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MATH 2010A /B Advanced Calculus I
(2014-2015, First Term)
Homework 9
Suggested Solution

. flz,y) = e Y5 P(0,0).

V=< fo,fy >=< =2z V" —2ye~*" V" >: V[(0,0) =< 0,0 >.

. f(z,y,2) = 2y/zyz; P(3,—4,-3).

Yz Tz Ty
Vf=<fu fy, [ >=< , , >
f=<for fy, - Nl
12 -9 -—-12

’ ) >=< 27_77
V36 V36 /36 2
f(z,y) =sinzcosy; P(n/3,—2m1/3), 1 =< 4,-3 >.

V£(3,—4,3) =< -2 >

Vf=<fs fy>=<cosxcosy,—sinxsiny >; i =

4 3
Dgf =Vf-u= F COSTCOSY — 5sinxsiny;

4 3 4 9 13
Dzf(P) = 5 cos (w/3) cos (—27/3) — 5sin (w/3)sin (—27/3) = =50 " 20 = 320"
f(%y» Z) = exyz; P(4707_3)7 U= j_ E =< Oa 17 —1>.
U 2 2
Vf =< f$7fy7 fZ >=< yzeiyz’l.zel‘yzjxyexyz >, = % =< 07 f’ _\é» =
0]
2 2
Dgaf=Vf-u= \gxzexyz — \gacyexyz;
Dgf(P) = —6V2.
fz,y) =In(2® +y°); P(3,4).
2z 2y 6 8
Vf=< , >: Vf(3,4) =< —, — >;
/ 22 +y? 2?4 y? 134 257 25
2
Then maximum directional derivative of f at P is |V f(3,4)] = £ and the direction in
6 8
which it occurs is < 2525 >.
f(@,y,2) = Vay?z%; P(2,2,2).
2.3 2 3 3 2.2
Vf=< vz oYz v >: Vf(2,2,2) =< 2,4,6 >;

2/ xy223 2/wy223 2/ w223
Then maximum directional derivative of f at P is |V f(2,2,2)| = 2v/14 and the direction
in which it occurs is < 2,4,6 >.

a3 4yt 4218 = 1; P(1,-1,1).
Let F(z,y,2) = x'/3 +y'/3 4 21/3 1,
F(1,-1,1) =0= P(1,—1,1) lies on the plane.

1 1 1
VF =< g96—2/3,53/—2/5’),32—2/3 >: VF(1,-1,1) =<

11l
33’3

—_

>. The equation of the

tangent plane is

VF(1,-L1) <z-lLy+1l,z—1>=0=z+y+2=1



43. z = Az® + By?;

49.

ol.

93.

Let F(z,y,2) = z — Az? — By?;

Since (o, Yo, 20) is on the paraboloid, therefore zg = Az? + By3;
VF =< —2A$, —2By, 1 >; VF(xo,yo, ZO) =< —2A$0, —2Byg, 1 >.
The equation of the tangent plane is

VE(x0,9y0,20) < —T0,y —Y0,2 —20 > = 0
—2Ax0x—2By0y+z+2Ax(2)+2By§ -2 = 0
—2Axpx —2Byoy+2+220—2 = 0
—2Axgxr —2Byoy +z+20 = O
z4+20 = 2Axox + 2Byoy
Loy 2
2= fla,);i fl@y) = 55 (22 — zy + 297)
Lo 2
(a) Let F(x,y,2) = 0 (x —xy + 2y ) — 2
4
F(2,1,04) = 0 0.4=0= P(2,1,0.4) lies on the plane.
1 1
VF =< E(Qz—y),l—o(—x—l—ély),—l >: VF(2,1,04) =< 0.3,0.2,—1 >. The

equation of the tangent plane is

VF(2,1,04) < x—2,y—1,2—04 >= 0= 0.32+0.2y—2—-0.4 =0 = z = 0.324+0.2y—0.4

1 1
Linear approximation L(2.2,0.5) = f(2,1) + Vf(2,1) < 22—-2,09 -1 >= 04+

(0.3)(0.2) + (0.2)(—0.1) = 0.44. Actual altitude at this point is f(2.2,0.9) = 0.448.

22 = 2% + y?
204+ 3y +4z+2 =0

Note that (—5)% = (3)2 + (4)? and 2(3) + 3(4) +4(—5) + 2 = 0. Therefore, P(3,4,—5) lies
on the intersection of the ellipse.

