = m = n then (S) has a unique solution.

(b) If r <m or m < n then (S) has infinitely many solutions.

Remark.  Illustrations for Theorem (2) also serve as illustrations for this corollary. For each of the system
concerned, the number of equations in the system is at most that of the number of unknowns.



