THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATHI1010 UNIVERSITY MATHEMATICS 2022-2023 Term 1
Suggested Solutions of WeBWork Coursework 4

Let

S8+ x,x< =3,
f (=) {3—x,x2—3.

Find the indicated one-sided limits of f, and determine the continuity of f at the
indicated point. You should also sketch a graph of y = f(z), including hollow and

solid circles in the appropriate places.
NOTE: Type DNE if a limit does not exist.

lim f(z) =

T——3~
lim f(z) =

r——31

lim f(x)

r——3

f(=3)

Is f continuous at —37

(YES/NO)

Solution:
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https://www.math.cuhk.edu.hk/~math1010/tutorial.html
https://www.math.cuhk.edu.hk/~math1010/Tutorial/CW4sol.pdf

Is f continuous at —37
No, since the limit of f at —3 does not exist.

Let
—6x, x <6,
fle)y=41,  z=6,
6z, x > 6.

Find the indicated one-sided limits of f, and determine the continuity of f at
the indicated point. You should also sketch a graph of y = f(z), including hollow
and solid circles in the appropriate places.

NOTE: Type DNE if a limit does not exist.

lim

lim f(z)
lim f(z) =

r—61

lim f(x) =

r—6

f(6)

Is f continuous at x = 67
(YES/NO)

Solution:
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Is f continuous at x = 67
No, since the limit of f at 6 does not exist.

(3) For the function f(x) shown in the graph below, sketch a graph of the derivative.
You will then be picking which of the following is the correct derivative graph, but
should be sure to first sketch the derivative yourself.
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Which of the following graphs is the derivative of f(x)? [?/1/2/3/4/5/6/7/8]
(Click on a graph to enlarge it.)




Solution:

Because the derivative gives the slope of the original function at each point x, we
know that the derivative is negative where f(z) is decreasing and positive where
it is increasing. Applying this to f(x), we see that the derivative must be

which is answer 1.

Let f(z) = |« — 2|. Evaluate the following limits.

p F@ = 1) _
T2~ T — 2 -
i @) = £(2)

z—2+ xr—2

Thus the function f(z) is not differentiable at 2.

Solution:
Recall that

r—2,x>2.
Hence
— £(2 _ 9) —
i L =@ Z@=2 20y -
T—2- r—2 T—2~ r—2 T—2-
— f(2 -2
i L =@ E=D 20 =
z—2F z—2 z—2+ r—2 z—2F
Let
—(2x+1) ifz<-—1
f(x) =< 22 if —1<z<1

ifz>1

Find a formula for f'(x).
it z< -1

flley=—if —1<z<l1
it z>1

Solution:



fm (W -FED o ZQeAD -1
e=s(-1)- = —(=1) z—(—1)~ x+1
— (-1 21
i LW ZSED T E L o= 2
etz —(=1) a—(—)+t x4+ 1 a1t

Hence f is differentiable at x = —1 with f'(—1) = —2. However, f is not dif-
ferentiable at z =1 as

— f(1 —1
lim M = lim a = 1, while
ss1+ x—1 st — 1

_ 2 _
TGl L0 R TN el SN TN
z—1— r—1 r—1— T — z—1—

Therefore, we have

—2 ifr<—1
fx)=<2z if —1<z<l1
1 ifz>1

(6) Part 1: The derivative at a specific point

Use the definition of the derivative to compute the derivative of f(z) = Va +7
at the specific point x = 2. Evaluate the limit by using algebra to simplify the
difference quotient (in first answer box) and then evaluating the limit (in the
second answer box).

f'(2) = lim (f(2 + hf)L — f(Q)) = lim <

h—0 h—0

Part 2: The derivative function
Part 3: The tangent line

Solution:

oy e JCHR) = f(2) L (V2Hh4HT-V24T)
At h

oy V2R T VIATD(V2 R T4 VI ET)
= MV2+h+T7+V2+7)

= lim L = = —1
02X R+ T+V2+T7 2247 6
fl@+h)— f(z)

flw) = i h
i (Ve+h+T—Ve+T) (Ve +h+T+Vx+7)
h0 h(\/x+h+7+\/910—|—7)
1

= lim =

=0t +h+T74+Ve+7 2V +7




The tangent line to f at © = 2 passes through the point (2, f(2)) = (2, 3) on the

graph of f and the equation for the tangent line to f at z =2isy =3+ %(x —2).

(7) A function f(x) is said to have a jump discontinuity at = = a if :

1. lim f(x) exists.

rT—a—

2. lim f(x) exists.
z—at

3. The left and right limits are not equal.

3r—8, ifr<4
Letf(x):{5 if >4

49’

Show that f(x) has a jump discontinuity at = = 4 by calculating the limits from
the left and right at = = 4.

lim f(z)=—

r—4~

lim f(x)=

r—4t

Now, for fun, try to graph f(x).

Solution:

0 2 4 6 8

We have lim f(z) =4 while lim f(x) =
z—4+t

z—4-

)
E.
(8) Find f'(x) and f'(0) where:

_Ja?sin(2) z#£0
I

(a) Find the derivative of f(z) for x not equal 0.

fllo) = —
(b) If the derivative does not exist enter DNE.

f'(0) =



Solution:

sing the definition of the derivative we find that:
Usi he definiti f the derivati find th
. f(h)— f(0) .o . (1)1 . 1
' — Z)Z = ) =
f(0) = }ILIII%) . lim A” sin w5 lim hsm(h) 0,

h—0 h—0

by the Squeeze Theorem.

For z # 0, we have

_ fle+h)—fx) . (z+h)’sin =5 —2%sin
/ — _ T T
R A h

1 1 1 1 1
:;lgr(l)ﬁ<x2(smx+h —sin5)+2hxsinw+h +h28mx+h) .

