
Lecture 22:

Recep: Lf Chan poly of T splits ,

then : I on .

basis p 7 [ T ]p is upper triangular

Goat Find orthonormal basis p consisting of eigenvectors ! !



Observation :

Assume T is diagonalize ble and assume I an orthonormal

basis p for V s .t .
[ TIP is diagonal ,

Then : [ T
*

Jp = ( [ TIP)* is also diagonal

'  

'

'

¢TIP ) !( Ctp ) = CETI e) CHIP )
't

⇐ Ip E TIP = ftp.T#Ip
"

C TTIP
= [ TT

't ]p

⇒ TAT = TT
't



Definition : Let V be an inner product space . We say

that a linear operator T : V -7 V is normal if T*T=TT* .

An nxn real or complex matrix A is called normal if

A
* A = AA

't



Example :
. Unitary ( when F -

- E ) or orthogonal ( when F- IR )

if  T
*  

T = TT
't

= I

• Hermitian ( or self - adjoint ) if f-
*

= T

° Skew - Hermitian ( or anti - self - adjoint) if TE - T

-
Are normal !

e. g . The rotation T : IR
' -71122 by O

,
can be represented

BY A - fussing
-

scions! ) is orthogonal C A*A=AA'
t

=D

So
,

it  is normal .



Proposition : Let V be an inner product space , and let T be

a normal linear operator on V . Then : we have :

( at 11175111--11 THIN VXEV

(b) T - CI is normal ht CEF
.

(c) If Tix ) = XI
,

then : TMI ) -

- IF

(d) If X , and Xz are distinct eigenvalues of T with

corresponding eigenvectors I
, and Iz

,
then :

I , and Iz are orthogonal .



Proof :

( a ) HI EV
,

we have :

11175111
'

= C text ,
Text > =L T

*  Tix ) ,
I >

=L TT
't CI , , I > =L TEXT

,
TEXT )

(b)
. (T - CI ) ( T - CI )

't
= (T . CI ) CTE c-

 

I )
= HT 'T Ill

'

= TT 't
- CT 't

- ETT CEI

= T
*  

T - CT
't

- ET t CE
 

I

= CT- CI )
't

( T - CI ) .

(c) Suppose TCI ) = XI . Let U = T - XI
.

Then
,

U is

normal ( by Lbl ) and UCI ) = 8
.

So
, by Cal ,

o = HUCIIH = HU 't CRY = It LT't
- II ) Kill ⇒ TEXT ' II

.



(d) By cc )
,

we
have :

→ -

Xi Lxi
,

Is > = C TCI , )
,

Is > = C Ii
,

THIS ) >

I I = L Ii
,

Iz Is 7
X , f- Az

O

= Az LII ,
Is >

It

⇐ q,
-H ski

,
Is > = o

⇒ LI , ,Iz > =0



Theorem " Let T be a linear operator on a finite - dim complex

inner product space . V
.

Then
, T is normal iff I an

orthonormal basis for V consisting of eigenvectors of T .

Proof : ( ⇒ obvious .

⇐ ) Suppose T is normal .

By the Fundamental 7hm of algebra ,
fact ) splits .

c

'

,
Schur 's Theorem gives us an orthonormal basis

p
-

- { To
, .ir ,

. . ,
In } sit

.
[ TIP is upper triangular .

[ Ttp ' ) .

In particular, Tv
, is an eigenvector  of T

.



Suppose that I
, ,

Tz
,

.
. . Tver - i are eigenvectors of T and

Xi ,
12

,  
.

-
-

, 7kt are their corresponding eigenvalues .

We claim that Tree is an eigenvector  of T ( so by induction ,

all vectors in p are eigenvectors of T )

Now
, Tiv ; I = Aj Tj  ⇒ T

*
C Tj ) = Tj Fj for j -1,2 , . . ,k - I

'  i A -
Eet  

[ TIP is upper triangular

T l Tk ) = Aikv , t AzkTzt . . . t Akhter

But  i Ajk =L Teoh ) ,Tj > = C Tree
,

T* Fj ) ) = tuk ,IjTp
= Ajar , Tj >

¥

for j -4,2 , . . , k - I
.

i .
Thier ) = Ahh -Vk = O

i Irk = eigenvector of -1
.



Example :

Let H be the set  of continuous complex - valued

functions defined on [ o
,

21T ] equipped W/ the inner product

< f , g 7 :# IT,
fctgtdt for f

, g E H .

and the orthonormal subset  i

inf dim

S = { fnltl :# e.int= n E 2, } c H

( cos htt isinnt )
t

Let V = span ( S ) and consider the operators T and U on
V

defined by : Tcf ) = f , if , Ulf ) = f -
if

( I

= eitf e- itf



.

'

.

Tlfn ) -_ fuel and Ucfn ) = fu ,
HUEZ

.

11

eiteint g
I if Mtk 's

{ icntllt o ofherwiu

Then : L Tffm ) , fu > =
C fmti.tn ) =8m"ti,n

= 8mm - I

⇒ U=T* UT
= Cfm

,
fu -17

i i
TT*=TU=I=T£'T

= Sfm
,

Ulfn ) )
. c

'

. Tis normal .



However , T has no eigenvectors .

If f EV is an eigenvector of T
, say ,

Tcf ) - tf ( Xtc )

Then ,
we write f = ⇐ naifi

,
where am to

c

'

' ¥n ai fit ,
= Tcf ) = if  = ¥4,7 ai fi

⇒ fm+,
= atm ( Xanth t Em

,

Hai - ai - il fi )

Contradicting the fact that S is linearly independent .



Def : Let T be a linear operator  on an inner product space

V . We say T is self - adjoint ( Hermitian ) if T*=T
.

An nxn real or complex matrix A is called self - adjoint

( or Hermitian ) if A*=A .

Next time :

Thin : Let T be a bin
. operator on a fin -

dim real inner product

space V - Then -

- T is self-adjoint iff I orthonormal basis

for V consisting of eigenvectors of T .

Next " IFT: ✓ → V
← find "

is self - adjoint , then :

Every eigenvalues of T are real .


