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Review

. Definition: T-invariant: Let T': V — V be a linear transformation, a subspace W C V is
called T-invariant if T(W) C W.

. Example: {0},V,N(T) and R(T') are T-invariant. Since T'(0) =0, T(V) C V, T(N(T)) =
{0} € N(T) and T(R(T)) c T(V) = R(T)

. Fact:

(a) fr is divisbile by fr,,, .

(b) Eigenvalues and eigenvectors of T'|y, are also eigenvalues and eigenvectors of T'.

(c) T is diagonalizable = T'|w is diagonalizable.

Problems

. Let W C V be T-invariant and A1, --- , Ax be distinct eigenvalues of T'. Suppose there are
vy, -, € V such that v; € Ey,(T) and v + -+ - + vy, € W, show that v; € W for all i.

Ans:
Method 1: Remark the hypothsis that v1 + -+ v, € W = v; € W for all i as P(k).
For k =1, P(1) holds obviously.
For k = n, we assume that P(n—1) holds, then since W is T-invariant and vy +- - -+v,, € W,
we have that T'(vy + -+ +v,) € W and A, (v1 + -+ - + v,) € W. Thereforce,
Tor4 - +wvp) = An(vr+ - Fve) = (A = A)vr + -+ (A1 — Ap)vn—1 € WL

Since (A; —Ap)v; € Ey, (T), by induction hypothsis we have that (A;—A,)v; € W. A=A, #0
sov; € Wioralli=1,--- ,n—1. Thereforce v, = (v1 + - +vy) —vy — - —v,_1 € W.

Method 2: There is a polynomial f; € Py_1(IF) such that

1,if i = j
i(Aj) =
£ilh) {O,ifi;«éj

(See Tut7 Q5). Suppose that f;(t) = Z;:ll cit! Then we have that

v, if i = j
0,if i # j

Thereforce, f;(T)(v) = v; for all « = 1,--- k. Since v € W and W is T-invariant, so
T'(v) € W for all [, then v; = f;(T) = S\ /Tl v) e W.

k—1 k—1
Fi(T) () =Y aT (v;) = aXv; = fi\)v; = {
=1 =1



2. Given an example of that T': V' — V is linear and subspace W C V is T-invariant such that
T|w is diagonalizable but T' not and dim W = dimV — 1.

Ans: Let V =R? T(x,y) = (x +y,y), W = {(0,y) € R?|y € R}, it is easy to check Ty is
diagonalizable but T not.



3. Let A € M,,«»(F) be an upper trianglar matrix such that all diagonal entries of A are the
same. Suppose A is diagonalizablemm show that A is diagonal.

a K x -e- %
0 a *x -+ %

Ans: Suppose that A = | : o |, then fa(t) = (t — ¢)", which means the
o --- 0 a %
o --- 0 0 a

eigenvalue of A can only be c. Since A is diagonalizable, there exists some invertable matrix
Q such that Q71AQ = cI, so A = Q(cI)Q ™! = cI and A is diagonal.



4. Let T : V — V be linear and W C V be T-invariant. For u,v € V, wesay u ~vifu—v € W.
Denote [v] = {u € V|u ~ v} and V/W = {[v]|v € V'}, then define addition and multiple on
V/W as

[u] + [v] = [u+ 0], u] = [ou].
Show that
(a) T[v] = [T(v)] defines a linear transformation T': V/W — V/W.
(b) T is diagonalizable = T is diagonalizable.
() fr=fr - f7
Ans:

(a) i T([0]) = [T(0)] = [0]
ii. T(alu] + [v]) = [T(au+v)] = [aT(v) + T(v)] = a[T(w)] + [T'(v)] = T ([u]) + T([v]).
Thereforce, T is linear.

(b) Since T is diagonalizable, Vv € W, v = vy + - -+ 4+ vg, where v; € Ey,, T(v;) = A\jv;.
Then V[v] € V/W, [v] = [v1] + - - - + [vk],

T([v]) =T([va]) +--- + T([ox]) = [T(v1)] + - - - + [T(vr)] = A [vr] + - - + Ai[or],

which means T is also diagonalizable.
(c) Let 81 = {wq, - ,wy,} be the basis of W, v = {wy,--+ ,wn,v1, - ,v,} be the basis of

V and B2 = {vy, -+ ,v.}. Claims that {[v1], - ,[v.]} is the basis of V/W. Suppose
ai[vi] + -+ + a[v,] = 0, then ayv; + -+ + apv, = w € W. w can be written as
w = cqwi+- - -+ cpwy, so we have aqvy +- - - a,v, —cywy —- - - —cpw, = 0. Since 7 is basis
of V, a; = 0 for all ¢, the claim is true. Let U = span(532), [T|w]s, = A € Myxn(F),

[T|vlg, = B € My, (F), then we have [T], = (A *) since W is T-invariant. So

0 B
It = friw - frio = friw - f7



