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1. (1 point)

Suppose that f(x) and g(z) are given by the power series
flz) =6+4z + 22 + 423 + - -

and

g(z) =2+ 2x +22% + 3% + - - - .

Find the first few terms of the series for

h(z) = f(z) - g(x) =co+crx+cor® +egrd 4
Co =

C1 =

Cy =

C3 =

Solution:

co=6x2=12
c1=6x24+2x4=20
Co=06X24+4x2+2x2=24
c3=06X3+4x24+2x2+4x2=38

cos (4zt) — 1 .
2. (1 point) Let f(z) = a7 270
0, x=0.
Given that f is infinitely differentiable at x = 0, evaluate the 9" derivative of f at 2 = 0.

FO(0) =

Solution:
It is known that
1 1 1 1
Cosa::1—5952—1—5374—...:1—§x2+ﬁx4—...
Then we have
cos(4zt) — 1
fla) = <
(=5t + (42t — ) — 1
- o
—8x8 + %ww —
32
=8z + —a’ — ..



Therefore, we have

O(0)= 3

F9(0) = 3870720

9!

3. (1 point)
Evaluate the following indefinite integral / (13sin(z) — 3cos(z))de = +C

Solution:

/ 13sin(z) — 3 cos(z) do = 13 / sin(z) dz — 3 / cos(x) dx
= —13cos(z) — 3sin(x) + C

4. (1 point) Calculate the following antiderivatives:

6
(a) /de = +C.
(b) /(—5sinx +4cosz)dr = +C.
(c) /3636 do = +C.
Solution:

(a) /gdaz =61In |z| +C.
(b) /(—5sinx+4cosx) da::—5/sinxdx+4/cosxda::5cosx—|—4sinx+0.

(c) /36" dx =3e” + C.

5. (1 point)

Using an upper-case ”C” for any arbitrary constants, find the general indefinite integral:

/<4x2+3+ 29 )da:
2+ 1

Integral =

Solution:
9
2+ 1

4
)dz = —2° + 3z + 9arctan(z) + C

4o +3
/(x++ 3



6. (1 point) Evaluate the indefinite integral.

/ (4 sin(t) — 9 cos(t) — sec®(t) + 6e’ + \/13——752 + 1 j t2) dt =

+C.

Solution:

/(4 sin(t) — 9 cos(t) — sec?(t) + 6e’ + i + > )dt

Vi—t2 1+t

= —4cos(t) — 9sin(t) — tan(t) + 6e’ + 3arcsin(t) + 5 arctan(t) + C
7. (1 point)
Given that f”(x) = cos(z), f'(r/2) =2 and f(7/2) =2 find:
)= ————
f@)= —
Solution:

We begin by finding f'(z).
The general solution is:

f'(z) = [ cos(x)dx = sin(z) + C
We choose C'so that the condition f’(7/2) = 2 is satisfied. Since f’'(7/2) = sin(7/2)+C =

14+ C =2, we have C' =1 and thus:
f'(z) = sin(z) + 1.

Now, to find f(z), we solve the integral [(sin(xz) + 1)dz to find the following general
solution:

f(z) = /sin(w) + ldx = —cos(z) +z+ D
We choose D so that the initial solution f(7/2) = 2 is satisfied. Since
m 7r
f(r/2) = —COS(?T/2)+§+D = O—|—§+D =2,

we have D = 2 — 7 and the particular solution is:

f(m):—cos(x)+x+2—§



8. (1 point) Consider the function f(x) whose second derivative is f”(z) = 2z + 10sin(z).
If f(0) =2 and f'(0) =2, what is f(x)?

Answer:

Solution:

To solve this formula we will use the standard rule for the antiderivatives of a polynomial
and the fact that the antiderivative of sin is — cos while the antiderivative of cos is sin.
Furthermore, we will use the information given to us about f’(0) and f(0) to eliminate
any arbitrary constants.

Finding the general antiderivative of f”(z) gives a formula for f’(z) as shown below:

f'(x) = 2* — 10 cos(x) + Cy
We are told that f’(0) = 2 so that we can solve for C in the expression above as shown.

f/(0) = (0)* — 10 cos(0) + C,

Therefore, the formula for f'(z) is:

f'(z) = 2* — 10 cos(z) + 12

Now, we take the antiderivative of f’(z) to find the general formula for the function f(x).

1
flz) = §x3 — 10sin(z) + 12z + Cy

We are told that f(0) = 2 so that we can solve for Cy as we did for C; above.
f(0) = =(0)* = 10sin(0) + 12(0) + C,
2=0C%
Therefore, the specific value for the function f(x) is given by:

1
f(z) = §:c3 —10sinz + 122 + 2



9. (1 point) Find the following indefinite integrals.

