THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2022-2023 Term 1
Suggested Solutions of Homework Assignment 4

1. Evaluate the following integrals:

5
2 x
(a) /.TSGC rdx (d) /mdm
1
(b) /sechlntanxdx (e) /x2 In . +Idw
-
1+sinx
() /e sin 3z dx (f) /e (—1+cosx> dx
Solution:

1
(a) /x :/:vdtanx:xtanx—/tanxdx:xtanx+ln\cosx]+C’

cos? x

(b) /sechlntanxdx:/lntanxdtanx:tanxlntanx—tanx—i-(]

(c) /e‘x sin 3xdx = — /sin 3rde™ = —e “sin3x + 3 / e " cos 3xdx
on the other hand,
/ex cos 3rdr = — /cos 3rde™ = —e ¥ cos3x — 3 / e ¥sin3zxdx

1
= /e‘r sin 3zdx = —1—O(e’”3 sin3z + 3e”“ cos 3z) + C

x5 1 LU3 3 1 1 _ 1 —1
(d) /md:v = g/—<1+x3)3daz = _B/td—(1+t)2 = —g(t(1+t)2 _

1 1 22%+1
[ @ =5

3 1 2 3
In +x__/ v dx
3/ 1—2a2
1 2 _
—l—x_%/x(m 1)+xd:1:
3 1 — 22
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2. Evaluate the following integrals:

2e”
.4 3
(a) /sm x cos® xdx (e) /e% _4dm

(b) /cos4x sin® zdx (f) /sec xdx

(0) / sec tan® 2dz () / \/%ﬂdx
(d) / sect & tand zdz (h) / L i

14+ 22

Solution:
(a)
/ sin’ (z) cos® (z)dx — / sin*(2) (1 - sin’(z)) cos(z)dz
_ / sin’ (z) cos(x)da — / sin®(z) cos(x)da
/ £ -5 (a) sin(a)dr / = Tsin® (o) sn(a)da
sin®(x)  sin’(z)

== T % + C, where C' is an arbitrary constant.




cos*(z) sin?(x)dx

sin®(z) cos?(x) - cos?(z)dx

in?(27) cos(2x) +1

2

) .. 92

sin (2x)dx—|— / sin (Zxécos(Qx)d
— 1 2 .

1 os(4x)dx+/sm (2:5)162 cos(2x)d

dx

v

Xz

sin(4x) N sin®(2z)
64 48

I
S8 — — S — —

+ C, where C'is an arbitrary constant.
()
/sec(x) tan®(z)dx = /tanQ(x) sec'(z)dx
:/(SQCQ( ) — 1) sec’(z)dx

_ sec®(x)
-3

—sec(x) + C, where C is an arbitrary constant.

sect tan x)dx
tan

sec? x) tan’(z)dx

(1 + tan*(z)) tan®(z) tan'(z)dz

[
<[
/
/ (tan®(z) + tan®(z)) tan'(z)dx

tan tan?(z
_tan’(@) | tan’ ()

7

/Qexd:(: _/ 2du
e2r —4 | u2—4
1 1 1
:/_ — du
2\u—2 wu+2

(In(ju —2]) — In(|u+2])) + C

u—+ 2
1
:—ln(
2

et —2
We have used the substitution v = e*.

+ C, where C is an arbitrary constant.

(e)

— N =

[\]

) D + C, where C'is an arbitrary constant.
ex



1 1 1 -

= d
2 <1 + sin(z) - 1- sin(x)) sin'()dz
1

2/5 T sin(r) | di(l + sin(z))dr + / EREOR %(1 — sin(z))dz

1 1
:§1n(|1 + sin(z)|) — 5 In(|]1 — sin(x)|) + C
1 1 + sin(z)
_§1n ( 1 —sin(x) +C

1 (1 + sin(z))?
=—In||l—F—+ C

2 ( —sin’(e) |) T

1 (1 + sin(z))?
:—1 _—_—

2 ( cos?( ) e
I ( 1 + sin(x e

cos(z

=In(|sec(x) + tan(x + C, where C is an arbitrary constant.

/m /\/SmT df = 0 + C = arcsin(z) + C, where C' is

an arbitrary constant.
Here we have used the substitution x = sin(f).

dz sec?(0)db '
(h) /1—|—x2 = /H—Tnz(@) :/Cw:@—i-czarctan(x)—i-C, where C' is an

arbitrary constant.

Here we have used the substitution = = tan(é).

