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(1) In each part, find a formula for the general term of the sequence, starting with
n=1.

(a) 1,1,1,1,...
(b) 1,-1,1,—1,...
o 1371

274’8716

1 4 9

d) 0, —
( ) 7ﬁ7 \?/%7 %7
Solution:

(a) The general term of the sequence is a,, = 1.
(b) The general term of the sequence is a,, = (—1)"*.

1
(¢) The general term of the sequence is a, =1 — o
(n— 1)

d) The general term of the sequence is a,, =
(d) g q 7

(2) Determine whether the following sequences converge or diverge.
(a) {0,5,0,0,5,0,0,0,5,...}

sin bn
b) a, =
(b) a 14+ +/n
nTL
(C> ap = o
Solution:

(a) The sequence diverges because both 0 and 5 appear indefinitely in the tail of
the sequence.

(b) Note that, for all n > 1, —1 < sin5n < 1, and hence
1 sin dbn 1
— < < .
1+vn =~ 1++y/n = 1+n
. 1 . 1
Also, we have nh—golo_l—l—\/ﬁ_nh—{{olol—l—\/ﬁ_o

B th i I sin Hn
squeeze theorem, lim a, = lim

y 54 " oo n—oo | + \/ﬁ

(c) Note that, for all n > 1,

= 0. The sequence converges.

= — = >
nl 1 2 n~—
The sequence is unbounded and hence diverges.
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n? + sin(4n + 14)
n* + 14

(3) Determine whether the sequence a,, = converges or diverges. If

it converges, find the limit.
Solution: Note that, for all n > 1, —1 <sin(4n + 14) < 1, and hence
1 < sin(4n + 14) < 1 ‘
nt4+14 - nt414 T nt414
. 1 , 1
Also, we have Jin;o_n4 eyl Tim 1

in(4 14
By squeeze theorem, lim M = 0. Therefore,
n—oo n*+4 14

. , n? . sin(4n + 14) , 1/n?
AR B T T R T 0T

(4) Use algebra to simplify the expression before evaluating the limit. In particular,
factor the highest power of n from the numerator and denominator, then cancel
as many factors of n as possible.

I In
im ——
n—oo (8n7 + 5)1/7
Solution:
I In . In ’ 9 9
im ———— = lim = lim — )
n—o0 (8n7 + 5)1/7 n—o0 n(8 + 5/n7)1/7 n—o00 (8 + 5/n7)1/7 ]1/7

(5) Part 1: Evaluating a series

2
Consider the sequence {a,} = { 75 }
n n

(a) Find lim a, if it exists.
n—oo
(b) Find > a, the sum of all terms in this sequence, which is defined as the limit
n=1
of the partial sums, if it exists.

Solution: )
2 2 0
(a) lim a, = lim = lim /n = =

(b) Note that, for n > 1,

G960 (w5

3 1 1

2 N+1 N=+2




Therefore,

o) N
) . 3 1 1 3
I N N R R =
Part 2: Evaluating another series

1
Consider the sequence {b,} = {ln < nT ) }

n
(a) Find lim b, if it exists.

n—oo
(b) Find Y b, if it exists.
n=1
Solution: . .
a) lim b, = lim In n =lmnh{l+—)=In(1+0)=0.
lim b lim 1
n—o00 n—o00 n n—o00 n

(b) Note that, for n > 1,

1
b, =In (TH— )zln(n—i-l)—lnn.

n

Hence, for N > 1,

N N
D by=> (In(n+1)—1Inn)
n=1 n=1
N N
= Zln(n—i— 1) — Zlnn
n=1 n=1
N+1 N
= Z Inn — Z Inn
n=2 n=1
=In(N+1)—-Inl
=In(N +1)
Therefore,
) N
> by= lim Y by = lim In(N +1) = +oo.
p— N—oo — N—oc0

Part 3: Developing conceptual understanding
Suppose {¢,} is a sequence.

(a) If lim ¢, = 0, then the series Z Cn

n—oo
n=1
e must
e may or may not
e cannot

converge.

(b) If lim ¢, # 0, then the series Z Cn
n—oo

n=1
e must

e may or may not
e cannot
converge.



[e.e]

(c) If the series Zl ¢, converges, then nh_r}olo Cn
e must "
e may or may not
e cannot

be equal to 0.

