MATH 2230A - Home Test 1 - Solutions
Suggested Solutions (It does not reflect the marking scheme)

1. Discuss if the following two functions are analytic on C or not. Justify your conseqeunces with proofs.
If f(z) or g(z) is analytic on C, please compute its complex derivatives.

f(z) =e Ysinax —ie Y cosx g(2) = 2zy +i(2? — y?)
Solution. f(z) : Note that f(z) = e Ysinz —ie ¥ cosz. Hence, u(x,y) = e ¥sinx and v(z,y) = —e ¥ cosz. We then
have
ug(x,y) =e Ycosx ve(x,y) = e Ysinx
uy(z,y) = —e ¥Ysinx vy(x,y) =e Ycosx

for all z € C. Therefore the partial derivatives exist everywhere. Since the partial derivatives are compositions
of exponential functions and trigonometric functions, they are continuous everywhere. Lastly, the Cauchy-Riemann
equations are satisfied everywhere: u,(z) = vy(z) and uy(z) = —v,(z) for all z € C. By the sufficiency of Cauchy-
Riemann Equations, f is analytic everywhere on C.

We then proceed the complex derivative of f, which is given by

f'(2) = up(2) + ivg(2) = e Ycosz + isinze ¥ = e Y(cosz + isinz) = e Yel¥ = e THW) = o2

g(2) : Note that g(z) = 2zy + i(2? — y?). Hence, u(z,y) = 2zy and v(x,y) = 22 — y%. Then for all z € C, we have

uy(z,y) =2y vg(2,y) = 22

uy(z,y) =2z vy(z.y) = -2y
Note that we have
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So, the C-R equations are satisfied if and only if z = 0.

When 2z = 0, since all partial derivatives exist everywhere, they exist in a neighborhood of z = 0 in particular.
Moreover, the C-R equations are satisfied at z = 0 and the derivatives are continuous at z = 0. Therefore, g is complex
differentiable at 0.

When z # 0, the C — R equations are not satisfied. So, ¢ is not complex differentiable at z # 0.

To conclude, g is not analytic anywhere on C (since it is not complex differentiable everywhere on any open set and so
any neighborhood of points).

(Since g is not analytic on C, we don’t have to compute its derivative).



2. Suppose that f(z) is the power function z!*¢ defined in the principal branch. C is the semi-circle
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Solution. Let v : [r,27] — C by v(0) = €% be the parametrization of the semicircle in question. Since we are using the
principal branch (—m < 6 < 7), we have for all § € (7, 27] that arg(e’®) = § — 2. Then we compute that
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(Please note that we use impropert integral on the 5th line since the integrand does not match at the endpoint z = 7.
We can take out the limit afterwards because the integrad is continuous everywhere and hence the respective indefinite
integral is continuous at the end-point.)

Remark: A very large portion of marks would be deducted if you did not care about the value of the argument function
(and hence computed the wrong answer).
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4. Suppose that the power function z'/2 is defined on the principal hranch. Discuss the continuity of the function

h(z) = (22 = 1)/?

t the o stify your consequences with proof.
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