§10.4.2

§10.4.3

Plane waves and formation of shock waves

Given any direction w € R™, |w| = 1, look for special

E=x-w, u(z,t) = U(E, 1)
Oru+3 Aj0p;u=0
=
U + A(u, w) 0:U =0
where
Alu,w) =Y Aj(u)w;
j=1

u(z,t =0) = uo(§)
P. Lax, F. John, L. Hérmander.

{ hu+ A(u,w) deu =0, t>0, R

Shock wave formation in plane wave solution

Opu+ Y Oy, Fi(u) =0

= (10.38)
u(z,t =0) = ug(x)
u(z,t) = Uz - w,t) for a given direction w € R™, |w| =1, A;(u) = %P;"’ = Nou.
Set & =z - w,
O+ A(u,w) Jeuw =0
10.39
{ u(§,t=0) = ug(§) = uo(z - w) (1039)
where A(u,w) = Z wiA;(u),
i=1
A(u,w) < Ao(u,w) < < An(u,w)
Tl(U,’U}), rg(u,w), rn(u,w)
I (u,w), lo(u, w), I (u, w)

LR =1.

Blow-up of simple waves

Let k be fixed, 1 < k < n. Assume that a9 € D C R™. Regard ri(u) as a vector field on D. As we
can look the integral curve of ri(u) through o, i.e.

dUy (o
{ % = 1(Uk(0)) (10.40)
Uk(o =0) =1

Joy, 0_ <o < oy such that (10.40) has a smooth solution Uy (o), o € (0—,04).
Ui (o) is called a k-th wave curve through .
Next, solve the following initial value problem

{ oo + )\k(Uk(U))agff =0 f S RI, t>0

ot =0)=00(¢) o_ <oo(f) <oy, VEER! (10.41)
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o(&,t) exist locally on [0,T], T is maximal time.
Set

U(f,t) = Uk(a(&t)) (10.42)

Claim: U(¢,t) defined by (10.42), is a solution to the equation in (10.39).

ou = D’U;C Oro = 11 (ug)Oro
Oeu = Ocori(uk)
Ou+ A(w)ogu = 040 - ri(uk) + A(uk) i (ug)Oeo

= (0t0 + Ax(ur)O¢o)ri(ur) = 0

Definition 10.7 The ug(o(&,t)) defined by (10.42) is called a simple wave. Recall the previous
result on the formation of shocks that (10.41) has a global smooth solution iff

%Akm(ao(&))) >0

In other words, if 3¢, € R, such that

d%Muk(ao(s)))\g:go <0 (10.43)

shock must form in finite time

di‘lgmk(oo(s))) — vy, D doo

I
—~
<
>
o
~<
o
~

Definition 10.8 (P. D. Lax) The k-th characteristic field is said to be genuinely nonlinear at
ug € D in the direction w, if

(VA 1) (up) #0 (10.44)
And the k-th field is said to be linearly degenerate if

(VA1) (u) =0 Yu € Bs(ug)

Proposition 10.6 Assuming that the system in (10.38) is not linearly degenerate in the direction
w. Then 3 a k-simple wave which blow-up in finite time, which is determined by

o0(8)
L+ (O Ak (uk(00(§))))t

Nezxt, blow-up results due to F. John.

{ Ou+ A(u) Oeu =0
u(§,t =0) =uo()

ug has compact support.

Theorem 10.9 (F. John) Assume that

(i) The system in (10.39) is genuinely nonlinear on Bs(ig).
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(ii) up € HE(RY), s > 3. ug has compact support in the sense that
ug — g € C2(RY)  supp (up — o) C [a,b]
Then there exists a 0y = 09(5, A) > 0 such that if
0<8=(b—a)|ug|~ < b
Then the solution to (10.39) must form shocks in finite time.

Key ideas of the proof:

e Huygen’s principle

If A(u) = Ag, constant matrix
ALy oy A constant

m
u(x,t) = Z ;i Ty,
i=1

e characteristic decomposition of spatial derivatives

e reduced to a Ricatti equation

Step 1: Canonical representation

Let u(&,t) be a C?-smooth solution. Consider the j-th characteristic £ = &;(t), i.e.

d¢;
S (6 (0),0)
We denote the differentiation along the j-th characteristic as TR ie.
J
d
— =0:+ A\, 0
a, T
Then the system (10.39) can be written as
d
t _ s
lj(u)deU—O ji=1--n

(10.45) is called a canonical representation of (10.39).

