
Lecture 5:
Theorem : Suppose S is a finite spanning set for a vector space ✓

.

Then : I p CS which is a basis for V
.

( A finite spanning set can be reduced to a
basis )

Proof . zf S is Lin .
independent , then we take p

-
- S

.

otherwise
,

I ii
,

c- S such that span ( Silvis ) = Span L S ) (by lemma )

If S - Tri , } is linearly independent , then take p = S - ET , }
.

otherwise
, I Tiz es , { I

, } such that Span ( Sisti
, 3) =Spanl Silvis)

Repeat this process .

'

.

' S is finite
.

The process
must stop at a linearly

independent subset Sk = Si { Ii
,  

- -
. ,

I h } C S and Spanish) ⇒ pants)
"

Take f- Sk
.

V



Lemma : Let V be a vector space ,
and let Si CS z CV

.

Then :

Ca ) S ,
is linearly dependent  ⇒ Sz is linearly dependent

S ,
is linearly independent ⇐ Sz is linearly independent

✓

(b) Span ( Si ) C Spanish

If : Exercise .



Theorem : Let V be a vector space .

Let G C V be a spanning set for V consisting of n vectors .

and Lc V be a linearly independent Subset consisting of m vectors .

Then
,

men and I H C G consisting of exactly n - m vectors

Such that LUH spans V .

CReplacement than )

v



Proof : We prove by induction on m to

For m -0
, L = 9 .

Then " MEN
. Also

,
take H=G

.

Suppose the statement is true for some m 30 . We need to

show that the statement is also true for mtl
.

So , let L = { it
, ,

I
a ,

.
.

. ,
Time , } be a linearly independent subset

of V
.

Then : L
'

= E Ii
,

Tia
,

.
. .

,
Tim } CL is linearly independent .

-
m elements .

By induction hypothesis ,
we have MEN and

I Ht = { Ii
,  

. . . ,
In

- m } CG such that

L' u H' = { it
, ,  

- - . Firm
,

ii.
,

. . . ,
Ten

- m
} span V

.



In particular ,
I Ai

,
Az ,

.
.

,
am

,
bi

,
bz

,  
- .

,
bn - m EF such that

Time
,

= ai I
,

t . . .
 tamitmtbiu , t . .  .

t bn - min - m .

But L -
- { I

, , .
.

.

,

Time , } is linearly independent .

So
,

n - met

or Mtl En
and one of by 's

, say b , ,
is non - Zero

This implies , rt
'

,
e Span { VT

,
Tiz

,
. .

,

Time
,

Tiz
,  

.
. ith - m }

i .
Take H :  EUI

,
. .

, In .m3
.

Then LUH span V
✓ W

Mtl h - ( Mtl )

This completes the induction argument .



Dimension

Cori . Let V be a vector space having a finite basis
.

Then
, every basis of V contains the same number

of vectors .

Let p and 8 be two bases of V
.

Since p spans ✓ and V is lin .
 independent ,

then 181 E Ipl ( by replacement Thin )

Similarly
, Ipl £181

⇒ 181 -

- Ipl .



Definition: A vector space V is called finite-dimensional if it has

a finite basis
.

The dimension of V
,

denoted as dimly
,

is the number of vectors in a basis for V
.

A vector space
which is not finite -

dimensional is

called infinite-dimensional .


