TA’s solutionH to 3093 assignment 2
Ch2, Ex4. (4 marks)
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(a) Note that f(0) = {
O(r—0) if 0 €0,n].
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Ficure 1. f(0) = 0(m — @), with odd extension

~

(b) We have f(0) = 0. For n # 0, we calculate the Fourier coefficients as follows:
Y - 1 " —ind
fio) = 5= | r@)as
_ 21 / F(O)(—isinn6)dd (- f(6)cosnd is odd in [—, 7))
™ —T
= 1/ O(m — 0) sinnb db. (" f(0)sinnd is even in [—, 7])
T Jo

Using integration by parts and cosnm = (—1)", we have

/ psinnf db = [W(—l)" —/ cosnf de} i 7
0 n 0

n
u -1 T —72(—1)" 2 ™
/ 0 sinnf df = — {7?2(—1)" —2/ 0 cosnd d@] = (=) +— {—/ sin nd d@}
0 n 0 n n 0
—m (=1 2
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A V.
As a result
f( ) —i _2[( ) 0 if n is even
n)=—: —|(— _ — Y,
moon’ —4§ if n is odd.
™m

*This solution is adapted from the work by former TAs.



This shows the Fourier series of f is given by

—43 . —45 8 .
E —36”‘9 = E —isin nbh = E — sin nb.
™ mn ™
nez nel n>1
n odd n odd n odd

Since ) ‘f(n)‘ < 'Y %5 < oo for some constant C' > 0, the Fourier series is equal to fH

Another approach for the integration:

We have
L [ f(0)e"™dg ! We( 0)e" df + L[ O(m + 0)e= " df
— e = — T—0)e — s e
2 J_. 2 Jo 2 J_.
s ) 1 ™ ]
=5 i O(m — 0)e™" df + ] (t — ) (m + (t — m))e ™) gt
1 — inm ™ )
- g/ O(r — 6)e= dg
2m 0
[1— ] /W/Q 4 7T —in(T —v)
= — - _ wm v d
5 _77/2(2 v)(2 +v)e ™2 v
_ —isin F /W/Z(ﬁ e
™ —m/2 4

By thinking of integration by parts, an anti-derivative of the integrand above is of the form
(Av? + Bv + C)e™ for some A, B,C' € R. Hence the above is

nm

—¢sin 2& V=T
- =2 (A + Bu+ C)em )
—isin A7T2 o .onm s nmw
- {( 4—{—C’) isin — + 52C08
—isin & 2
-— 2 {(A% + C)2isin n;] (" 2sin %T cos %T = sinnm = 0)
LU o P
T 4 '

By the definition of anti-derivative, we have

2
in(Av? + By + C)e™ + (2Av + B)e™ = (% —v?)e™,

so by comparing the coefficients

mA = —1,
mB+2A =0,
2
T
inC + B = —
mC + 1
whence | ) ) ) )
— — T T
A=— mC+(—w)=—==0C=—+ —,
in o +(n2) 4 din  ind

2
2
and therefore {A% + C] = pee The result follows.

It is textbook Ch2 Corollary 2.3



Ex6. (4 marks)
(a)
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FIGURE 2. f(0) =10

(b) If n =0, then f(()) = %fow 0df = 7. Else if n # 0, then using f is even we have

f(n) = 1 /” f(0)e ™ do = L /7T 0| cos nfdo

2m ) . 2m
1 [~ 1 "
:—/ 0 cosnb d@z—(—/ sin nf d&)
™ Jo nm 0
_(=pr-1
- n2m

(¢) By the result of part b,

Zf(n)e” —§+ Z %ém —§+ Z WCOSHQ.

neL neL n>1



6(d). As > |f(n =C> n% < 00, for some constant C' > 0, the Fourier series is
equal to f (Corollary 2.3 of the book).

s
f(0) = 5 + Z —— cosnb.

n>1,n=odd

Taking # = 0, we have
T 4
0=fO)=5- 2. —&

n>1,n=odd
This implies that
> n-F
2 ]
n>1,n=odd n 8
Finally,
o0 ¢ oo
1 1 1 Y | 1
D __Z 2T . At Ftilam
n=1 n=1n=odd n>1ln=even n=1
This implies
26
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Ex10. (2 marks)

Since f is 27m-periodic, f@ is 27-periodic too for any 1 < i < 1B Consequently, f®(—r)e™™ =
f@(m)e~™ . Therefore, by successive integration by parts (for n # 0),

—zn@dg
27r / /(6

= %g f'(0)e~"do
1 1 —in
" (in)22r f "(O)e " de

1 1 " —in
- o / 78 (0)e " dg

As f € C*, so by the definition of C* we have f*) is continuous on T. This means there exists
M > 0 such that | f*)(#)| < M for all §. Hence

Fo) < e [ 100 o<

[n|" " [n|*

flx+27+h) - flx+2m)
h

tFor example, f’(z + 27) = limy,_o = limy,_,0

[+ )~ f(x) _
h



