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(1) Find the derivative of the function.
y = ze) (22 4 10)'°

/

y:

Solution:
y' = (Vo) (e (a® +10)") + va(e™ (2* +10)')

= (V@) (e (2% + 10)') + V(™) (22 + 10)° + a(e?) [(2* + 10)1]

B e (z? +10)1°

-

) 2 1 10
2x

+ Vae” (2z) (2% + 10)10 + ze 10(2? 4 10)°(2x).

+ 2x(z® 4+ 10)" + 20x(2® + 10)?| .
(2) Calculate the derivative of the following function.

fx) =

6:1?

(e* +3)(z +2)

f(z) =
Solution:

To compute f'(x) we begin with quotient rule

(e® +3)(z + 2)%[&] — em%[(em +3)(z + 2)]
((e*+3)(z+2))? )

Next, recall that %[e""’] = ¢%, and use the product rule to compute

f'(x) =

e 43y +2)] = L1 + 3w +2) + (¢" + 3)%[33 +9)

dx dx
which is
(e®)(x +2) + (e” + 3)(1).
Therefore

(e +3)(z+2) - —e* (e"(z+2)+ (" +3))
((e*+3)(x+2))?
and after factoring out e” in the numerator, expanding (e* + 3)(x +2) = ze®* +2-
e’ + 3z + 3 - 2, and distributing the minus sign, we get
o) = e*(ze” + 3z + 2" + 6 — xe” — 2e” — ¥ — 3)
((e* +3)(z +2))?

f'(x) =



https://www.math.cuhk.edu.hk/~math1010/tutorial.html
https://www.math.cuhk.edu.hk/~math1010/Tutorial/CW5sol.pdf

which simplifies to
e*(3x —e” + 3)

AN CER T

(3) Find the derivative of f(y) = e ,

f'ly) =

Solution:

(4) Differentiate g(z) = In <6 - a:)

Solution:

,(x)_6+x 6—x)
g 66—z \6+=x

:6+x.(—1)(6+x)—(6—;1:)-1

6—x (6 + x)?
 —b6—xz—-6+z
 (6+2)(6—2)

12
2236

(5) Find & if

A (o)

dr __
dr

Solution: By the chain rule,

1 1 1
In9z)) = — - (92) = — -9 = =
(In(9z)) Oz (92) Ox ) x’



and by the product rule and chain rule,
1

12

1

(2% In(2?)) = (22) In(2?) + 2 (2*)" = (2z) In(2?) + 2* - ol (27) = (22) In(2?) + 22

Applying the quotient rule to the first summand involves an application of the
product rule.

( In (9z) y (In(92))" - (% In(2?)) — (In(9z)) - (2% In(z?))’
22 1n (22) (x2In(2?))?
(1) @In(@?) ~ ((92)) - ((20) In(e?) + 20)
()2
_ rIn(z?) — In(9z)(22) In(2?) — In(9z)(2z)
(22 1n(x2))?
1 21n(9z) 21n(9z)

23In(z?)  2¥In(2?)  231n(2?)

Then apply the power and chain rules to the second summand.

((In (%))3)’ — 3(In (%)y .
_3’(3)

T

By the sum rule, your answer should be equivalent to the expression

1 21n(9x) 2In(9z) 31n° (%)

3In(z?)  23In(z?)  231n®(22?) x

(6) Find f'(x) and f'(0) where:

_Ja?sin(2) z#£0
o

(a) Find the derivative of f(z) for z not equal 0.

f'(x) =
(b) If the derivative does not exist enter DNE.

f10) =

Solution:
(a) Applying the product rule to 22 sin(2) gives

f(x) =2z sin(i) + :172((:05(%) : (;—21

)



?
that is,

f(x) =2z sin(é) — cos(i)

(b) Using the definition of the derivative we find that:

voon . f(h) = f(0)
11(0) = Jim ==
1\ 1
IRT 92 . ) 2
_;lgéhm(h)h
. h_(1)
I Smh
—0.

(The last step above is due to the squeeze theorem).

(7) Let f(z) = |z|In(2 — z). Find f'(x).

= |
? if r<c
fllxy=< 7 if x=c
? if c<zxz<d

Solution: One can find that ¢ =0, d = 2.

x <0,
f(z) = —xIn(2 — ),
fl(@) = =2 —2) + ==
0<z <2,
f(z) = xn(2 - 2),
Flz)=In(2 —z) — Qfx.
xz =0,
Jip, T = i ESHE0 g iz =) =2
lim M = lim _hln@h_ =0 _ lim —In(2 - h) = —In2.

