Part I. Basic knowledges.

1.

(10pts) Let V' = {(a1,a2) : a1,a2 € R}. Define addition of elements of V' coordi-
natewise, and for (ai,as) in V and ¢ € R, define

(0,0) ifc=0
(a1, a2) = |
(cal, “—02) if ¢ # 0.
Is V' a vector space over R with these operations? Justify your answer.

(10pts) Is the set
W ={f(x) € P(F): f(x) =0 or f(x) has degree n}
a subspace of P(F') if n > 1?7 Justify your answer.

(10pts) Let S = {2+ 3z + 52 + 72,1 + 22 + 32 + 323,65 + 8z + 1322 + 1723, 1 +
2z 4+ 122 + 123} in V = P5(R). Show that S is linear dependent. Reduce it to a
linear independent set § such that Span(3) = Span(.S). Finally, extend § to a basis
for V. Please explain your answers with details and show all the steps including your
calculation.

(10pts) Let U be the subspace of R® defined by
U = {(x1,79,73,24,25) €R®: 21 = 325 and 3 = Ta4}.
Find a basis of U.

(10pts) Let V = Myyo(F). Define

le{(“ b)eV:a,b,cEF}
CcC a

Woed (Y “Neviaber
2 = —a b .(Z, .

Prove that W; and W, are subspaces of V', and find the dimensions of Wy, Wa,
W1 + WQ, and Wl N Wg.

and



Part II. Theory knowledge.

1.

(10pts) Suppose that {vi,...,v,} is linearly independent in a vector space V and
w € V. Prove that if
{vi+w,..,v, +w}

is linearly dependent, then w € span({vy,...,v,}).

(10pts) Let V' be a vector space over R. Let S = {vy,va,...,v,} CV be a basis for
V. Suppose for each 1 < i < m,

W; = a;1V1 + Q;0Ve + ... + @;nVy,

where a;; € R. Let A € M,,x,, whose i-th row j-th entry is given by a,;. Prove that
{w1, W, ..., w,, } is a basis for V if and only if m = n and A is non-singular.

. (10pts) Let V be a vector space over F. Suppose that Wi, W, and W3 are the

subspaces of V. Prove that W; U W5 U W3 is a subspace of V' if and only if
either W1 U WQ C Wg, or W2 U Wg C Wl, or W3 U W1 C WQ.

(10pts) Prove that a vector space V is infinite dimensional if and only if there is a
sequence vi,Va, ... of vectors in V such that {vy,...,v,} is linearly independent for
every positive integer n.

(10pts) Suppose that fo, f1,..., fn are polynomials in P, (F') such that f;(2) = 0
for each j = 0,1,--- ,m. Prove that {fo, f1, ..., fim} is a linearly dependent subset of
P(F).



