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There are three types of isolated singularity. We suppose that f is analytic function in
BR(a) \ {a}.(hence a is isolated singularity)

Definition 1. The point a is called a removable singularity if there is an analytic function f̃ in BR(a)

such that f̃ = f in BR(a) \ {a} (f̃ = f except at z = a)

Remark : It is the best behaved singularity, it is ’almost’ an analytic function.

Theorem 1. The point a is a removable singularity iff lim
z→a

(z − a)f(z) = 0.

Definition 2. The point a is called a pole if lim
z→a
|f(z)| =∞.

Theorem 2. If f has a pole at z = a, there is a positive integer m and an analytic function g in

BR(a) such that f =
g

(z − a)m
.

Definition 3. The point a is called an essential singularity if it is not neither removable singularity
nor pole.

Remark : In this definition, we can see that lim
z→a
|f(z)| fails to exist, it will converges to different finite

value and ∞ according to different path taken.

Theorem 3. (Casorati-Weierstrass theorem) If f has essential singularity at z = a, then for every
δ > 0, the closure of f(Bδ(a) \ {a}) = C

Remark : It tells us that given any c ∈ C, there is z arbitrary close to a such that f(z) arbitrary close
to c.

In the view of larrent series, we have the following conclusion,

Theorem 4. Let f(z) =
∑∞

n=0 an(z − a)n +
∑m

n=1

bn
(z − a)n

be its Larrent series in BR(a) \ {a}, then

• z = a is a removable singularity iff bn = 0 for n ≥ 1,

• z = a is a pole of order m iff bm 6= 0 and bn = 0 for n ≥ m+ 1

• z = a is an essential singularity iff bn 6= 0 for infinitely many integers n ≥ 1. (not necessary
every n!)

Exercise:

1. Compute

∫ 2π

0

dθ√
2− cos θ

.

2. Compute

∫ ∞

0

dx

x4 + 1
.

3. Compute

∫ ∞

0

x sin 2xdx

x4 + 2
.

1