Let F(z,y,2) = 22 +y? — 2% and G(z,y,2) = 2z + 3y + 4z + 2.

VF =< 2x,2y,—2z > and VG =< 2,3,4 >;

VF(3,4,—-5) =< 6,8,10 > and VG(3,4, —5) =< 2,3,4 >;

n=VF(3,4,-5) x VG(3,4,-5) =< 2,—4,2 >.

Therefore, the equation of the plane normal to the ellipse is

<2,-4,2> - <zx—-3,y—4,245>=0=2x—-2y+2+10=0

sphere: 22 + 32 + 22 = r? and cone: 2% = a%2? + b%y>.

Let F(z,y,2) = 22 + y?> + 22 — r% and G(x,y, 2) = a?2? + b%*y? — 22;

VF =< 2x,2y,2z > and VG =< 2a%x, 2%y, —22 >:

VF VG = 4a%2? + 4b%y? — 422 = 4(a®2® + b*y? — 22) = 0. Since the points (x,y, 2) lies
on the cone 2% = a?z? + b?y>.



54. circular ellipsoid 2 + 32 + 222 = 2. Let F(x,y,2) = 2% + 9% + 2% — 2;
VF =< 2x,2y,4z >. Let Pi(x1,y1,21) and Py(x2,y2,22) be the points of the contact of
the tangent plane P and P9 with the ellipsoid respectively.
Then the equation of the tangent plane Py is

2z1(z —21) +2y1(y —y1) +421(2 —21) =0
And the equation of the tangent plane P is
2x9(x — x2) + 2y2(y — y2) + 422(2 — 22) =0

Set z =y =0, for Py, we get

222 + 2% 2(2 — 222 1
—295%—23/%—1—421(2—31):O:z:u—i—mZM—F,&:*
42:1 42’1 Z1

and for Py, we get
222 + 2y2 2(2 — 222 1
—2x§—2y§+4z2(z—zQ):Oézzu—i—zz:Q—i—m:*
429 429 29

Therefore, if P, and P, have the same z-coordinate, then P; and P intersect the same
z-axis.

62. (a) If the two surfaces are tangent surfaces at P, then tangent vector of the two surfaces
are parallel. Since V f(P) parallel to the tangent vector and Vg(P) also parallel to
the tangent vector, therefore, V f(P) x Vg(P) = 0.
If Vf(P) x Vg(P) = 0, then the normal vector of two surfaces are parallel and so
their tangent vector are also parallel. So the two surfaces are tangent at P.

(b) If the two surfaces are orthogonal at P, then the two normal vector V f(P) and Vg(P)
are orthogonal. Thus, Vf(P) - Vg(P) = 0.
If Vf(P)-Vg(P) =0, then the two normal vector V f(P) and Vg(P) are orthogonal.
Thus, the two surfaces are orthogonal at P.

64. f(x.y) = (YT + ¥0)°.

Let © =rcosf and y = rsin 6, then

lim )f(x,y) = 1in(1)r(x/3 cos + Vsinf)> =0 = £(0,0)
r—

(2,y)—(0,0

Therefore, f is continuous at (0,0).
Let @ =< wuy,us >, then

f(0+ huy, 0+ hug) — £(0,0)

Daf(0,0) = lim :
. (Vhuy + Vhug)?
= lim
h—0 h
- h(Yur + Yun)®
= lim
h—0 h
= (Vw1 + Yu2)’



From the directional derivatives, we know f;(0,0) =1 and f,(0,0) = 1.
Then

. f(O+h,0+ k) — f(0,0)— < f5(0,0), f,(0,0) >- <h—0,k—0>
lim
(h,k)—(0,0) Vh? + k?
— tm (Vh+ VE)? — (h+k)
(h,k)—(0,0) Vh?+ k?

Take h = rcosf and k = rsin6, then
(Vh+ VE) — (h+ k) 1 7r(v/cos 0 + V/sin )3 — r(cos # + sin )
= lim

I
(hvk)l_>rn(0v0) V h2 + ]f2 r—0 r
= (Vcosf + Vsinf)3 — (cosf + sin)

which has different values for different values of 8. Therefore it is not differentiable at the
origin.
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