TA’s solution to 3093 assignment 7

Ch4, Ex11. (2 marks)
We have

-2
Since the series » ™ ’ f (n)‘ is convergent, it follows from Weierstrass M-Test that the function

o2 2
Ft):=3"_|f(n)| (1—e*7*) is uniformly convergent on [0, 00). Therefore F is continuous

on [0,00) and so limy o F(t) = F(0) = 0. Done.

Ex12. (2 maurks)B

We are given that for some 1-periodic Riemann integrable function f(z) ~ Y% a,e*"™, the
function w : [0,1] x [0, 00) — C defined by
oo —4m2n2t 2inmx :
> ane 2 ift>0

u(z,t) = _
f(x) itt=0

satisfies

(a) uy = Uy on [0, 1] x (0, 00);

(b) For t > 0, we have u(z,t) = (f * H))(x), where Hy(z) := S.°°_e ™7 te2nme and “x” is
defined by

s 0@ = [ ol - )iy
for any 1-periodic Riemann integrable functions g, h;
(¢) limyyo [ |u(z,t) — f(z)]* dz = 0.
Let F':[0,27] — C, U : [0,27] x [0,00) — C, and (for 7 > 0) A, : [0,27] — C be defined by

F(G) = f( 9 ), U(Q,T) = u( 8 T ), h.,-(e) = HT/(47r2)(i) = Ze’"%eme.

o o In o) = 2
Then we have the following results:
(i) By the definition of U, we have
ut(i7L2) ul’(i7L2> uxm<i7L2)
U‘r 0 — 27w An U,(6 _ 2w A Uan(6 _ 27 4w ]
(0,7) — 4 0(0,7) —or 00(0,7) i

Hence by (a), we have U, = Uy on [0, 27] x (0, 00).

*I find this question quite ambiguous and I may misunderstand it.



(ii) For 7 > 0, by the definition of U and u, we have

00
U(Q,T):u(i T ):Zane 47rni762m7r27r_zan —n2r mG

o Ar? —
and by (b) we have
0
U0 =1 155) = (5 Hoar) ) = [ 7 = )i )y
Lm0 € § B
=5 | G = g s (e = 5 / F(0 = )he(€)dE = F b,
where “x” is defined by
1 2T
G+ m0) =5 [ Go-ome

for any 2m-periodic Riemann integrable functions G, H.

0 0
(iii) By the definition of U and u, we have U(6,0) = u(z—, 0) = f(2—) = F(0). Since
m 7r
1 [ 1 [ 6 7 o | ! T 2
3 | w6 - refa = o [ 5 - s = [ e 5 - @) a,
by (c) we have
. 1 27 )
17%1%/0 (0, 7) — F(6)[2d0 = 0.
Similarly, whenever x, € [0, 1] satisfies limy o u(xo,t) = f(z0), letting 6y := 2wz we have
90 T 00
ITIE)IUMO’ )_lrmgu(%r 47?2) f(27r) F ().

Done.

Chb, Ex1. (6 marks) (It seems that you already have good solution from tutorial??)

We remark that when doing part (c), in order to use the result of part (b), we have to check that
F(y) := f(y)e*™ is continuous and of moderate decrease. To show F is continuous, we want to

show that f is continuous. It may be done by using that f is continuous with compact support
[—M, M]. Here is another approach: by hypothesis, f is of moderate decrease. Therefore, by the

exact definition of “moderate decrease” in the textbook, J?is continuoust.

TThis idea is suggested by a student. Sorry that I previously misunderstood that the “moderate decrease” condition
was about magnitude only and not about smoothness. If I marked your work wrongly, please feel free to contact me.
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