Step 2: Characteristic decomposition dzu
n
Osu = Z w; 7 (w)
i=1

where w; = l}(u) O¢u.

John’s formula

D -
w; = ikl WE W
Dt, ! >
k=1
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~iki(u) are called interaction coefficients given by
1
ikt = =5 Ao = ) lilre, 7o) = (VA7) (10.48)

[Tk,m] = V’I‘k -ry— V’I“l Tk

Properties of ~;;

(1) viii = —VX-r;=-1 (by normalization)
{ (2) ik = 0 ifi #k (10.49)
Key idea:
(1) “major” term in (10.47) is ;s w? = —w?.

(2) (10.49) implies that no other self-interactions in (10.46), i.e. all the other terms in (10.46)
involves wj wy, j # k which are the products of waves from different family.

(3) For the initial data with compact support, the approximate Huygen’s principle applies, so
waves with different speeds eventually separate, thus wy w; must become smaller for large
time, so

d
ar, = i w? +0(1)

Thus, one can obtain a Ricatti type differential inequality, Do blow-up in finite time for w;.

In order to ensure the u still remains B;s(0), then one has to show ||0¢u||L: is bounded.

Remark 10.19 In Theorem 10.9, we require that every characteristic family is genuinely nonlin-
ear, which does not apply to 3 X 3 gas dynamics equation since for which the entropy wave family
1s always linearly degenerate.

Theorem 10.10 (JDE, 1979, T. P. Liu) Assume that

(i) The system in (10.39) is strictly hyperbolic.

(#i) Fach characteristic field is either genuinely nonlinear or linearly degenerate, IN C {1,2,---,n},
such that \; is genuinely nonlinear if i € N, \; is linearly degenerate if j € N°={1,2,---,n}\
N.

(#ii) Linear waves never generate nonlinear waves, i.e.
~Yikt = 0 if i€ N and k,l e N¢ (10.50)
(iv) ug € HE;(RY), s >3, u—tip € CY(RY), supp (u — @) C [a,b].
Then there exists 6y = 00(0, A) > 0, such that if
0= (b—a)|uglr= <0
0 <& =max|wi(§)r=,  wi(§) = li(uo(€)) e uo(€) (10.51)

Then any C!-solution to problem (10.39) forms shocks in finite time. Furthermore, if 0 < 6q,
e = 0, then smooth solution exists globally.
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Remark 10.20 If N¢ contains only one element, then (10.50) is satisfied automatically. However,
for one-dimensional gas dynamics, only one family (entropy wave family) is linearly degenerate.
So Theorem 10.10 indeed applies to 3 x 3 gas dynamics system.

Remark 10.21 In (10.51), € measure the strength of the initial nonlinear waves, Theorem 10.10
implies if no nonlinear waves initially, the global smooth solution exists. In particular, if the system
is totally linearly degenerate, i.e. N = ¢. Then (10.50) is satisfied automatically also. Theorem
10.10 implies global existence of smooth solutions. How about the multi-d case?

Remark 10.22 All the results of F. John has been generalized to the case, the characteristic fields
may have inflection points, by Hirmander, Da-Tsien Li, etc.

Shock formation for system endowed with a coordinates of Riemann invariants

Definition 10.9 A c(u) is said to be an i-Riemann invariant if

Ve(u) -ri(u) =0 Yu e D (10.52)
Look at (10.52), which is a 1-st order PDE. By the characteristic method, one can find (n—1) i-th
Riemann invariants c;(u), j =1,---,n, j # i, such that
VCj Ty = 0

and Vcj, j # i, span the orthogonal complement of r;.

Definition 10.10 The system

Ou—+ A(u) Oeu =0 (10.53)
is said to be endowed with a coordinate system of Riemann invariants, if An scalar valued function
c1(u), -+, cn(u) such that c;(u) is an i-th Riemann invariants for (10.53) for all j # i, i,j =

1,---,n, and Ve (u), i = 1,- -+, n are linearly independent.

Proposition 10.7 The functions (c1(u), -, c,(u)) form a coordinate system of Riemann invari-
ants of (10.53) iff

Vea(u) - ry(u) = { #00 ! i? (10.54)
Since (10.54) = c;i(u)//l;(u), therefore
(Ver(u), -+, Vep(u)' = L(uw)

Remark 10.23 Vc¢;(u) must be a left eigenvector of A(u) associated with X;.
Recall the canonical form of (10.53)

Li(w) (O + A; Ogu) =0, i=1,---,n (10.55)
Now assume that (10.53) is endowed with a coordinate system of Riemann invariants

c(u) = (cr(u), -+, cn(u))
Then
l;(u) = Ve;(u)
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Then go back to (10.55)
0 = Li(w)(Ou~+ \i(u) Ozu) = Vei(u)(Opu + Xi(u) Ogu)
= Oci(u) + Ai(u) O¢ ¢i(w)

Orci +Ai(c)Oec; =0 i=1,2---,n (10.56)

Remark 10.24 In the case n = 2, this can be done always. However, in general, for n > 3, the
system to determine the invariants is over-determined, thus has no solution.

