Lecture 9

We continue to consider some more examples.

Example 1. (Bernoulli shifts). Consider (py,pa,- - ,pk)-shifton {1,2,---  k}.
Recall ¥ = {1,2,--- ,k}, o is the left shift on X, p([iria - - in)) = Pi,Piy -+ Pi, -
Consider partition & = {[i] : i =1,2,--- ,k}, then

n—1
\ 07 P = {liviy - in] in, - i € {12, k}}.
=0

Since diam(\/!") 07 P) = 27" — 0 as n — oo, we have

n—1
o1 i
h(c) = h(o, P) = nl;r& EH( E/O o' P)
= lim = > —pulfiniz - in)) log ul[iniz - i)
1112 ln
1
= Jim — > —pipi, - pi, (logpi, +logpi, + -+ +log,, )
G102+ in
= lim >0 —piupicpi logpi = D P logpn D P b,
1122 tn 71 1213 ln

k
=Y —pilogp;.
i=1

Example 2. (Markov shifts). Consider (p, P)-shift on {1,2,---,k}. Re-
call that P is a stochastic matrix (p;;), ' is a probability vector with all en-
tries positive such that pP = p, o is the left shift, and p([p;,pi, - pi,]) =
DiyDiyia * * * Dir_1i, - By the same argument in the above example, 2 = {[i] : 1 <
i < k} is a partition and we have h(o) = h(o, 7). Hence

ho) = Jim = 37 —p(fiz i) log plliniz i)

112" ln

1
= lim — Y —piPiiy Pin i 08P Piris * Pin i

1182+ in,

. 1
= lim - Z —PirPivis " Pin_yin, 108 Piy +10gpiyiy + -+ +1logpi, y4,).

G102+ in

Notice that

k
Z Z —PirDivia ** " Pip_1in 108 Diy = pri log pi,
=1

il 742'Ln
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and

Z —PirPivis * " Pin_vin 108 Diviy = Z —PiyPiyis 108 iy Z Pisiy """ Piy_vin = Z Z —piPij log pij,
i R

1192+ in 1119
similarly for [ =1,2,--- ,n — 1, we have
> DiDivia Pinin 108 Pigin, = 3 Y —DiPij 108 pij,

irigrin i g
hence

.1
WT) = lim E[* sz' log p;—(n—1) Z Zpipij log pij] = — Z Zpipij log pi;.-

7 2 J T J

The motivation of introducing the notion of entropy is to clarify MPSs.
There was an open problem before 1958:

Open problem (before 1958) Is (3, 1, 3)-shift isomorphic to (3, 5)-shift?

Kolmogorov showed that the answer is NO, by showing that entropy is an
isomorphism invariant and the two systems have different entropy.

4.5 Entropy as an isomorphism invariant

Definition 4.8. Let (X;, %, 11, T;) (i = 1,2) be two MPSs. Say they are
isomorphic if there exists a map ¢ : X1 — Xo satisfies the following properties:
(i) ¢ is bijective (after removing some sets of measure zero).
(ii) @ is measurable, i.e. o~ 1By C By and 9By C Bo.
(iii) po = p1 o @1, w1 = po o @, that is @ preserves measures.
(iv) ¢ o Ty =Ty o ¢, that is the following diagram commutes,

XlLXQ

¢ e
T>
X2 Em— Xg.
Theorem 4.14. If (X1, %1, p1,Th), (Xa, Ba, p2, To) are isomorphic, then hy,, (T1) =
s (T2).

Proof. We prove hy,,(T2) < hy, (T1), the reverse inequality will hold symmetri-
cally. Let o = {Ay, -+, Ay} be a partition of Xy, then o~ ta = {p 1Ay, -+, 1AL}
is a partition of X;. Then

n—1 n—1 n—1 n—1
HH2( \/ T{ia) = Hmosa_l( \/ T271a) =Hy, (90_1 \/ Tgia) = Hﬂl( \/ Tlii(@_la))a

i=0 i=0 i=0 i=0
hence

1 n—1 ) 1 n—1 .
h,u2 (T27 a) = nlgr;o ﬁH/w( \/ nga) = nh_)H;O gHﬂl( \/ Tfl(@_la)) = h’Hl (Tlv ‘P_IO‘) < hm (Tl)v
i=0 i=0

taking supremum over all finite partitions, we complete the proof. O
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%, %, 3)-shift and (4, 1)-shift are
and log 2 respectively. In 1969,

Now we see that the two Bernoulli shifts (
not isomorphic since they have entropy log3
Ornstein proved the following deep theorem.

Theorem 4.15 (Ornstein). For any two Bernoulli shifts both on finite state
spaces, they are isomorphic iff they have the same entropy.

4.6 Ergodic theory of information

The following theorem is called Shannon-McMillan-Breiman theorem, for a
proof see William Parry’s book.

Theorem 4.16. Let (X, B, 1, T) be a MPS. Let £ = {A1,---, Ar} be a finite
partition of X. Forn € N and z € X, let &,(x) be the member of \/?;01 T-i¢
that contains x. If T is ergodic, then

lim —% log u(&,(x)) = h(T,§), for p-a.e. x € X.

n—roo

That is p(&n(z)) ~ e T8 for p-a.e. x € X.