3. Evaluate the following integrals by trigonometric substitutions:

(a) /(“”i (©) /de

1—12)2

dx 1
v @ | G

Solution:

(a) Put x = sint, we have

2d : 2t
/f—z)g:/Smgtcostdt:/tathdt:/(seCQt—l)dt
_22)s coS
( x

=tant—t+C =

— arcsinz + C.

1 — 22



t :13 = 2tant,t € (—5,%), then V4 4 22 = 2sect, dv = 2sec® tdt,

) Pu
1 1 t
/ / 2sec? tdt = /sec tdt = [ ——dt = / ﬂdt
4+ 332 2sect cost cos?t

/ t) ! / L + L dsint
sm = — sin
— sin?t 2 1 —sint 1+sint

1 |1+s1nt| 11 + sin ¢]?
_ b st oL st s t+ tant| + C
2 |1—s1nt| 2 cos? n|sect + tant| +
VA4 + x?
:ln|T+§|+C’.

(¢) Put x = 2sint, then dz = 2costdt
/\/4 — 4sin*t (2costdt) = /4cosztdt = /2(008(2t) +1)dt

=sin(2t) + 2t + C = sin <2 arcsin(%)) +2 arcs1n(2) +C

1
= §x\/4 — 22 4 2 arcsin(

8

)+ C.

ro |

d) Put z = tant, with t € (=%, Z), then dz = sec? dt
() ) PRIDYA

1 , 1 1
/msec tdt —/ 2t dt = 2 /(COS(?t) + 1)d

1 t 1 t 1
:Zsin(%)+§+0:§sint cost+§—i—0:m+§arctanx+0.

4. Prove the following reduction formulas.

)1 / z"dx I 22"/ x + a 2an I -1
a n — ; n — - n—-1, N = 1.
V7 ta on + 1 on+1 """

coon—1 o 1

(b) I, = /sin" xdx; I, = _oRrsm T, I I o, n>2.
n n

1 1
(c) In= | —————dz; I,= "t — T, 1, n>2.
z(z + 1) —n+1

(d) I, = / a"sincdr; I, =7"—n(n—1)I,_9, n > 2, then find .
0

Solution:

(a) I = [22"d(Vx +a)
=2"/rx+a— | an”_lx/x + adx
=20"r +a— [ 2= ~(z + a)da
= 22" \/x—l—a—2anln 1—]\2/7;%
Therefore, (2n + 1)I,, = 22™\/x + a — 2anl,_1, for n > 1.

(b) I, = /sin” xdr = —/sin”_1 rdcosz = —(coszsin™ t z—(n—1) /cos2xsin"_2 dx) =
oan—1
-1
—coswsin" x4+ (n—1)I, o~ (n—11, =1, = _Losrem r . m Y-
n n




1 1+ x
(c) Forn 22, / x(x + 1) v / (x”(az +1)  an(x+ 1)) v
1 1 1

— _d _ —d e ——— —n+l —In_ .
o /x"—l(:v—I—l) R !

(d) I, = —/ z"d(cosx) = —x" cos:):|g+/ cosx d(x") :ﬂ”+/ cosxn " tdr
0 0 0

=7"+ n/ 2" td(sinz) = 7" +n {Sinﬂcx"_lﬂ)T - / sinz (n — 1)2" 2 dx}
0 0
=7a"—n(n—1)1,_9 = I, = 7" —n(n—1)1,_5, and I = 7°—307*+36072—1440.
5. Find F'(x) for the following functions:

@ Foy = [ =Lay <®F@=/ﬁww@

(b) F(z) :/Om e du (e) Fla) :/j i
2z Vine gn

(¢) F(z) = / (Int)2dt () Flz) = /_ FTtdt

Solution:

(a> F/<I‘) _ COST

(b) F'(z) = 322%™
(¢) F(z) = /1 (Int)*dt +/ (Int)*dt = F'(x) = 2(In(27))* — (Inx)?

2

(d) F/( )_SxZecosm . cosm
2

/ dt+/ —dtéF’ =e(lnx + —)

T

(f) F(:z;)—/ Sl_ntd /ﬂlﬁydt sin vVIn z 1 _Sin(—\/lnx) 1
0 0 t vinz 2zvInz vVinz 2zvVInz

sinvinz

zlnz

6. Evaluate the following integrals of rational functions:

x? 2241
d d d
W [t @ [ Grire o
dr +1 202 — 2
b) [ ——— 4 _ s
<)/x2—6x+13 v (c) /2x2—5x+2dx
203 — a2+ 3 —xr+1
(C)/x2—2x—3d$ (®) /2x2+4x—|—5dx

Solution:



(a) /fid;:/(—lﬂ_lxz):_“%/(1ix+1ix>

—In|l—z|+In|l+z
NELS LTRSS

4 1 4o — 124+ 13 2r — 6 1
(b) /de:/udx:2/x—dx+l3/—dx
2 — 6z +13 2 — 6z + 13 2 — 6z + 13 2 — 6z + 13

d(z? — 6z + 13) |
_9 dv+13 [ ———d
/ 2 6113 07 /(93—3)2+4x

2 1 r—3
= 21In(2? — 1 13- = d
n(z? — 6z 4+ 13) + 13 4/(952;3)2+1( 5 )

13 -3
= 2In(2?® — 62 + 13) + > arctan(aj

)+ C

203 — 12+ 3 r+1
= = —dr= [ (2x+3+12 dr = r%4+3x+12
<C>/x2—2x—3 x /( T+3+ (m—3)(a:—|—1))x T +3x+ /

=22 +3r+ 12In|r - 3|+ C

R e e A E e R e e A

(

1 1 1

—1 1 —1 —1 —+C
2n|x+|+2n|x |+m+1+

222 — 2 202 —5x +2+b5x —4 S5x — 4
(e)/2$2—5x+2dx:/ @ —2)2r—1) dx:/(1+(x—2)(2x—1))dm:

22z — 1)+ 2 —2 B 2 1
/(1+ (z—2)(2z — 1) )dx_/<1+a;—2+2x—1)dx

1
:x+21n\x—2\+§1n]2x—1|+0

—r+1 —(x+1)+2
f ——do = | ————d
() /2x2+4x+5 . /2x2+4x+5 .

1
:—Zln\2x2+4x+5]+0+/

1
3dx

T —

EE———

222 44z + 50
1

= ——In[22° 4+ 4 5| +C+2 | —————d
4n\x+x+!+ + /2<x+1)2+3$
1

1 2
= —Z1nl2224+4 — —_—d
4n|x+x+5|+0+3/(ﬂ(1+x))2+1x

7
1 2 5 2
1|22 44 = R S N TN
4n|93+ 1’+5|~|—C+3/(\/§(1+x))2+1d( 3($~|— )

7

1 2 2
= —Zln |22 + 4z + 5|+ C + \/;arctan(\/;(x +1))

7. Evaluate the following definite integrals:

1 ™
(a) / 23V1 + 322 dx (b) / x sin 2x dx
0 0



(c) /0 1 ¢4xj7d” (f) /0 %tan‘l(x)dx

5 1
d 24 d o
(@ [l o +3]ds ® [ wrpst
4 5 T
() / In(2? + 4)dz (h) / dz
0 0 99—z
Solution:

1 1 1 1
23V1 + 322 dr = —x2v1—|—3x2d:v2:§/ t\/1+3tdt:§/ td(g(l—l—?ﬂf)g)
0

0

§[ (1+3¢) 3” ——/ (1+3t)% dt
8 1[2 110 58
—C o Za+sni]| ==
9 9{15( * )2}0 135

(b) / xsin 2z dx = / ——zdcos2z = —= ( [z cos 2z] —/ cos 2w dr | = —~
; . 2 2 o Jy 2

(c) /01\/iiﬂdm:—/olxdmZ—(xM‘;—/OIde)

=—V3+

1 4 1 x2
/—dm—/ e,
0 \/4—5(}2 0 \/4—1}2

so we have

/01\/%0633— <f+4/m /2)
N

3
= % +2aresin()| = =5+ 5

5 5
/ |x2—4x+3|dx:/ |(z — 1)(z — 3)|dx
0 0

1 3 5
:/ (:1:'2—4:1:+3)da:—/ (x2—4a:+3)da:+/ (1‘2—4x+3)d1‘
3

0 1
1 1. 1
:(5—2+3) ><2—(§-35—2-32+3-3) x2+(§-53—2-52+3-5)
28

3



(e) /()4ln(.r2+4)d:v:/04ln(:v2+4)~1da:

() /O : tan*(z)dx

=zln (x2+4)
=zxln (:L'2—|—4)
=zxln (:L'2—|—4)

=zxln (a:2+4)

4 4 2 2
—/ 2$ dx
0 0 r2+14
4 4 8
— 2 — d

/ ( x2—|—4) v

2d
/ :H/ 1+ x/z

— 2;5‘ + 4 arctan ( )
0 2

0

=41n(20) — 8 4+ 4 arctan(2)

/0  tan(z) (sec?(@) — 1) da
/ (tan*(z) sec®(z) — tan®(z)) dz
/0 (tan*(x) sec*(z) — sec®(z) + 1) dz

(5

_ W3

! T
Y dr=
(&) /0 Azt 5

us
3

)+x)