Proposition 10.8 Assume that (10.53) is endowed with a coordinate of Riemann invariants c(u) =
(c1(u), -+, cn(u)). Then

(1) Its canonical form is given by (10.56), which is diagonal system.

or any i, i = 1,---,n, ¢;(u) is constant along an i-th characteristic associated with any
2) F L, 1 1 ) tant al i-th ch terists jated with
smooth solution.

In particular, for any smooth solution u(x,t)

lle(u(- D)z = [le(uo)l| = (10.57)
In the rest of this section, we always assume that (10.53) is endowed with a coordinate of Riemann
invariants c(u) = (¢1(u), - - -, cn(u)), which can be normalized so that

Proposition 10.9 Assume that (10.53) is endowed with a coordinate system of Riemann invari-
ants such that (10.58) hold. Then

(4) [rj,re] =Vrj -1y —Vrg-r; =0 Vi k (10.59)
(44) riVery ==V - Vrjry=0 it jEk#i (10.60)
99;k dg;i . . .
— 10.61
(i12) Do~ e iFJFRF (10.61)
1 O\

i = — 10.62
gkﬂ Ak—>\j acj (06)

Proof of Proposition 10.9: Recall that u — ¢(u) is differomorphism, and

DuDe _,  DeDu_,
Dc Du Du Dc
Then it follows from (10.58),
D= R) = (), ralw), o= D)
ie.
L =), ) = i)



Thus for any smooth function ¢,

gf = Vo 15(u) = Vs - 7i(u) (10.63)
Step 1:
0=V(Vei(u)-rj(u)ry = rj» V2e e+ Ve - Vrjry
SO

Ve, Vrjr, = —’I“;» VZeiry Vi,jk=1,---,n (10.64)

VCiVT‘ij:—Tzv2Ci7’j Vi,j,k:17"‘,n
Velrjm] =0 & frym] =0

since it is true for all i, =

By (10.63), this is equivalently

Ory _ Ok
8Ck o aCj
Step 2:
A?“j = )\j 7"j
V(Arj)ry = V(Arj)rg = VAjrer; + A Vryry
Ark = )\k Ti
V(A’I”k)’l“j = V()\k rk)rj
7'5» VAry+AVrjry = VAjrer; + A Vrjry
7“,tC VAr; + AVryr; = VAgrijre+ A\ Vrgr;

Since A = VF, so VA is symmetric. Taking the difference, we have

Alrj,ri] = (VAjr)ry — (VAerj)re + A Vrjrg — A\ Vg rj

(VAjre)r; — (VAgrj)re = Mg Vrprj — A Vrjrg (10.65)
= ()\k —)\j)Vrj Tk ’
This implies that Vr; 7 is a linear combination of r; and ry. Now for i # j, i £ k, j #k
VA Tk V)\k T
Ve; Vr; = I 2 Veirj — ! Ve;
VT T OAk VA AN Vi VS (10.66)
Then (10.60) follows from (10.64) and (10.66).
Step 3: By (10.65),
2y oV
% — ack r.— 30_7‘ r
D VSD VL S VD P
i.e.
87’j . .
787%:gjk’rj+gkjrk7 ]7k:17"'7na ]#k (1067)
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Differentiate the equality with respect to ¢;,

0? Tj 09,k or; ory . Ogk;j
_3ck d¢;  Oe " +gjk67q + Gkj dc; + Oc;

Tk

Substitute (10.67) into this formula,

8 r; 691”6 =+ 7 -
J J ,rj — gjk(g‘” I'j g” z) gk] (gkz Tk Gik fri) acj k
_ )

e, Oc; ey

By the symmetry of ¢ and k,

0?r; 0g;i dgi;
_Taik = Bc; 75— 95i(9jk 15 + i k) — 9ij (Gik i + Gri k) + 8ckj T
This implies
dgir  0gii
(efg%_aﬁ)rﬁm( ) +7i( )=0

SO
9k _ 095
Oc; ocy.