/ x dr = + C
T+ 7
cos(t) B
/(mm@y+&fﬁ_ o
Solution:
/ T g [EETT
Vo +T7 N v+ T

_ w_”dx_/de
I VI+7

:/(x+7);d(x+7)—2><7><\/ac—|—7—|—C'

2
= Z@4+7)—2xTxVr+7+C

3
2
:g(x+7)\/x+7—14\/x+7+(]

cos(t) [ o
/mdt N / (7sin(t) + 8)2d (1)

1
= @ 18 " C

10. (1 point) Evaluate the integral using an appropriate substitution.

sec?(64/7)
\/E

Solution:

dr = + C

For u = 64/x we have % du = j—"% and hence;

sec?(6+/) i —

T /sec2(u) du = % tan(u) + C' = %tan(G\/E) +C

wl=

11. (1 point)

Evaluate the indefinite integral

/%dw



Note: Any arbitrary constants used must be an upper-case ”C”.

Solution:

/%dmz /H+.82mdcos(x)

= 6arctan(cos(z)) + C

12. (1 point)

Evaluate the indefinite integral.

/64”” sin(bzx)dx = +C.

Solution:

/64’3 sin(5x) dx
1 4x
= | ¢ d cos(bx)

1
= —564:0 cos(hx) + / — cos(bx) de*”

ot =

1 4
—ze e cos(5) —i—/—e“dsm 57)

1 4 4
—5645‘ cos(bx) + 2—56476 sin(5x) — /2—5 sin(5x) de**

1 4 16
= —564:” cos(bx) + %6493 sin(bx) — 3% /e4x sin(5zx) dx
Then

16 4 1
/649” sin(5x) dx + % /649” sin(bz) dx = %64’3 sin(5zx) — 5641 cos(5x)

4 )
dx _ dx . 4x
/e sin(bz) dx = ot sin(5z) ¢ cos(bx) +

C

13. (1 point)

Evaluate the integral

/1 In(x? — 1) da

Note: Use an upper-case ”C” for the constant of integration.
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Solution:
/1111(:62 — 1)dx = /111(:62 — 1)dx
=zln(z? - 1) - /xdln(x2 - 1)

:xln(xQ—l)—/x 2 dx

2 —1
2 z°
=z In(x —1)—2/$2_1dx
2
B 9 ¥ —1+1
:azln(a:Q—l)—Q/l—i— L i
|

:xln(x2—1)—2x—2/x2_1da:
—:L‘ln(xQ—l)—Qa:—Q/ ! dx
B (x—=1)(z+1)

1 1 1

:xln(xQ—l)—2a:—2/§((x_1) - ($+1))dx

, 1 1
=zln(z —1)—2x—/<x_1>—(x+1>d:v

=xln(2*—1) =2z —In|zr — 1|+ In|z + 1|+ C

14. (1 point) Note: You can get full credit for this problem by just entering the final
answer (to the last question) correctly. The initial questions are meant as hints towards
the final answer and also allow you the opportunity to get partial credit.

1
dx
V1+ (4z —6)?

Then the most appropriate substitution to simplify this integral is x = g(¢) where
g(t) =
Note: We are using t as variable for angles instead of 6, since there is no standard way to
type € on a computer keyboard.

Consider the indefinite integral /

After making this substitution and simplifying (using trig identities), we obtain the inte-
gral / f(t) dt where

ft) =
This integrates to the following function of ¢
/ f(t)dt = +C

After substituting back for ¢ in terms of x we obtain the following final form of the answer:
+C

Solution:



Let 4z — 6 = tan(t), then

Since dz = 7 sec?(t)dt, then

1
1 1
/ /— sec?(t)dt
\/1+(4m—6 4/1+ tan(t)
1
_/Z @ sec?(t)dt
[ Lt
/4

Thus we have

(1) = § seel)

This integrates to the following function of ¢:

/f t)dt = /—sec( )dt

_ i/ sec(t)(sec(t) + tan(t))
4 sec(t) + tan(t)
_ 1/ sec?(t) + sec(t) tan(t)dt

4 sec(t) + tan(t)

dt

Let u = sec(t) + tan(t), du = (sec?(t) + sec(t) tan(t))dt. Then

fron-tf 1o

1

1
=1 In | sec(t) + tan(t)| + C

After substituting back for ¢ in terms of x we obtain the following final form of the answer:

1 1
/ der = —1In|(4x — 6) + /1 + (4o — 6)?| + C
1+ ( "

4x —6)?

15. (1 point)

Evaluate the integral

dt
ViZ 42

Note: Use an upper-case ”C” for the constant of integration.

Solution:
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Sub v = t2 + 2, then du = 2t dt

/ std ”
V2 +2
4t

= [ —du

Vi

= /4u3/2 —16u"? + 16u"? du

2 2
=4- 5u5/2 —16- §u3/2 +16-2u'? + C

2
:§< 2+2)5/2_%( 2+2)3/2+32<t2—|—2)1/2+0

16. (1 point)

Evaluate the integral

/1\/3—2x—x2dx

Note: Use an upper-case "C” for the constant of integration.