Since the limit of w as h — 0 doesn’t exist, the derivative doesn’t exist at
xz = 0.

(8) (a) If f(z) = |sinz|, find f'(x).
(b) Where is f(z) non-differentiable? Please give the smallest positive value of z.
(c) If g(z) = sin x|, find ¢'(z).

(d) Where is ¢g(z) non-differentiable?



Solution:

Since the derivative of the absolute value function h(z) = |z| is that

x
h'(z) = —, x #0.
]
(a)By the chain rule,
fl(x) = Sl.IlJ: (sinz) = Sl'IlJJ - COST.
| sin z| | sin z|

(b) Since |sin x| # 0, So, you can solve the smallest positive value of z is 7.
(c)Similarly to (a), by the chain rule,
x

g'(x) = cos|z[ - (|z])" = cos |x] - L

(d)From (c), you can know that g(x) is non-differentiable at = = 0.

(9) Compute f'(z), f"(x), f"(x), and then state a formula for f™(x), when

fle) ==
fi(z) =
f”(ZL‘) _
f’”(:r) _
fM(x) =
Solution: ] \ "
)= H _(ACNEY 8
[ (x) = % {—%} - (—3><—2ig—1><—4) _ %

Observing the pattern we get that,

() = w

xn+1

(10) Find 2 if
4ay? — 22y = 6.
Express your answer in terms of x,y if necessary.

dy _
de




(11)

(12)

(13)

Solution: Taking the derivative with respect to x we get

d d
0= 122%y* + 8x3y—y —4xy — 23:2—y,
dx dx
or J
day — 122%y* = (SxSy — 2x2) d_y
x
Therefore,

dy  Azy — 122%y°
de 83y — 222

Find d_y7 if y = In(922 4 Ty?).
dz

dy
dr

Solution: Writing the given equation as ¥ = 922+ 742, and then differentiating
implicitly with respect to x, gives

dy dy
v 7 -1 14y -2
e pi 8r + ydx,

x

or 4

Y
Y — 14y) — = 18x.
(e y) - =18
Therefore,
dy 18z
dr eV — 14y’

Note: Were the equation not revised before differentiating, the answer
dy 18z
dr 922 + Ty? — 14y

would result.
Consider the following function: y = z*".

dy
de
Solution: For y = 2" one has Iny = 2?Inz. (This method is standard by
using logarithm to transfer a power into a product.) So, by the chain rule we get
that
! 1 / 2 / 2 1
(Iny) = ; Y = (z"Inz) =2xInz + 2°- o= 2xlnz + x,

which implies that
dy
o=
If f(x) = cos(sin(x?)) , then f'(z) =

Y =yRznz+z)=2" ez +2) =2" 2z + 1).

Solution:
f'(x) = —sin(sin(z?)) - (sin(z?))’
= —sin(sin(z?)) - cos(z?) - (z?)’

= —sin(sin(z?)) - cos(z?) - (22)



1
14) Let f(z) = . Find f'(x).
(1) Lt f(0) = . Find J'0)
fl(z) =
Solution: Taking u(z) = 2 — sec(3z? — 8), we know that
d
é = 322 — 6x sec(3:v2 — 8) tan(3x2 — 8) .
So, by the chain rule,
d 1 o d 1
dz (23 — sec(3x2 — 8))3  drud
_ _3du
ut dx

= — 5 . (3m2 — 6z Sec(3x2 — 8) tan(3x2 — 8)) :
(23 — sec(3z2 — 8))*
(15) A parabola is defined by the equation

2? —2xy + 9y 420 — 6y +21 =0

The parabola has horizontal tangent lines at the point(s)

The parabola has vertical tangent lines at the point(s)

Solution: Differentiating implicitly with respect to x gives

dy dy dy
200 — 2y — 2z =+ 2y <= +2—-6-"=2 =
T Y xdx+ ydx+ de 0,
or J
Y
—rx—-3)—=y—x—1
and so
dy y—z—1
dv — y—2—3

The tangent line to the parabola is horizontal where % =0, i.e., wherez—y = —1.

The equation of the parabola can be written in the form
(¢ —y)* +2(x —y) +21 —4y =0,

and r —y = —1 gives 20 = 4y, or y = 5, and x = 4. Hence, the tangent line to
the parabola is horizontal at the point (4,5) and nowhere else.