Theorem 10.11 Assume that

(i) (10.53) is endowed with a coordinate system of Riemann invariants c(u) = (c1(u), -

(i) (10.53) is strictly hyperbolic.
(isi) i€ {1,---,n} such that the i-th family is genuinely nonlinear

Ai
VAir; #0 <0 #0)
601‘
) ug € H(RY), s >3 and 3¢, € R such that
ul

df 8Ci < 07 C;

Then smooth solution forms a shock in finite time.

Proof of Theorem 10.11:

s n(w)-

(10.68)

Step 1: By (10.57) in Proposition 10.8, [|c(u(-,t))||r~ = ||c(uo)||Le, so there are no shell singular-

ities.
Step 2: To estimate Ocu. Set
n
Ocu = Zwi T4, w; = l; - Ogu = Ve (u) Ocu
i=1

SO

w; = 85 C;

d

Vi = Opw; + X O wi = Y Yijk wi w;
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and

Step 3: Find an integration factor for (10.72)

Therefore,

d
%‘I)(U)

& (u) 2

d
<I>’(u) ((2’1; + )\z 8§u>

Ou = —Alcu = —Aijrj = —ij AjT;
j J

J

(In fact, ®'(u) = VO(u))

(u) = @'(u) (—ZAa‘wﬂﬂr}\iZwﬂj)

= (W)Y (N = Awj

J#i

Thus for any smooth function ®(u),

d d d
pn (eq’(“)wi) = ﬁeé(“)wi + eq’(“)%wi

RO

R0

6<I>(u)

R0

d u
ﬁwi + e(I)( )(I)/(’LL) Z()\Z — )\j)wj T W;

J#i
— Z %U}Z wy + VCI)(’LL) Z()\Z — )\J)wl w; T
de; i
oA 4 o\
— Bci w; — 2#: <80j — V‘I)(U)’I“j()\i — )\J)) w; w]}
YE)

i o N, 09
e e Z <8Cj a 370]4()” - )‘J)) w%“’]}
J#i
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§10.4.4

Claim: One can choose an integral factor ®(u) such that

oY}
8@ o aCj

Bc;  Ai— A

j#£i (10.73)

Assume that the claim (10.73) holds

Claim is followed from (10.61) and (10.62).

Formation of Singularities for the Compressible Euler System

Consider

Op + div (pu) =0
O(pu) +div(pu @ u) + Vp =10 (10.74)
A(pS) + div (pSu) =0

We only treat the polytropic gas,
p=Ap’ e’ A >0 constants, v >1
p: density, u € R3: velocity, p: pressure, S: entropy, € R3, with initial data:
(P u, 5)(@,t = 0) = (po, uo, So)(x) (10.75)

with -
(PO7U0750)(x) = (ﬁ?ovs)v x 2 R

p >0, S are constants, po(z) >0,V z € R3.
Recall that for any w € S2, the characteristic speeds for (10.74) are given by u - w, u - w + ¢,

A =p,= @
14 ap
Define 5
2 P _ -1_8
— P03 5 = AvpY
ap( p)=Ayp" e
Define
D(t) ={z € R*| |z| >R +ct}
Then

Proposition 10.10 Let (p,u, S) be the Cl-solution to the Cauchy problem (10.74) and (10.75).
Then -
(p,u,S)(x,t) = (p,0,5) in D(t)

Proof of Proposition 10.10: Since the maximal speed of nonconstant state is ¢, therefore, the con-
clusion follows by local energy principle.

First result concerns the “blow-up” of solution, whose initial radial momentum is “large” enough.
Define

m(t) = [ (o) = pyto

184



it is called excessive mass.

w0 = [ (ow0e - pel) ds
[;3 (x-u)p(x,t)dz

Theorem 10.12 Assume that (p,u,S) be a C*-smooth solutions to the Cauchy problem (10.74)
and (10.75) on R3 x [0,T], T > 0. Furthermore,

m(0) =0, n(0) =0,
{ Fo-

!
—
~
&
Il

19 e maxpo(z) (10.76)

Then the life span of the solution is finite.