0

Loz +2) ! 2
S U7 P I SR
/0 wt+22+1 " /0 wt+22 1"

1 1

— <2 arctan(x + 2)> ‘0

8. Evaluate the following indefinite integrals by using the t-substitution:

dx

1
(a) .
3+ 2sinx + cosx
1
b -
<)/2+Cosx

Solution: We use the substitution ¢ = tan (%) below. Then sin(z) =

2t

14+¢2 7



1— ¢ 2
e and dxr = e dt, and so we have the following results.

cos(x) =

(a)
dx

3 + 2sin(z) 4 cos(x)

P
/3+2~ PRl

1+t2 1412

1
dt = | ————dt
212 +4t+4 /t2+2t+2

/1+t+

arctan(t + ) +C
= arctan (tan (g) + 1) + C, where C' is an arbitrary constant.

1
/—dm
2+ cos(z)

/ 1t2'1+t2dt

1+t2

[ V3
3! \/' 1+ (t/v/3)?

:% arctan <\/§) +C
2 (1202/2)

=——arctan <

V3 V3

9. Suppose that f:[—1,1] — (0,00) is an even, continuous function such that

/ fa

) is strictly increasing over [—1,0].

) + C, where C' is an arbitrary constant.

(a) Show that f(x) attains its global maximum at 0.
(b) Let

G = [ fyr

Use first principles to show that G(r) is differentiable over [—1,1] and find its
derivative.

Solution:

(a) Since f(x) is an even function on [—1,1], and it is strictly increasing over
[—1,0], we know that f(z) is strictly decreasing over [0, 1]. Hence, f(z) attains
its global maximum at = = 0.



(b) Since f(x) is even on [—1,1],
f(—z) = f(x), for all z € [—1,1].

We can get the result that, for all r € [—1, 1],

/_O f(z)de = /01“ f(z)dz. (Substitute — z for x).

:/_:f(q:)dx:2/0Tf($)dx

So we have

Hence, by the Fundamental Theorem of the Calculus, we know that G(r) is

differentiable on [—1, 1], since f(z) is continuous on [—1, 1]. And

!

G (r)=2f(r), for all r € [-1,1].

10. By considering a suitable integral, evaluate the following limits:
— N
. n "
@ Jim o (")

noo2 12
(b) hmzﬂ

n—oo . n3 + k3

Solution:

n—1 1 n—1
. n+k\n . 1 k
(2) J;rﬁzo;ln< =) :JE&;#“(”E)

= [zIn(1 + a:)]

[
:[xln(1+$)] /( 1+x)

— (1 +2)| 0 (x—ln]l—i—x])‘

=In2—-(1-1n2)
=2n2-1

dx (Integration by part)




n? + k?
(b) nh—g)loz nd + k3
2
1—1— 1
ﬁﬂij 3;
1
:/ —i—xdx
0 1+CC3
= dx
0 (z+1)(x2—z+1)

/1 2 1 +1 x+1 4
f— — . _— . —_— x
o \3 z+1 3 22—2+1

2/1 1 g +1/1 z+1 g
=c T+ ————ax
3Jo v+1 3 )y 22—x+1
2 1 1 [t 2r—1
3Jo v+1 6J, x2—x+1
2 1 1 [ 22—1 1 [t 1
0 3 0 3 o=+ (%)
2 11 1 1/ 2 20 — 1\ |
:§(1n|x+1|)‘0+6(ln|x2_x+1|))0+§(%arctan x\/g ) )
2 s
=—-In2+4+ —
3 3v3

11. Let fy be a continuous function on R. For each positive integer n, define the function

fnon R by f.(z /fnl )dt for any = € R.

(a) Show that whenever m, n are positive integers,

[ @=om i = o [ om g

= [ e ey

for any = € R.

(b) Show that whenever n is a positive integer, f,(x) =

for any x € R.
Solution:

(a) Note that, for any positive integer n, f,,(0) =0 and

folz) = % /; foo1()dt = fo_1(x) for all z € R,

by the Fundamental Theorem of Calculus.



Hence, for any x € R, integration by parts yields
/ (2 — £y fo(0)dt
0
= | e hog a0 a

m m

[1<w—x> il >} a0 0] = [0 ) i

/ x_tmfnl
m

(b) Let n be a positive integer and let x € R. By (a), we have

- /0 bt

— [t hsteya

0

—1 | @ tr e

:—/ (z — )% fus(t)

. [—i@—t)m-fn(t)K—/j—i(x—t)m-f;(t)dt

"~ (n —1 1)! /Ox(f’” — )" fo(t)dt.



