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The following were discussed in the tutorial this week:

1 Lipschitz Functions

Definition 1.1. Let A C R and let f : A — R. If there exists a constant K > 0 such
that
|f(z) = f(u)] < K|z — ul for all z,u € A, (1)

then f is said to be a Lipschitz function (or to satisfy a Lipschitz condition) on A.

Remark. When A is an interval I, the condition (1) means that the slopes of all line
segments joining two points on the graph of y = f(x) over I are bounded by some
number K.

Theorem 1.1. If f : A — R is a Lipschitz function, then f is uniformly continuous on
A.

Example 1.1. (a) f(x) := 22 is a Lipschitz function on [0, ], b > 0, but does not satisfy
a Lipschitz condition on [0, 00).

(b) g(x) := v/z is uniformly continuous on [0, 2] but not a Lipschitz function on [0, 2].

(c) g(x) := y/x is uniformly continuous on [0, c0).

2 Classwork

(a) Let f and g be Lipschitz functions on [a, b]. Show that the product fg is a Lipschitz
function on [a, b].

(b) Give an example of a Lipschitz function f on [0, 00) such that its square f? is not a
Lipschitz function.