Proof of Theorem 10.12:
Step 1: m(t) = m(0), n(¢) = n(0).
d

Zm(t) = [ (et —p)de = — [ div(puwds

Since u|pp(tye = 0.

d 0 0 1
—n(t = — s/y d = Z oesl — S/'Yd
a"® /Rs ot (pe ) v /Rg giPe TS ey

= f/ div (pu)e®/7 + Pu-vS e dy
s v

= —/R div (pu - €¥/7)dx
— O RS

Step 2:

dx

/ 9 (@
ot
? x-(pu)de = — /}R3 z(div (pu ® u) + Vp)dx
— | z-div(pu ® u)dx
R3
3 3
_Z/s z; <Z 0z, (pu; ul)) dx

,Z/ 23 O, (puj wi)dr = Z/ pulu]dz

7,7=1 7,7=1

= /p|u\ dx,
R3

—/ z-Vpdr = —/ x-V(p—p)dz
R3 R3

= Aa(divx)(p—ﬁ)d:c = 3/ﬂ@3(19*@¢”ﬂ
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%F() /3p|u|2dm+3/R3(p—ﬁ)d:c (10.77)

Step 3: Set B(t) = D°(t).

ol
/ p(l’, t)d.%' = A07 eSd:v = A (pes/’)’) dt
B(t) B(t) B(t)

1=y v
A / 1ldx / peS! dx
B(t) B(t)

,
= A(vol (B(t)))'™" (/ pe! — peSIV dx +/ peS/”dx>
B(t) B(t)

v

= A(vol(B(t)))*™ (n(t)—i— /B . peg/vdx>
1))’

Y

1—v

A(vol(B(1)) 1(0) + pe>/Tvol(B
A(vol(B(t)) pe!7 vol(B(t )))

ApT S vol(B(t)) = pvol(B(t)) = /B “ pdx

1—v

)
)

IV
T~

SO

/ (p—p)dz >0
B(#)

/}R3 (p—p)dz >0 (10.78)

Combining (10.77) and (10.78), which yields

d

th( ) > /R plul®dx (10.79)

Step 4:

2
(/ plx,t) d;v)
2
= / dx)
/ plz>dx / plul>dx
B(#) B(#)
[ stapac) ([ plutas)
B(t) RS
This, together with (10.79), implies,

d 0\ e
SF() > (/B(t) ola] dx) F2(1) (10.80)
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IN

/ plz|? dx
B(t)

(R+et)? / pdx
B(t)

= (R+et)? (/B(t) (p— p)dx + pvol (B(t)))

)
(R + &t)%(m(0) + pvol (B(t))
)
)

(R+ct

(R + et)? max pg vol (B(t))
4
§H(R + &t)® max po

IA A

ie.

’ ( | miaas— [ pdw+pvol<B<t>>>
B(t) B(t)

4 -1
/ plz>dx > (H(R + ¢t)® max po)
B(1) 3

(10.80) and (10.81) will yield,

dt 3

SO

-1
d F(t) > (4H(R+ ct)5 max p0> F2(t)

T F’ 4 -1 T
®) dt > (H max po) / (R+ct)~"dt
0

o F2(t) 3

and
16¢

-1
F7H0) > F710) - F7'(t) > (H max ,00> (R = (R+cT)™)

= 3
R*—(R+el)™ <

16¢
=1l max po

0<R4-
= F(0)

%H max po
£(0)

<(R+4cT)™*

(10.81)

The second result concerns the singularity formation without the “Largeness” requirement.

Go(v) = /| el = (o) —

G (v) = /| R ) o)

Theorem 10.13 Suppose that 3 Ry, and R such that

() q(v) >0, q(v) >0,

(i) So(x)

Then life span of any C'-smooth solution must be finite.
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Remark 10.25 The argument to prove Theorem 10.13 depends crucially on the Riemann function
of O operators.

We need an elementary lemma.

Lemma 10.4 Assume that there exist a positive constants C, A, k and k(0 < k1 < %), let F(t)

be any C?-smooth function with
F(0)=F'(0)=0

such that
1 3 t+k -1 9
F (t)>C|(t+ k) log — F(t), t>k (10.86)
F'(t)y>0 Vt>0 (10.87)
F(t) > %a log <Hkk) . >0 (10.88)
t+k
F(t) 2z ca(t +k)log | —— |, t2hk (10.89)
Then the life span of F(t) is finite.
Proof of Lemma 10.4:
Step 1: (10.86) and (10.89) implies
p t+k\]" t+k
F'(t) > ¢ [(t—l—k)glog (Zﬂ 02a2(t+k)210g2%, >k
> Aad’(t+ k) tlog t —Z i
Consequently,
5 o t+k\?
F(it)>c’a”(t+ k) | log ’ , t> ko =2k >k (10.90)

Substitute this into (10.86),

Flt) > c[(t+k)31og<“;k>}lF2(t)

> cta®(t+ k) 2log <t+kk) F(t)