The tangent line to the the parabola is vertical where

0= d_x _y—r— 3

dy y—x—1’
i.e., where x —y = —3. Together with the last displayed equation of the parabola,
this gives 24—4y = 0, or y = 6, and x = 3. Hence, the tangent line to the parabola

is vertical at the point (3,6) and nowhere else.



(16) Let 2® +3* = 28. Find y”(z) at the point (3,1).

y'(3) =
Solution: Differentiting the equation implicitly with respect to x, we get
32 + 3% =0
Solving for y’ gives
22
, —_— ——
y - yg

To find y” we differentiate this expression for 3 using the quotient rule and re-
membering that y is a function of z:

S — Y a2 L)y 20— 2?(2yy)
(y%)? y
If we now substitute ¢ = —Z—; into this expression, we get

2 2 z2
J _me — 2z%y (—y—2) B _2xy3 4+ ot B _23:(3/3 +2%)
y! y° y°
But the values of x and y must satisfy the original equation z* 4 y3 = 28. So this
expression simplifies to

p o6x
"y
Substituting x = 3 and y = 1 gives
y"(3) = —168
423
17) Let f(x) = ———.

Find the equation of the line tangent to the graph of f at x = 2.

Tangent line: y =

Solution: Differentiating gives
_122%(5 — 22)* — 4a® - 4(5 — 22)*(—2)

f(@) (5= 20)°
1222(5 — 2z) — 423 - 4 - (—2)
- (5 — 27)5
602 + 8a°
(5 —2x)8

and hence the slope of the tangent line of the graph at z = 2 is f/(2) = 304.
Since f(2) = 32 and the point (2, 32) is also on this line, we know the tangent line
y — 32 = 304(z — 2), that is, y = 304(z — 2) + 32.



(18)

(19)

(20)

9

Find all points on the graph of the function f(z) = sin2z — 2sinz,0 < z < 7
at which the tangent line is horizontal. List the z-values below, separating them
with commas.

Tr =

Solution: Differentiating with respect to z gives f/(x) = 2cos2x — 2cosz.
The tangent line to the graph of the function f(x) =sin2z —2sinz,0 <z < 7 is
horizontal where f’(z) = 0, this implies that

2cos2x —2cosx =0,0< 2z <,

— cos2x —cosr =0,0<z <,

= 2(cosz)?—cosr—1=0,0<z<m,

- cosyz,’:%1 or 1,0<x<m,

= T = %ﬁ , 0.

Thena::%’r , 0.

If the equation of motion of a particle is given by s(t) = A cos(wt+d), the particle
is said to undergo simple harmonic motion. Assume 0 <d <7

(a) Find the velocity of the particle at time t.

(b) What is the smallest positive value of ¢ for which the velocity is 0 7 Assume
that w and d are positive.

Solution: (a) Differentiating respect to z gives: v(t) = §'(t) = — Aw sin(wt+d)

(b) By (a), v(t) = 0 implies sin(wt + d) = 0, then wt + d = nm, where n is
integer. Since 0 < d < 7, the smallest positive vale of ¢ for which the velocity is 0
is
T —d

w

t =

dt 3zt
det \1—z/)
Solution: You could use the quotient rule 4 times directly, but I will give
another solution to you here. Since
3zt = (=32% — 32% — 3z — 3)(1 — x) + 3,
So

— 2,3 _ 9.2 —
T 3x” — 3z° — 3 3+1—x

By the power rule, we can know that
4

d
W(—Z’)m?’ —32% — 32 —3) =0,
i



10

(21)

So, by the sum rule,
dt 32t d* 3
w2 " T
It is easy to know that

d, 3 . 3

£<1 —x) (1 —2)¥
and

d? 3 6

@(1—1:)_ (1—x)%
and

a3 3 . 18

ﬁ(l —x> (1 -2t
Hence,

d* 3zt dt 3 72

@(l—x):@(l—x): (1—xz)>

1
Find a formula for f1%0(z) if f(z) = 91"
:L' p—
£ () =
Solution: Differentiating respect to x gives:
-9
/ JR—
fla) = (9z — 1)%
And 162
" o
—4374
" o
Observing this pattern, we have
n!
"z) = (—1)"9" —————
(@) = ()
Now we let n = 101 then we get
—101!- 9%

f(lol)(x) — W'