Solution: .
(a) If lim ¢, = 0, then the series ch may or may not converge. Just look
n—oo
n=1

back at parts 1 and 2.

o

(b) If lim ¢, # 0, then the series Z ¢, cannot converge.

n—0o0
n=1
[e.e]
(c) If the series Z ¢, converges, then lim ¢, must be equal to 0.
1 n—oo

Explanation. (a) Just see Part 1 lim a, =0, ) a, converges while for Part 2,

n—o0 n=1

[e.e]

lim b, = 0 but b, diverges.

n—o0 n=1

(b) This is a result of (c) by the argument of contradiction: first claim that
statement (c¢) holds, now suppose (b) is false, i.e. the series Y > | ¢, converges,
then according to (¢) ¢, must tend to zero, which contradicts the initial setting
lim ¢, # 0.

n—o0

(c) Finally, we prove statement (c): Just set the partial sum

n

Sn = ch.

k=1

[e.e]
Then the series Z ¢, converges is equivalent to lim S, = C' < co. Note that

n—oo

n=1
lim S,_; = lim S, = C by setting Sy = 0, therefore
n—oo

n—oo
lim ¢, = lim (S, —S,_1) = lim S,, — lim S, ; =C —C =0.
0
(6) Consider the recursively defined sequence:
ap = 6
1
an+1:nt a,, formn>1
n

(a) The sequence is

e Eventually monotone increasing
e Eventually monotone decreasing

e Neither



(b) The sequence is bounded below by
(¢) The sequence is bounded above by
(d) The limit of the sequence is

Solution:
(a) The sequence is eventually monotone decreasing since a; = 12 > 6 = a; while
n+1
Apr1 = 5—an < ap for n > 2.
n

(b) Clearly a,, > 0 for all n > 1. So the sequence is bounded below by 0.

(c) From (a) we see that a, < as = 12 for n > 1. So the sequence is bounded
above by 12.

(d) By Monotone Convergence Theorem, {a,} converges to some limit ¢. Thus

1
(= lim ay4q = <1im n—l; ) (lim an>
n— o0 n—oo N n—o0o

Therefore the limit of the sequence {a,} is 0.
(7) Find the following limit.

. _Bn .
nh_}n(r)lo[e sin(bn)]

Solution: Note that, for all n > 1, —1 <sin(5n) < 1, 7" > 0, and hence
—e™ < e sin(5n) < e
Also, we have lim —e™™" = lim e " = 0.
n—oo n—oo

By squeeze theorem, lim [e=*"sin(5n)] = 0.
n—oo

(8) Consider the recursively defined sequence:
ap = \/g
pi1 =V3+a, forn>1

(a) The sequence is

e Monotone increasing
e Monotone decreasing

e Neither

(b) The sequence is bounded below by
(¢) The sequence is bounded above by
(d) The limit of the sequence is

Solution:
(a) The sequence is monotone increasing.
To see this let Q(n) be the statement “a,1 > a,”.



e Whenn=1,a,=+3+ V3 > /3 = ay. Therefore Q(1) is true.
e Suppose @(n) is true for some natural number n > 1, i.e. a1 > ap.
Then,

An2 > \/3 + ant1 > \/3 + ap = Qpyr.

Therefore, Q(n + 1) is true.
By mathematical induction, a, 1 > a, for all natural numbers n. Hence {a,}
is monotone increasing.
(b) The sequence is bounded below by 0 and bounded above by 3.
To see this, let P(n) be the statement “0 < a,, < 3"
e When n =1, 0 < a; = v/3 < 3. Therefore P(1) is true.
e Suppose P(n) is true for some natural number n > 1, i.e. 0 < a, < 3.
Then,

0< ane1 =V3+a, <V3+3<3.

Therefore, P(n + 1) is true.
By mathematical induction, 0 < a, < 3 for all natural numbers n. Hence
{a,} is bounded.

(¢) By Monotone Convergence Theorem, {a,} is convergent. Let lim a, = A.
n—oo

By (b), A should satisfy 0 < A < 3. Since a2, = 3 + a,, we have

lim a2, = lim (3+a,)
n—oo

n—oo
A =34+ A
A2 - A-3=0.
1 1 1—+/1
So A = +T\/_3 or A= T\/_3, where the latter is rejected since a, > 0.

1++v1
Therefore, lim a, = +—3

n—o00 2

(9) Consider the recursively defined sequence:
a1 = 1, a9 = 1

a +a
Upyo = %, forn >1

Find the limit of the sequence if it exists.