V

t+k

Set u(t) = c*a®(t + k)" log T

F'(t) > u(t) F(0) (1091)
Multiply F”(t) on both sides of (10.91),

F'()F () > pF () F(t), t>k (10.92)
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Now for any k3 > ko, t > ks,

t t
/ F'()F'(tdt > / wF'(t) Fds
k3 k
1 1 1 [t dF?
- Fl 2_7 F/ 2 > 7\/\ D
2( () 2( (k3))” > 5 kguds
1 1 [t
_ fu(t)FQ(t)—Mk?’)FQ(kg)—f/ o Fds
2 2 2 Ji,
t
(FOF = (P +u(®) F0) ~ nlha) PP (ko) — [ Fds
k3
Since
/ a2 3, U+Ek o 1
W) = c'a 2(t+ k)" log 3 +(t+ k) TTh
= ad? 1—2logk;:t)(t+k)_3<0 (t > 2k)
Therefore,

(F'(t)* = plt) F*(t) + (F'(k3))* — plks) F?(ks)

Step 2: Since F'(t) is increasing, due to (10.87), for 0 < t; < ta.

F(tz) = F(th) _ F(ts)

F'(t]) <
(h) < to —ty -

F(ks) < F'(k3)ks

Now, we choose k3 such that

ks +
1gkgu(kg)=k§c4a2(k3+k)—21og( 3; )

it suffices to choose

k‘3 ~ 0 (eﬁ)

F0)? > (F(ks)?+ /k u(s) (F2(s))'ds
> (F(ks)? + (K2 lhs)) ! /k u(s) (F2(s))'ds

3

(10.93)

(10.94)

(10.95)

(10.96)

(10.97)

(10.98)

= (F'(k3))? + (K3 p(ks)) ™! [u(t)FQ(t)—u(ks)F2(ks)]—(/f:?u(ks))’l/k W (s) F>(s) ds

_ pt) o / 2 1.
- M<k?2)k§F (t)+(F (kS)) k’%F (kS)
H 2
0 S Ry ik
K _ ca -2 tTw
it = Ham 0 s ()



Immediately,

t+k

1/2
F'(t)>ca(t+k)7! <log <k>> F(t)  (take k3 p(ks) =1)  t > k3

F(t) t+k\? ks + &\ 2
1 > log——)  — (1
og Flhy) = ca [<og . > 0g —

SO

t+k ks + &\ %/
> ca(log —; — log 32_ )
tk )2
> 1
= ca<0gk3+k>

Now, let choose ¢ > 0 large enough so that ¢t > ky = ¢ k3.

F(t) t+k
> 8log "
Flky) =518 7,

log

Note that (10.100) requires that

Fk2 k2
lo 3 > ¢
Ca( gk3+k> =0

This can be guaranteed by (10.98). Thus

Ft) > Flk) (”k’“) 0> ky
> ca(ks + k) (log k?’; k)2 KS(t + k)
> ca®(t+ k)3 t>ky
i.e.
F(t) > ca®(t + k)® t>ky
It follows from (10.101) and (10.86),
F'(t) > ca(F(t))*/? t> ky

Multiply F’(¢) on the both sides of (10.102), then
(F'(1)? = ca [(F(1))*/2 = (F(k0))*'?
On the other hand,
F(t) > F(ky) + F'(ka)(t — ka)
Fky) < ka F' (ka)

t—ky

4

F(t) > F'(ky)(t — kyg) > F'(k4)
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1
PO~ F2() = SFYR(0)+ S (0) — F2()

2
t— k"% 1 .
k4 2

SFP0) + (F (k)"

Y

Now if ks > 3ky4, then if t > ks,

Nl
N
—~
~
~

F'(t) > ca

Proof of Theorem 10.13: In the following, we will assume v = 2, the general case can be handled by
obvious modifications, so let (p,u, s) be any C'-smooth solution to the Cauchy problem. We will
construct a functional F(t) in terms of (p,u, s) so that F(t) satisfies all the conditions in Lemma
10.4.

Step 1: Construct a 2-variable function as

QU t) = / w(z, ) (p(z, 1) — p)dz (10.103)
|z|>v
where
w(z,v) = |z|~! (jz| — v)? (10.104)

Note that
ple,t)y=p  forall |z|>R+ct

so Q(v,t) is well-defined and at least C*.

