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The following were discussed in the tutorial this week:

1 One-Sided Limits

Definition 1.1. Let A ⊆ R and let f : A→ R.

(i) If c ∈ R is a cluster point of the set A ∩ (c,∞) = {x ∈ A : x > c}, then we say that
L ∈ R is a right-hand limit of f at c and we write

lim
x→c+

f = L or lim
x→c+

f(x) = L

if given any ε > 0 there exists a δ = δ(ε) > 0 such that for all x ∈ A with
0 < x− c < δ, then |f(x)− L| < ε.

(ii) If c ∈ R is a cluster point of the set A ∩ (−∞, c) = {x ∈ A : x < c}, then we say
that L ∈ R is a left-hand limit of f at c and we write

lim
x→c−

f = L or lim
x→c−

f(x) = L

if given any ε > 0 there exists a δ = δ(ε) > 0 such that for all x ∈ A with
0 < c− x < δ, then |f(x)− L| < ε.

Theorem 1.1. Let A ⊆ R, let f : A→ R, and let c ∈ R be a cluster point of A ∩ (c,∞).
Then the following statements are equivalent:

(i) lim
x→c+

f = L.

(ii) For every sequence (xn) that converges to c such that xn ∈ A and xn > c for all
n ∈ N, the sequence (f(xn)) converges to L.

Theorem 1.2. Let A ⊆ R, let f : A → R, and let c ∈ R be a cluster point of both
A ∩ (c,∞) and A ∩ (−∞, c). Then lim

x→c
f = L if and only if lim

x→c+
f = L = lim

x→c−
f .

Example 1.1. (a) f(x) := sgn(x)

(b) g(x) := e1/x for x 6= 0.

(c) h(x) := 1/(e1/x + 1) for x 6= 0.

2 Coursework

Let f(x) =
e1/x

e2/x + 1
for x 6= 0. Evaluate lim

x→0+
f and lim

x→0−
f . Does lim

x→0
f exist?