5 Topological entropy

5.1 Conjugacy problem in TDS

Recall (X,T) is a TDS if X is a compact metric space and T : X — X is
continuous.

Definition 5.1. Two TDSs (X,T) and (Y,S) are said to be topological conju-
gate if there is a homeomorphism ¢ : X — Y such that ¢oT = S o ¢ , that is
the following diagram commutes,

x L, x

e Lo
s
Y —— Y.
Question: How can we determine whether two TDSs are topological con-
jugate?
Just as in the situation of MPS, we expect to find some conjugacy invariant.

5.2 Definition of topological entropy

The notion of topological entropy was first introduced by Adler, Konheim and
McAndrew in 1965.

Let (X,T) be a TDS. Say o« = {A; : @ € I} is an open cover of X if
Uiez Ai = X and A; are open.
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Definition 5.2. Let a be an open cover of X. Define
k
N(a) =inf{k :3Ay,--- A € a,5.t.X C U A},
i=1

and define H(a) :=log N(a).

Let «, B be two open covers of X. Say [ is a refinement of « if every member
of f is a subset of some member of a, we write & < . For instance, let X = T,
set 8 = {(0, %), (%7 %)7 (%7 %)} and o = {(0, %), (%7 %)7 (0, %)7 (%’ g)}’ then o < 5.

Remark.

(i) N(a) > 1.

(ii) If @ < B, then N(«a) < N(B).

(iii) N(T~'a) < N(a), where T 'a:= {T"1A: A € a}.
Proof. (i) is clear. For (ii), let t = N(fB), then JA;,--- ;Ax € B st. X =
Ule A;. Since a < 8, dB; € a st. A; C B;, hence X C Ule B;, then
N(a) < N(f). (iii) be can seen in the same way. O

Definition 5.3. Let o, 8 be two open covers of X. Define
aVp={ANB:Aca,BEepj}

It’s clear that oV 3 is an open cover of X and a < aV 3, B < aV .

Lemma 5.1. N(aV ) < N(a)N(B8) and H(aV ) < H(a) + H(S).

Proof. Suppose X = Ui]i(f‘) A; = U;V:(f) Bj, with A; € o, Bj € 8, then X =
Ui’j A; N Bj, hence N(aV ) < N(a)N(f), the second inequality follows after

taking logarithm. O

Definition 5.4 (Entropy of an open cover). Let o be an open cover of X.
Define

1 n—1 .
MT, a) == nh_}rrgo EH( y} T 'a),

we call h(T, «) the topological entropy of T w.r.t .
The existence of the above limit is guarantee by the following lemma.

Lemma 5.2. Set a,, = H( \/;:01 T_ia), then apim < ap + an and hence

. an . 0n
lim — =inf —.

n—oo nM n n
Proof.
n+m—1 n—1 m—1
tnim=H( \/ T7%)=H((\/ T 0)\/T(\/ T7))
i=0 i=0 j=0
m—1
<ap+ H(T_"( \/ T_joz)) < ay + am.
§=0
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Definition 5.5 (Topological entropy of T').

h(T) = sgp hMT, a),

where the supremum is taking over all open covers of X.

The definition of topological entropy is quite similar to that of measure-
theoretical entropy, it turns out to be an invariant of topological conjugacy.

Theorem 5.3. Suppose (X, T) and (Y, S) are topological conjugate, then h(T) =
h(S).

Proof. We show that h(S) < h(T). It suffices to show h(S,a) < h(T) for any
open cover o of Y. Let ¢ : X — Y be the conjugacy map, we have

n—1 n—1
h(S,a) = lim_ %H( \ §7%a) = lim %H(qﬁ‘l \/ 57a)
=0 =0
N NP _
= lim EH(L/OT (97 @) = h(T, ¢~ ) < h(T),

notice that in the second equality we have used the fact that H(3) = H(¢ 1)
for any open cover 5 of Y. O

5.3 Calculation of topological entropy

For any open cover a of X, define

diam(«) := sup diam(A).
Aca
A Lebesgue number of « is a value § > 0 such that for any = € X, the open
ball B(z, ) is a subset of some member of a. Lebesuge number of an open cover
always exists due to the compactness of X.
Claim. Any open cover has a Lebesgue number.

Proof. Suppose « is an open cover of X which does not have a Lebesgue number,
then for any n, 3z, € X, s.t. B(ay,, %) is not contained in any member of
a. By compactness, 3 subsequence (ny) and some z € X, s.t. z,, — x as
k — oo. But since z € A for some open set A € o, Ir > 0, s.t. B(x,r) C
A, however B(x,, , ﬁ) C B(z,r) when k is large, which contradicts with our
assumption. O

Lemma 5.4. Let o, 8 be two open covers of X. If diam(B) is a Lebesgue number
of a, then oo < 8 and h(T, o) < h(T, B).

