TA’s solutionH to 3093 assignment 10
Chb, Ex15. (5 marks)

(a) Applying the Poisson summation formula to g, and noting that /55( )

f: (sn;(ﬂofi—i;n ) Z G+ n) f: g(—n)e2mine — 1.
n=—00

n=—oo

The result follows.

= g(—x), we have

Alternative

15(a). (p.165) Let f(x) = g(x)e~?™* where g is the function in Exercise 2. Then
we have

sin T a)\?
o) =aic +a) = (o))

By the Poisson summation Formula,

n=—00

= m(n + a)
Hence,

1:if an)_z(w)g_

o0

Z 1 _ ?T2

= (nt+a) - (sinma)?’

15(b). Since the equality is 1-periodic, it’s sufficient to prove for the case 0 < o < 1
If a ;

;1
a # 5, we have

o 11'2 T
/ ————dr = [(—7) cotwz]i = :
1 (sinmz) 2 tan e
If we let hy(z) = Zn__k (n+_ﬂ}2 sthen [hy(z)| < 777 which is an integrable function.
By the Lebesgue Dominated Convergence Theorem,
o o ﬂ_Q aT
lim hi(x)dr = f ———dr = —
k—oo J1 1 (sinwr) tan Ta
On the other hand,

) fa] oo o 1 o0 1

n-—+ o
n=—oo
So we have
o0
> it
n+a tanma
n=—o0
— 1 T o S N 1 _ 1 oo 1 _ _
Ifa= E’ we can see easily that Nl = WAL Hence, > — =0=
lim, .19 ——. The formula continues to hold.
tan o
*This solution is adapted from the work by former TAs
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We make two remarks. Firstly, the function f(x) = is not integrable on [0, 1],

(sinmx)?

because when x ~ 0, we have
1 1

(sinmz)?  (7mx)?

Q

and )
1
— = 00.
0 T2

Secondly, besides the dominated convergence theorem, we can also use the monotone conver-
1

gence theorem. Alternatively, given a fixed a € (0, 1), by Weierstrass M-Test, > W is
n+x

uniformly convergent for & between « and 1/2, whence justifying [ > =" [.
Ex19. (5 marks)
(a) The result follows plainly from the Poisson summation formula 3 f(n) = 3 f(n).

(b) By the geometric series formula, for ¢ € (0,1) we have

t t1 E S < t2>z N qymet L ome
2 2 2 22_222 ) :Z(_l) am '
*+n n 1_1_(%) n = n — n

Noting that for t € (0,1), we have

(S

n=1 m=1

m+1 t2m—1

I o= 2\ 1K 2/n?
=;ZZ(;) “i o

whence we can interchange the order of summation (a proof of this result is given at the
end). Consequently,

Z Z m+1 Z Z m+1 2m=1 i<_1)m+1<(2m)t2m_l’
n=1m=1 m=1 n=1 m=1
whence
1 — 1 2~ 2 — m -
P Tt e g D eme

On the other hand,

Z 6727rt|n| o 22 6727rtn 1 1 - i_27rt -

n=—oo

(c) We have

ot
= m_1+22 1)1 (2m) 2™

(—2mt)*™ —;t =1+ 2 Z 1) (2m) 2™,




Comparing the coeflicients of ¢ on both sides, we get

20(2m) = (—1)m+l%3m.

About the change of order of summation in part (b)

Suppose Y 7 > |anm| := A < co. Here we want to show

M DD G =, D

n=1m=1 m=1n=1

Let 0, ==Y % | anm and S, := > "~ |apm|. Now > S, = A < oo, implying S,, < oo for each
n. As absolute convergence implies convergence, we see that each o, is the limit of a convergent
series. Also, ) 0, is absolutely convergent because > |o,| <> S, < co. Therefore ) o, is
convergent, showing that the L.H.S. of @) is meaningful.

On the other hand, since M 57 Ja, | = 3200, 57 Jan.m| < A, letting M 1 0o we also
have % 5™ | |aym| < A < co. Therefore by symmetry the R.H.S. of (E]) is meaningful too.

Fix an e > 0. By > S5, < 0o, there exists N s.t.

For this N, since S,, < oo for all 1 < n < N, there exists M s.t. for all 1 <n < N, we have

00
£
E \amm\ < N
m=M+1
Consequently,
oo 00 N M o0 N N N M
E E an,m_ E E an,m S E Op — E On + E Op — E E an,m
n=1 m=1 n=1m=1 n=1 n=1 n=1 n=1m=1
[e'¢) N o0 M
= E On| + E E Apom — E Qn,m
n=N-+1 n=1 \m=1 m=1
) N 9]
S E Sn+ g g Qp,m, S 2e.
n=N-+1 n=1 |m=M+1

By using the same argument, there exist some N’ > N and M’ > M such that

M’ N’

0o 0
E E an,m - E E an,m S €.
m=1 n=1 m=1 n=1




Since we can interchange the order of summation for finite sums, we have

M’ N’ N M N’ M’ N M
D2 = DD nm| = DD nm = DD G
m=1 n=1 n=1 m=1 n=1 m=1 n=1 m=1
N’ M’ N M’ N M
SIS I I DTS DY L
n=N+1m=1 n=1m=1 n=1 m=1
N’ M’ N M’
< E , E |Qnm]| + E E |an,m|
n=N+1m=1 n=1 m=M+1
00 N
< Y 5 +Y S <2
- E.
— n —
N
n=N+1 n=1
This gives
oo 00 oo 00
E E an,m - E § an,m
n=1 m=1 m=1 n=1
0o 0o N M N M M’ N’ M’ N’ co 00
S22 nn = 2D Gnm| 2D Gnm = DD | (DD Gnm = DD anm
n=1 m=1 n=1 m=1 n=1 m=1 m=1n=1 m=1n=1 m=1n=1
< He.

The result follows.