Solution:
/1\/3 —2x — x2dx
:/\/4— (x+1)2dx

Sub z + 1 = 2sin(d). Then dz = 2 cos(0)dd

[V
:/,/4_4sm2(e)-2cos(e) d
:/40082(9) do

= /2 + 2 cos(26) df
= 260 4 sin(20) + C



1 1 1\
Note that § = arcsin (m;— ), and sin(260) = 2sin(0) cos(#) = 2 (x;— ) \/1 — (x—;— >

Then
20 + sin(20) + C

z+1 z+1 z+1)?
= 2arcsin [ —— ) +2 1—
arcsm< 5 )—i— ( 5 > \/ ( 5 ) +C

1 1
= 2 arcsin <%) + 5(% +1)v3—-2z—a2+C

17. (1 point) The form of the partial fraction decomposition of a rational function is
given below.

—(42* + 3z + 19) A Bx+C

Cr )@ +d)  z+l P14

A=__ B= C=

Now evaluate the indefinite integral.

T = +D, where D is an arbitrary con-

/ —(42% + 3z + 19)

(x+ 1) (22 +4)
stant.

Solution:

Multiplying by the least common denominator gives
—42% — 32 — 19 = A(2* +4) + (Bz + C)(x + 1)
Rearranging terms on the right hand side, yields
—42* — 31— 19=(A+ B)2* + (B+O)v +4A+C

Now we equate the coefficients:

A+B =-4
B+C =-3
1A+C =-19

Solving the system gives A = —4, B = 0 and C' = —3 so the partial fraction decomposition

1S
—(42* 4 3z + 19) 4 3

(x+1)(a2+4)  z+1 22+4
The definite integral is then

— (422 + 3z + 19) 3 .
/ (x 4+ 1)(22+4) L n |z + 1) 2arc an2-|-
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18. (1 point) Evaluate the indefinite integral.

3+ 4
=~ dr = C.
/:1:2+5a:+6 v *

Solution:

/ 344
——dx
224+ 5z +6
/ 54 192 + 34
= [ z— x
(x4 2)(x + 3)

1 34 A B
Suppose o+ = + , where A, B are constants. Then
(x+2)(z+3) z+2 z+3

19z + 34 A(x +3) + B(z + 2)

(x +2)(z +3) (x +2)(z+3)
 (A+ B)r+ (34 +2B)
BT [CE)

Then A= —4,B =23
19z + 34
—5 d

[o-ot o n
—4 23

= - d

s e
2
:%—5x—41n]a:—|—2]+231n]$+3]+0

19. (1 point)

Evaluate the integral

/ . B
(x4 a)(z+0b)
for the cases where a = b and where a # b.

Note: For the case where a = b, use only a in your answer. Also, use an upper-case ”C”
for the constant of integration.

Ifa=b:

Ifa#b:

Solution:

When a = b,

/ S
(x + a)?
5
= — C

rta



When a # b,

Suppose Tt a)(@ D) = jl_ . + x?— 5 where A, B are constants.
Then
5 _ A(r+b)+ B(r +a)
(x+a)(z+b)  (v+a)(z+Db)
_ (A+B)x + (Ab+ Ba)
B (x +a)(x+Db)
-5 5
ThenA_a—b’B_a—b
5
—d
/(x—i—a)(x—l—b) v

2/— > + > dx
(a=0b)(z+a) (a—0b)(x+Db)

_ 0 (In|z+a| —Injz+0])+C

b—a
) r+a
= 1 C
p—a el
20. (1 point)
Evaluate the integral
2Vt
[
1+t

Note: Use an upper-case ”C” for the constant of integration.

Solution: Sub u? = /t. Then vt = u?, u = t5 and dt = 6u’du.
2
/i dt
1+t

3
u 5
- /1_'_“2-616 du

_12/u8—|—u6—u6+u4—u4—|—u2—u2+1—1
N 1+ u?

du

wS(1+u?) —ut(1+u?) + (1 +u?) — (w2 +1)+1

14 u?
| du

1+ u?

/
:12/[(u6—u4+u2—1)+
(

1 1
guE’ + §u3 — u + arctan(u)) + C
- 4tr — 1265 + 12 arctan(té) +C

du
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21. (1 point)

Evaluate the integral
10

————dx
x2v/4r + 1
Note: Use an upper-case ”C” for the constant of integration.
Solution: Sub u = v/4z + 1. Then 2? = (“=1)2, dz = Ludu.
10

———dx
x2/4x + 1

8 8
~10 [ o= 10 | e

Supposem:ﬁ—i—ﬁ—l—%—i—ﬁ, where A, B, C, D are constants.
Then A=2,B=2C=-2,D=2.
8
10 d
/(u—l—l)Q(u—l)2 “
2 2 2 2
=10 — d
/<u—|—1+(u+1)2 u—1+(u—1)2> “

2 2
—10-[21 - — 2lfu—1] - ——
0-2In|u+ 1| o nu—1| u_l]—i-C’
1 1
=20-In|vV4r+1+1] - ———-In|Vidz+1-1| — —| + C.
ln NV T BV R T



