THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH2050A Mathematical Analysis I (Fall 2021)
Suggested Solution of Homework 3

If you find any errors or typos, please email me at
yzwang@math.cuhk.edu.hk



2

1. (2 points) If z; = 1, 22 = 2 and @y4a = $2p41 + 32y, show that {2,}72, is convergent
and find its limit.

Solution: Note that |z,12 — Tpi1| = |[Tps1 + 22, — T,y | = 2 |21 — 3,|. Since

|z — 21| = 1, we have that |z,41 — x,| = (%)”_1. Hence for m,n € N and m > n

m—1 m—1 m—n
2
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For € > 0, we choose N € N such that 3. ($)¥! < e. Then for m > n > N,
|z — x,| < €. Therefore {x,}5°, is Cauchy, thus convergent.

1

Suppose lim,, ,, x, = L. From the identity x, o = 3

Tpa1 + %xn, we have that for

keN,
k+2 k+2 1 k+2 9
Z Tpy2 = Z §$n+1 + Z gxn
n=1 n=1 n=1
k 1 k 9 k
Lh44 + Tk+3 + Z L+ = §($k+3 + Z ) + 1‘2) + g(z Tn+2 + T + Ig)
n=1 n=1 n=1
1 2
Thya T Tpyz = g(xms + x2) + 5(371 + )

By letting k — oo, we have that 2L = 3(L + 2) 4+ 2(1 + 2). Therefore L = &.
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2. (2 points) Prove or disprove the following: Suppose > x, is a convergent series with
z, > 0 for all n.

(a) > a2 is convergent.

(b) > \/x, is convergent.

Solution:

(a) Since )z, is a convergent series, there exists N € N such that |>7" \z,| <1
for all m > N. Since x,, > 0 for all n € N, we have that x,, < 1 forn > N. It
follows that for n > N, 0 < 22 < x,,. By the comparison test, Y x2 converges.

(b) Let ¢, =n~2 Then Y x, converges but > \/z, = Y + is not convergent.
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3. (3 points) If f: R — R is a function given by f(z) = z for x € Q and f(x) = 0 for
x ¢ Q, then f is continuous at x = 0.

Solution: Since 0 € Q, we have that f(0) = 0. To show f is continuous at 0, it
suffices to show that lim, .o f(x) = 0. Note that f satisfies that |f(x)| < |z| for any
x € R. Let € > 0. We choose § = €. Then for |z — 0] < J, we have that

|f(z) =0 = [f(2)] < |z| <e

Therefore, lim,_,o f(z) = 0.
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4. (3 points) (a) Show that lim, ,3 175

(b) Determine if lim, o+ sin(z ') exists.

(c) Determine if lim, oz sin(z~2) exists.

Solution:

(a) Let f(z) = 223, For any € > 0, we choose § = min {
we have that

%,%}. Then for |z — 0| < 4,
10z — 30

_3 = |
)31 = |y

Therefore, lim, .o f(z) = 3.

'§10|x—3|<6.

(b) Let f(z) =sin(z™'), a, = 50— and b, = m . Note that for all n € N,

f(a,) =sin(2nm) =0
and

f(bn) = sin(2nw + g) =1.

Then lim,,_, f(a,) =0 # 1 = lim,,_, f(b,). Since both a, and b, converge to
0 from the right hand side, we have that lim,_,o+ sin(z~!) does not exist.

(c) Let f(z) = zsin(x™?%). For any € > 0, we choose § = €. Then for |z — 0| < 4, we
have that
|f(z) = 0] = |zsin(z~?)| = || ‘sin(x_2)| < |z| <e.

Therefore, lim, o f(z) = 0.