Proof. Let B € 8, pick « € B, then B C B(z,diam(8)) C A for some A € a,
hence a < 3. The second inequality follows from the definition of entropy. [
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Lemma 5.5. Let («,) be a sequence of open covers of X with diam(a,) — 0

as n — 0o, then
RT) = lim h(T, o).

n—oo

Proof. Tt suffices to prove for any open cover «,

WT,0) < lim h(T,an).

n—oo

Since diam(a,) — 0 as n — oo, when n is large, diam(ay,) is a Lebesgue number
of a, hence (T, a) < h(T, «,) for n large, this completes the proof. O

Lemma 5.6. If diam( \/1,;01 T 'a) = 0 as n — oo, then W(T) = H(T, a).
Proof. We first check an identity

n—1
WT, o) =h(T, \/ T'a) for all n € N.
1=0

By definition

n—1 m—1 n—1
WT,\/ T7'a) = lim_ %H( \V 1777(\/ T7)
i=0 j=0 1=0
1 m+n—2 .
= w}gnoo aH( i\:/o T_la)
1 m—+n—2

A A0V 1) =T a),

Applying the above lemma, we complete the proof. O

Notice that the above definition of topological entropy is completely topo-
logical, it is Rufus Bowen who found an equivalent definition which may have
more apparent dynamical interpretation.

Let d be the metric on X. For n € N, define

dp(z,y) = ogringafqd(T x, T'y) for x,y € X,

then d,, is again a metric. For x € X and € > 0, define
Bn(xae) = {y €X: dn(xay) < 6}7

and call it a Bowen ball. Define

k
Ny (e) :=inf{k : Jx1, 29, -+ ,zp s.t. U B, (x;,¢) D X}.

=1
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Proposition 5.1. A(T) = lim lim 1log N, (e).

e—0n—oo
For convenience, let us denote the right hand side by hp(T'), to mean the
definition of Bowen. Before we prove this proposition, we mention another dual
but also equivalent definition as follows.
Define

Sn(e) =sup{k : 3z, 29, - , 21 € X,s.t. Bp(x;,€) are pairwisely disjoint}.
Remark: N, (2¢) < Sp(e) < Ny(e).

Proof. Assume x1,---,2g, () € X such that B, (z;,¢) are pairwisely disjoint.

We claim that { B, (z1,2€),--- , Bu(zg, (c), 2¢)} is an open cover of X. Otherwise
ifr e X\Uf;‘l(g) By (xi,2¢), then B, (, €) is disjoint with B,,(z1,€),- -+ , Bn(xg, (), €),

contradicting with the definition of S, (¢€), this proves the first inequality. On
the other hand, assume B, (y1,¢€), - , B, (y, €) are Bowen balls such that X C
Ule B, (yi, €), then each By, (y;, €) can contain at most one x; since dy, (x;, x;/) >
2¢ if j # j/, hence S, (€) < k, taking infimum over all such k, we have S, (e) <
Ny (€). O

Write S(€) = lim,, 00 %log Sn(€), it is clear if €1 < e, then S(ez) < S(eq).
Combining this fact with the above remark, we immediately have

— 1 — 1
lim lim —log Ny(e) = lim lim —log .S, (e).

e=>0n—oco N e—»0n—oco N

We will use the following lemma to relate our previous definition of the
entropy of an open cover and Bowen’s notation.

Lemma 5.7. Let (X,T) be a TDS, then
(i) Let « be an open cover of X. Let & be a Lebesgue number of «, then

N(n\_/ T™"a) < Ny (9).
1=0

(i) Let B be an open cover of X with diam(B) < e, then
n—1 )
Na()) < N(\/ T7'8).
i=0

Proof. (i) Assume that X C 51"1(6) By (x;,0) for some x1,---,zn,5 € X.
Notice that for x € X, B,(z,d) = ﬂ::ol T~'B(T'z,65). Since § is a Lebesgue
number of «, we have B(T"x, §) is a subset of some element of «, hence B,,(z, )
is a subset of some element of \/?;01 T~%a. In particular, B,(x;,6) C A; €
ViZ T 7afori=1,---,Nu(6), hence X C UN» A; with A; € \/I7) T~ a,
therefore by definition

N(n\i/1 T7'a) < N,(9).
=0
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(it) Write I = N (2, T78) and assume Ay,---,A; € \/I=) T~*4 is an open
cover of X. For i =1,---,1, pick x; € A;, then it’s easy to see A; C By (z;,€),

hence X C (J\_, Bu(z4,€), which implies N,,(e) < . O

Corollary 5.7.1. Let (X, T) be a TDS. Fore > 0, let e = {all open balls of radius €},
then

n—1 n—1
N(\/ T7%) < Nu(e) < N(\/ T77az).
1=0 =0

Proof. Notice that a. and as both are open covers of X and € itself is a Lebesgue
number of ., then the corollary follows by applying the above lemma. O

Now we can prove that the two definitions of topological entropy coincide,
that is A(T') = hp(T).

Proof of Proposition 5.1. By the above corollary, we have

n—1 n—1

%logN( \/ T "a) < %logNn(e) < %logN( \/ T_iozg),
i=0 =0

letting n — oo, we have
— 1
h(T,a.) < lim —log Ny(€) < h(T, o),

n—oo N

taking e = % and letting n — oo, by Lemma 5.5, we complete the proof. O
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