Solution:
From the definition of the sequence,
a9 + aq ]_ + 1
a3 = = = 17
2 2
as —f- a9 ]_ + 1 1
aqs = = =
4 9 92 9
and so on, we thus have
n n 141
an+2:a+1—|—a _ 1t =1, forn>1.

2 D)
Hence the sequence is just a constant sequence of 1’s, and clearly lim a, = 1.
n—o0



(10)

Consider the sequence
_ ncos(nm)
T o1
Write the first five terms of a,,, and find ?}Ln;o Q-

Solution: The first five terms are

] 2 3 4 5
a1 = — Ao = — Aq = —— a) = — aAr = ——.
1 , U2 37 3 57 4 7; 5 9
Note that
: . 2ncos(2nm) , 1 1
lim ag, = lim ——— = lim ——— = —,
while
2 1 2 1 1+1/2 1
lim ag,1 = lim (2n + 1) cos((2n + 1)m) = lim _+—/n = —_,

Since lim ag, # lim ag,,1, lim a, does not exist.
n—oo n—oo n—oo

The sequence {a,} is defined by a; = 2, and

1 2
an+1:§ an+a_ )

for n > 1. Assuming that {a,} converges, find its limit.

1 2
Solution: Let a = lim a,. Since a,; = = (an + —), we have
Qn

n—oo 2
a:l<a+2)
2 a
202 = a® + 2
a?=2.

So a = v/2 or a = —+/2, where the latter is rejected since a,, > 0 (rigorous proof
by mathematical induction). Therefore, lim a, = a = v/2.
n—oo

Determine whether the sequence is divergent or convergent. If it is convergent,
evaluate its limit.

lim (—1)"sin(8/n)

n—0o0

Solution: Note that, for n > 1,

—|sin(8/n)| < (—1)"sin(8/n) < |sin(8/n)].
Moreover, lim |sin(8/n)| = |sin(0)] = 0, and similarly lim —|sin(8/n)| = 0.
Therefore T}@—l)” sin(8/n) = 0. o

In fact for N = L%J + 1, the tail terms n > N satisfy

—8/n < (—1)"sin(8/n) < 8/n,
this is because when n > N, we have 0 < 8/n < 7/2 and for 0 < x < 7/2, the
inequality sin(x) < x holds. By squeeze theorem, lim (—1)"sin(8/n) = lim 8/n =
n—00 n—00
0.



m+1 ™m
™m m+1
your graph to help you answer the following questions.
Part 1: Is the sequence bounded?
(a) Is the sequence a,, bounded above by a number?
(b) Is the sequence a,, bounded below by a number?
(c) Select all that apply: The sequence a,, is
A. bounded.
B. bounded below.
C. bounded above.
D. unbounded.

(13) Consider the sequence a,, = } Graph this sequence and use

Part 2: Is the sequence monotonic?
The sequence a,, is
A. decreasing.
B. alternating
C. increasing.
D. none of the above
Part 3: Does the sequence converge?
(a) The sequence a,, is
e convergent
e divergent
(b) The limit of the sequence a,, is
Part 4: Conceptual follow up questions

10n% +1
(a) Select all that apply: The sequence {(—1)"%—+} i

is
n?+n

. monotonic

. divergent

. convergent

. not monotonic

. unbounded
. bounded

TEHOQW >

10n3 +1
(b) Select all that apply: The sequence {n—+} i

is
n?+n

. unbounded

. not monotonic

. divergent

. monotonic

. convergent

. bounded

HTEHOQW >

(c) If a sequence is bounded, it ........
e must
e may or may not
e cannot
converge.
(d) If a sequence is monotonic, it ........
e must



e may or may not
e cannot

converge.

(e) If a sequence is bounded and monotonic, it ........

e must
e may or may not
e cannot

converge.

Solution: Part 1: 5
(a) Yes, the sequence is bounded above by = Explanation:

. 4+l T (41— () (l4n+1) _ (14n + 2)
) m+1  Tn(tn+1)  (n+1)  Tn(Tn+1)
2.2

m 7

(b) Yes, the sequence is bounded below by 0. Explanation:
m+1 m - ™m m >0
ap = — — — .
" ™m m+1 "™ Tn+1
(¢) The sequence is bounded, bounded below and bounded above (i.e A, B and
C are the correct answers).

