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The following were discussed in the tutorial this week:

1 Limit Theorems

1.1 Squeeze Theorem. Let A ⊆ R, let f, g, h : A → R, and let c be a cluster point of
A. If

f(x) ≤ g(x) ≤ h(x) for all x ∈ A, x 6= c,

and if lim
x→c

f = L = lim
x→c

h, then lim
x→c

g = L.

Example 1.1. (a) lim
x→0

sinx = 0

(b) lim
x→0

cosx = 1

(c) lim
x→0

(
cosx− 1

x

)
= 0

(d) lim
x→0

(
sinx

x

)
= 1

2 Continuous Functions

Definition 2.1. Let A ⊆ R, let f : A → R, and let c ∈ A. We say that f is continuous
at c if, given any ε > 0, there exists δ > 0 such that if x ∈ A and |x − c| < δ, then
|f(x)− f(c)| < ε.

Example 2.1 (Thomae’s function). Let A := {x ∈ R : x > 0}. Let h : A → R be a
function defined by

h(x) =

{
0 if x ∈ A \Q,
1/n if x = m/n ∈ A ∩Q, where m,n ∈ N with gcd(m,n) = 1.

Then h is continuous at every irrational point in A, but discontinuous at every rational
point in A.

3 Classwork

1. Suppose f is a non-negative, real-valued function on R such that lim
x→x0

f(x) = `,

where x0 ∈ R and ` ∈ R, ` ≥ 0. Show that lim
x→x0

√
f(x) =

√
`.

2. Determine the limit lim
x→0

1
x
sin(x2).