Step 2:
Claim: Q € C?, and
0Q=07Q -2 d°Q > G(i,t) (10.105)
Gv,t) = 2G(vt)
~ _ — 10.1
Gwt = [ w5 s (10:106)
x|>v
Proof of the claim:
0 Qv,t) = / w(z,v) Op(x, t)dx
|z|>v
= - w(z,v)div (pu)dx
|z|>v
= Vow(z,v) - (pu)dz
|z|>v

Thus 9; Q(v,t) is a C'-function,

2ZQw,t) = /||> O(pu) - Vo w(z,v)de

- " (div (pu ® u) + Vp) - V, w(z, v)dz
T|>v

Og,w - Oz, (pus uj) + O, (p — P) O, w(z, v)dx

|z|>v
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Note that

Vuw = |z|73 (|z]? — v}z V| iz, =0
suppu C Bryet, supp (p — p) C Braat
S0
i 0%w
2 Q(v,t) = Z / ol dx + / Aw(p — p)dz (10.107)
ij=1 |z|>v OTi Oj lz|>v
02Q =IL(v,t) + I (v,t) (10.108)
Note that ) ) ) ) )
0% w _ |x|* — v 5ij_3\:c| —v a:ixj+2xixj
Oz, 0w, [P " af?
2 _ 2 2 _ 2 cu)?
Li(v,t) = / |$|73V,0|u|2 d:z:f3/ mi;jp(x-u)zderQ/ ,0(:073u)dx
|z|>v |‘T‘ lz|>v |$| |z|>v |$| )
)2 2 _ 2 2_ 2
= 21/2/ p(x 1;) dm+/ miz,)yp|u|2dx—/ ‘xl%p (x_u)
2> 17 2> 2] 2> 2] ||
Therefore,
Ry
L(v,t) 22u2/ (@ 7;) dx (10.109)
|z|>v |$|
Note that
Aw = —
Ed
Therefore,

Ir(v,t) :/|> Aw(p—ﬁ)dsz/ lz| " (p — p)dx

lz|>v

On the other hand,

0y w(z,v) = 2|~ (v — |z)
2
||

0
bmw:/' %w@—@wz—f/' w(p - D)
| >0 2 Jygp>v

D2 w(z,v) =

6?@ = L(v,t)+ L(v,t) > Ix(vt)
— %[ k-
|z|>v
- o w-@—ﬁ—a%n—me+a;/ w-&(p - p)da
|z|>v |z|>v

= Gnt)+02Q(v,t)

This verifies the claim.
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Next, we check the initial condition for Q.

QU t=0) = /| | wla)lpola) = )i = o)

8tQ(z/,t:O):/

|z|>v

p0u0~dea:=/

lz|>v

Gty = [ el o p o )i
T|>v
Thus, applying the one dimensional D’ Alembertian formula for
O=02— 27

we obtain for v > Ry + ¢t.

v+c(t— 'r)
Qv,t) = Qout—i——// y, 7)dy dr

c(t—r)

1 1 v+ct
Q)= g {ml+ et -a+ L [ awma
v—ct
Then
v4e(t— T)
Qv,t) = Qo(v,7) +7// y,T)dy dt
v—_e(t—7)
Step 3: Set

Flt) - /0 ‘(=) / O O rydrdr

¢
= /(t—T)/ 1/_1/ w(z,v)(p, p)dx dr dr
0 Ro+er v<|z|<R+ecT

Obviously, F(t) € C2.

R+-ct
/ / / w(z,v)(p(z,7) — p)dz dvdr
R0+ct |z|>v

Look at (10.85), so(x) > 3, z € R®. For smooth solution

3ts —+u - Vs=0
Along particle path,
ar _
dt
s(z(t),t) = so(x(0)), so
s(v,t) > 5 V,t

p(p,s) = Ap”e’,  so  p(p,s) > p(p,3)
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Ae® p* — Ap®e® —2Ape*(p — p)
Aes p? —2Ap% e® —2Ape(p — p)
Ae*(p* — p* = 2pp + 2p°)
Ae(p—p)*

p—p—2(p—p)

v

G(v,t)

/| L SR

A [ el p—p)da > 0

|z|>v

Y

SO
Qv t) > Qo(v,t) >0
This implies
F(0) = F'(0) =0, and F'(t)>0, Vt>0

Therefore
F(t)>0 for t>0

Now let us compute F" (¢),

R+ct

F'(t) = / v Qv t)dy

Rg+ct

R+ct R+ct v4e(t— T)
> [ g [ Gy,
Ro-+ct Ro-+ct v—_e(t—7)