\
f

1 2 3 4 5 6 7 8 9 10 11

-0.02

Part 2:
The sequence a,, is monotonic decreasing A (or monotonically decreasing). Expla-
nation:

Compute the terms of this sequence to get
15 29 43
= —=027a=—=0.14,a3 = — = 0.09, ...
“7 56 27 910 7 62 ’
From this we can see that the sequence is monotonically decreasing.



10

For the rigorous proof, note that

(14n + 1)
y = ———
(Tn + 1)
and then compute a,,1 — a, to find that a,,1 — a, < 0.
Part 3:

(a) The sequence a,, is convergent because it’s bounded and monotonic.
(b) The limit of the sequence a, is 0. Proof

lim a, = Lm (77”1 n ):lim Al Ty,

n—00 n—00 n N 4+ 1 n—oo (N nl—{gO T+ 1 -
Part 4: ) ) )
10 1 10 1 10 1
(a) For n is even the sequence becomes ol and — il < i
n2+n n2+n n?+1
1 2
W0n7+10 4
n®+1 2 2 2
10 1 10 1 10 1
For n is odd the sequence becomes Ot and At > At
n?+n n%+n n?+1
10n? + 10 .
1 > —10. Thus the sequence is bounded above by 10 and bounded
n
below by -10.
Therefore, the sequence is bounded but not monotonic because it changes
sign.

10n +1 10+ 1/n’

= , we have
n?+n 1+1/n

For even n = 2k,

10 + 1/n? im0 10+ 1/n? B

li = 1li = =10
oo T BN T 1 /n T limpoo Lt 1/n ’
10n% 41 10 + 1/n?
while for odd n =2k — 1, — ol DOF /n , we have

n2+n  1+1/n

. _ 10 + 1/n? lim,, oo 10 + 1/n?
lim ag_1 = lim — = —— = —10,

The limits of even subsequence and odd subsequence do not match, therefore
the sequence is divergent.

So the correct answers are B, D, and F.
10n3 +1

e Then for arbitrary n, we have
n%+n

(b) We denote the sequence by a,, =

10(n+1)3+1 10n% +1
Ap+1 — Qp = -
(n+1)2+(n+1) n?+n
10(n+1)*+1  10n*+1
C (n+2)n+1) (n+1)n
[10(n 4+ 1)* 4+ 1Jn — (100 + 1)(n + 2)
(n+2)(n+1)n
_10n® 4 30n* 4+ 10n — 2

(n+2)(n+1)n
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The numerator 10n3 + 30n? + 10n — 2 > 10n —2 > 8 > 0 for n > 1, so
(py1 — an > 0 for arbitrary n > 1, n € N, hence the sequence is monotonic
increasing.

Note that the following inequality holds for n > 1:

100 +1 10n3 10n3

> =5n
n?+n n24+n — n?24+n?

so the sequence is unbounded, hence it’s divergent.

So the correct answers are A, C, D.
(c) If a sequence is bounded, it may or may not converge.

A bounded sequence may jump up and down indefinitely. Part 4 (a) is an
,10n? 41

5 } is bounded but not monotonic and
n“+n

example. The sequence {(—1)

not convergent.
(d) If a sequence is monotonic, it may or may not converge.
A sequence may monotonically tend to +00 or —oco. Part 4 (b) is an example.

10n% +1
The sequence {2—+
n‘“+n
it is not convergent.
(e) If a sequence is bounded and monotonic, it must converge. [This is the mono-

tonic convergence theorem.]

(14) Let a, = Z—ig Find the smallest number M such that:
(a) |a, — 1] <0.001 for n > M
(b) |an — 1] < 0.00001 for n > M

(c) Now use the limit definition to prove that lim a, = 1. That is, find the

n—oo

smallest value of M (in terms of ) such that |a, — 1| < ¢ for all n > M.
(Note that we are using ¢ instead of € in the definition in order to allow you
to enter your answer more easily).

} is monotonically increasing but unbounded, hence

Solutions:

(a) We have
0, — 1] = n+2 | _ n+2—(n+5| | =3 3
" n+5 B n+5 n+5] n+b

Therefore |a, — 1| < 0.001 provided ni—&-S < 0.001, that is, n > 2995. It follows
that we can take M = 2995.

(b) By part (a), |a, — 1| < 0.00001 provided ni—i-S < 0.00001, that is, n > 299995.
It follows that we can take M = 299995.