The second term will tend to 2x sin% and the third term will tend to 0 by the
Squeeze Theorem. For the treatment of the first term, recall the facts that

b —b i
sina—sinszcosa+ Sina and lim 2%
2 2 =0 I
By using these facts, we have, for x # 0,
y xQ(. 1 _ 1> " 222 2r+h . —h
im — (sin —sin —) = lim — cos sin
h—0 h r+h x’  h=0 h 2e(x+h)  2z(x+h)
1. 22% . —h
= cos — lim — sin

x h—0 h 2z(x + h)

1 207 singlos
= cos — lim
—2x

) (x + h) —2:1:(;?-/7,)
1

= (cos ;)(—1)(1) = —cos; )

Therefore we have

/ 1 1
f(z) = 2xsin — — cos — for x # 0.
x x

Let

(@) —622 + 62 for x <0,
€T =
42 — 3 for x > 0.

According to the definition of the derivative, to compute f’(0), we need to com-
pute the left-hand limit

lim _  whichis
h—0—

I

and the right-hand limit

lim , which is
h—0t

We conclude that f(0) is




Note: If a limit or derivative does not exist, and is not oo, enter 'DNE’ as
your answer. Enter ’inf’ for oo, -inf’ for —oo .

Solution:
. a2
lim M:lim 6h +6h+3:hm(—6h+6+§)=—oo.
h—0~ h h—0~ h h—0~ h
h) — 4h? —
i LSO A3y =0,
h—0+ h h—0+ h h—0+

Hence f is not differentiable at = = 0.

(10) Evaluate the limit.
o 2P 4br?—x+6
lim
T——00 3 — 92

Enter INF for oo, -INF for —oo, or DNE if the limit does not exist, but is
neither co nor —oc.
Limit:

Solution:
Note that the numerator has a higher degree than the denominator. For very large
negative values of z,
23+ 522 —1+6 a3 T
~ = — — 0.
3 — 222 —2x? =2

(11) Evaluate the following limits. If needed, enter 'INF’ for oo and -INF for —oo
V94 1022

im ———— =
(a) lim 2+ Oz

V9 + 1022 B

11m
z——o00 2+ 9x

NCES TRV oo LV T B TRV T)

hm _— = hm 2— = hm =
z—oo 24+ 9z Z—00 +9 t—o+ 2t+9 9
y VI + 1022 \/ 5+ 10 V22 ¥ 10 V10
m — = — _
z——oc0 24 9x w% o —=—-9 t—>0— 2t —9 9

(12) Carry out three steps of the Bisection Method for f(z) = 2% — z* as follows:
(a) Show that f(x) has a zero in [1,2].
(b) Determine which subinterval, [1,1.5] or [1.5,2], contains a zero.
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(¢) Determine which interval, [1,1.25], [1.25,1.5], [1.5,1.75], or [1.75,2], contains
a zero.
In part (b), the interval with a zero is

In part (c), the interval with a zero is

Solution:
Note that f(x) is continuous for all .
(a) f(1)=1>0, f(2) = —12 < 0. Hence f(z) = 0 for some = between 1 and 2.
(b) f(1) > 0 and f(1.5) ~ —2.234 < 0. Hence f(z) = 0 for some z between 1
and 1.5
(c) f (1 25) ~ —0.062 < 0. Hence f(x) = 0 for some z between 1 and 1.25.
(13) Find a and b so that the function

53 — 3x% +4, 1< -2,
flx) =
ax + b, x> =2

is both continuous and differentiable.

a =

b p—
Solution:

Since f (x) is both continuous and differentiable, we have

{ lm f ()= lm f(z)=f(-2)

T—>—2

fL(=2)=fi (=2)
By solving the equation,

Jim f(2) = f(-2)

lim {GE2H0-1(2) _ g5y £(E2H0-0(22)
t——0- t t—0+ t

which is

5-(=2)—3-(-2)*+4=—-2a+0b

lim [5:(=2+)3-3-(-24)*+4] - [5-(-2)*-3-(-2)*+4] _ li [E2ta+bl—(=2a+b)

t——0— t t—0+ t

ie.
48 =—2a+b
5 (=2?-2-3-(=2)'=a >’

we obtain,

a="172
b=96 -
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3
%. Evaluate each of the following:

f(2)
2. f(7)
Solution:

Then we have
4
F(2) = —273 &~ —0.39685
F(7) = =773 ~ —0.0746797

(15) Differentiate the following function:

uw= V2 —4V13
u/
Solution:
2 1 31 2 1
") = Zt73 —4.—t2 = Zt735 — Gt2
vt =3 2" 73
(16) Differentiate the following function:
1
t)=Vt-
f(@) i
f'(t)
Solution:

(17) Suppose f'(z) exists for all z in (a,b).

Mark all true items with a check. There may be more than one correct answer

e A. f(x) is continuous on (a,b).
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e B. f(z) is continuous at x = a.

e C. f(x) is defined for all = in (a,b).

e D. f/(x) is differentiable on (a, b).
Solution:

e A. Correct! Any function which is differentiable is continuous.
e B. Incorrect! Let f(z) = —.

e C. Correct! According to the definition of differentiable, it is obvious.
e D. Incorrect! Let (a,b) = (—2,1). Define

fla) = {—(21’ +1) whenz < —1

x? when z > —1
Then
—2 when z < —1
f(x) =
2x  when z > —1
which is not differentiable on z = —1.

(18) If f'(a) exists, then lim f(x)

r—a

e A. must exist, but there is not enough information to determine its value.
e B.is equal to f(a).

e C.is equal to f'(a).

e D. might not exist.

e [. does not exist.

Solution:

Since f'(a) exists, f is continuous on = a. So lim f(x) = f(a). So the answer is
T—a
B.