- Jng)r'Jtr F2(1) R+et
Ji(t) = / vt Qo(v, t)dv > 1/ v qo(v —ét)dv

Ro+3ct 2 JRotet
1 +at
> 1 / (R+2t) " qo(v — at)dv
2 Ro—+ct
= S@®+e)!
where
R
By = / qo(v)dv >0
Ry
Estimate of Js:
R+tct V+c t ‘r
Ja(t) = / / G(y, 7)dy dr dv
Ro—+ct

Note that
suppG(y,7) ={y < R+er}

Then changing of order the integration in Jy(t), we can get that for t > Ry =

T)dy dr dv

1
%(R—Ro) >0

R+CT min{ R+ct,y+c(t—7)}
/ / / vty dy dr
Ro-‘rc‘r max{ct+Ro,y—c(t—7)}

Ay

min{ R+ct,y+c(t—7)}
/ v tdy

max{ct+Ro,y—c(t—7)}

> (R+ct)™! (min{R+eét,y+c(t—7)} —max{Ry +ct,y — et —7)})
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Note that y < R + ¢r, then

SO

Thus,

R+ct=

R+é&t—7)+er>y+ét—1)

min{R+ &,y +c{t—7)} =y+e(t—71)

Ay > (R+ct)

! min{2¢(t — 1),y —ér — Ry}

Case 1: min{2¢(t — 7),y —¢r — Ro} =y —¢r — Ro

Since

Case 2: min{2¢(t — 1),y —

In summary, we have shown that 3 Cy(Ry,

c(t—7) _
AT — < R _
G R <1, Yy —cCT Ry <R-Ry
Ay > (R+ét)t-1-(y—er—Rp)-1

< ét—71) (y—er— Rp)?

- (R+et)? R — Ry

_ ¢ _N=2 (4 o 2
= R R (R+¢ct) " (t—7)(y—2er — Ro)

Ay

Y

V

(R

— RO)Q

R

2
R R

et — Ro} = 2¢(t — 1)
(R+et)~t2e(t — 1)
2¢(R+ct)™!

R (th) y—ET—RO 2
+ct R— Ry

+ Et)72 (t—7)(y—cr— Ro)2

R) = Cy, such that

Ay > Coe(R+¢ct) 2 (t—7)(y—ér — Ro)?

Therefore, for t > Ry, we have

Jo(t)

Recall that

SO

Ja(t)

Y

Z CQ c / /
Ro+cr

R+cr
— CO (R+ct)~ //
R0+CT
G(y,
Glor) = [
|z[>y

R+er
t — T

R+etr
R+ct)” //
Ro+cT
R+cer
(/ [ <t—7>w<x,y><p—p>2dxdydr>
Ro+er Jlz|>y

Co(R+ct)”

Co*(R + Ct)

2 J5(t)

Y(R+¢ct)2 (y —er — Ro)* Gy, 7)dy dr

(t—1) —ET—R0)2 Gy, 7)dydr

T) = 85 G(y,7)

w(z,y)(p—p—(p—p))da

(t—7) Gy, 7)dy dr
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where

R+ceT
/ [ [ ey pradydr
Ro+er J|x|>y

R+-cT 2
/ / / vt — 1) w(z,v)(p — p)dr dvdr
Ro+er J|z|>v
R+cer
/ / / (t — ) w(z,v)(p — p)’dxdvdr
Ro+er J|z|>v
R+er
/ / / v2w(z,v)(t — 1) dedvdr
Rg+c7‘ R+tcer>|z|>v

J3(

F2(t)

R+er
L) = / [ Y2 w(w, y)(t — ) do dydr
R(]Jrc‘r R+cer>|z|>y
R+t R+t
— / t=r) [ [ el el )l dlel dy
Yy

Ro+cr

R+er
< Co// (t—T1)y 2 (R+er)(R+er —y) dydr
Ro+cr _
< Co(R+at) logR+Ct
Therefore
J3(t) > (Ja(t) " FA(t) .
> Cod(R+et)! (logR;d) F2(1)
SO
=2
F'(t) > Ji(t)+Ja(t) > Jo(t) > Oo%(RJrat)—? Js(t)
ct R+et\ !
> 25 (R+at)3 (1 F(t
> GSree (e 5T ) P
Since
Jot) > 0  F'(t)>J(t)>By(R+¢ct)™r Vi>0
F'(0) = 0
t _
F'(t) > /J{(t)dtélBolog(R;Ct> Vt>0
0
F(0) =0, so
t _
F(t):/ F/(T)d7'200572B()(R+5t) IOgR;Ct, Vit >t
0
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