(c) Using part (a), we know that

3
n—+5

la, — 1] = <t,

provided n > %—5. Thus to complete the proof, let t > 0 and take M = %—5.
Then, for n > M, we have




12

(=1)"-6n
n+1
graph to help you answer the following questions.
Part 1: Is the sequence bounded?
(a) Is the sequence a, bounded above by a function? If it is, enter the function
of the variable n that provides the “best” and “most obvious” upper bound.
(b) What is the limit of the function from part (a) as n — oo?
(c) Is the sequence {a, } bounded below by a function? If it is, enter the function
of the variable n that provides the “best” and “most obvious” lower bound.
(d) What is the limit of the function from part (c) as n — 0o?
(e) Is the sequence {a,} bounded above by a number?
(f)
)

(15) Consider the sequence a, = { } Graph this sequence and use your

f) Is the sequence {a,} bounded below by a number?
(g) Select all that apply: The sequence {a,} is
A. bounded below.
B. bounded above.
C. bounded.
D. unbounded.
Part 2: Is the sequence monotonic?
The sequence a,, is
A. decreasing.
B. alternating
C. increasing.
D. none of the above
Part 3: Does the sequence converge?
(a) The sequence a,, is
e convergent
e divergent
(b) The limit of the sequence a,, is
Part 4: Conceptual follow up questions
(—1)" - 6n
n+1
A. converge to both —6 and 6 because the odd index terms tend to —6 as
n — 0o, while the even index terms tend to 6 as n — oo.
B. diverge because the odd index terms tend to —6 as n — oo, while the even
index terms tend to 6 as n — 00, so there is not one single value for the limit
of the sequence.
C. diverge because alternating sequences always diverge.
(=1)"-6
n+1
A. converge to 0 because —n%l < (;117;’6 < niﬂ and both n;ﬁ and niﬂ converge
to 0 as n — oo.
B. diverge because the odd index terms tend to —6 as n — oo, while the even
index terms tend to 6 as n — oo, so there is not one single value for the limit
of the sequence.
C. diverge because alternating sequences always diverge.
(c) If a sequence is alternating, it
e must
e may or may not

(a) When you first look at the sequence }, you expect it to

(b) When you first look at the sequence }, you expect it to
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e cannot
converge.
Solutions:
Part 1:
(a) Just take the absolute value of a,, and get
(=D -6n < (=)™ - 6n 6n
" on+l T nd+l | n+l
(b) Note that
6n
im =
n—oo 1, + 1
(c) Just take the minus absolute value of a,
_(=D)"-6n - (=1"-6n| _ 6n
" o4l n+1 | n+l
(d) Note that
lim — "~ g,
(e) By (a),
6n 6n + 6
an, =6
n+1 n+1
(f) By (c), ; S
Qp = n nt = —6.

J— > J—
- n+1 n+1
(g) By (e) and (f), we know that a, is bounded above by 6 and below by -6, so
A, B, and C are correct answers.

Part 2: Since (—1)" is in the numerator, the sequence is alternating B.
Part 3:
(a) By Part 1 (b), (d), and Part 2, the sequence is alternating between two
different values, so it is divergent.
(b) The limit does not exist (DNE).
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Part 4:

(a) By Part 3, the correct answer is B: it diverges because the odd index terms
tend to —6 as n — oo, while the even index terms tend to 6 as n — 00, so
there is not one single value for the limit of the sequence.

—1H"-.6 1y

(b) For {%}, it, converges to 0 because —-5 < % < -5 and both
n__+61 and HLH converge to 0 as n — co. The correct answer is A.

(c) By (a) and (b), an alternating sequence may or may not converge.

(16) Find the domain, z-intercept(s), y-intercept(s), and symmetry of the function
f(z) =4 —2°
Solutions:
(a) The domain of f is (—o0,00).
(b) We solve the equation
flx) =0

4—2*=0
x = =£2
Hence, the z-intercepts of f are (—2,0) and (2,0).
(c) Taking z = 0, we have f(x) = 4.
Hence, the y-intercept of f is (0,4).

(d) Since f(0) # 0, f is not odd.

Since f(—x) =4 — (—x)> =4 —2? = f(x), [ is even.
V4 —x?
V1—a?
Solution: The numerator is defined on [—2, 2] and the denominator is defined and
non-zero on (—1,1), which is contained in the domain of the numerator. Hence
the domain of the function is (—1,1).

(17) The domain of the function f(z) = is the interval



