
 

MATH 2028 Applications of Fubini's Theorem

GOAL Explore more applications of Fubini's Thin
and evaluate some multiple integrals

we start with some simple examples

Example 1 Evaluate fpfdV where

f R o i x 1,2 R

fCx y a It x't Xy

Solution First we note that f is cts on R

hence integrable Thus Fubini's Theorem applies
I

fdV fo'tf I t y dy DX
O

1 9 2

f f y x'y t'z y2 DX
O y L

f't I x Zz X dx
0

f x t 3
3
24

2 753



Alternatively we can also do the iterated integral

in the reversed order

f du f fo't I 1 2

xy dx dy

1 13
3
Ex y dy

f Iz t Izy dy

Fy t 5177
D

Sometimes it is easier to compute the iterated

integrals in a particular order

Example 2 i Evaluate Spf dV where

f R 0,2 x C 1 I IR

STx y x y e key



Solution First we note that f is cts on R

hence integrable Thus Fubini's Theorem applies
2 I

fdV J f X y
Y
dy DX

O I

fixe ft y e dy dx o

o odd functionof 9

Doing it in a different order

f du J J X y
5 dx dy

L yes fixed x dy

L yes f e E dy
X o

e't 1 f y e5dy o

D



We can also use Fubini's Theorem to evaluate

integrals on a non rectangular bold R E B

Example 3 find the volume of the region

lying over the triangle

I f x y C Co I x co I X 3 Y

and below the graph of f I IR defined by

f Cx y XY
Z

y
2of

0,23 10.13 12

Note Volume of the region f f IV
r

Solution Since f is cts on R and 2h has

measure zero f is integrable on R and



the extension f is integrable on R We can

apply Fubini's Theorem to evaluate fr f du
Fubini

f du f du E f f f ix g dy dx

y
fo't f x y dy dx a

p

f fizxy o
dx x a

it r
su

fo't 12
3 DX 9 0

Ix
4 I Is

D

Example 4 Lef R be the region in the 1st octant

bold below by the paraboloid 2 x't y and above

by the plane 2 4 Evaluate the integral

x du



Solution Step 1 Visualize the region
2 Icy

2

e

2 4

f y
45 4

X y Z 30 and
D Visit

y e Z E 4

Since fCx y z X is cts on R and 2h has

measure zero f is integrable on R

Step Setup the iterated integral and evaluate

Choose the rectangle R Co 1.3 x 0,2J x 0,4

which enclose the region r

f du F du

g

x de dy Dx
O



J f x 4 y dy DX

2 9 5473

fo x 4 y y dx
y o

f x 4 x's dx
0

X Z

f C4 x's
X zo 15

D

Let's see one example in n dimension

Example 5 find the volume of

R f exc Xn 0 E Xu E Xu i E E Xi E 1

So n

Vol r a I du f fo dxn.e.dk dis

fo f Xu i din i dir dx

fo f f xn din a dead x ht



Sometimes we can turn Fubini's theorem around

to help us evaluate certain iterated integrals

Example 6 i Evaluate the iterated integral

gotJj sing DX dy
Solution Note that I h

d cannot be

integrated in closed form We want to flip
the order of integration to see if it helps

Step 1 Identify the Step 2 Define the
function

yn region

1 fcx.gg f
si if x o

I 1 if X o

y 1 is then a Cts function
r

I 7 2C On M
O 1

Note 21 has measure zero



Step 3 Apply Fubini's Theorem

J Sgt
sm dx dy fav

fo't fix y dy DX

foot Sinj d 1 cos I

D

Finally we look at an example where both

iterated integrals exist BUT f is NIT
integrable

Example 7 Consider f R Co I x Co I B

defined by
1 if X Z y Iq for some

f Cx y msn.ge in q prime

0 otherwise

Claim f is NIT integrable
on R



Pf of Claim Since both Qc and the set

my m.ge N g prime

are dense in Co I we have Lcf P O

and Ulf P 1 for AN partition P of R

Hence f is NTI integrable

Next we compute the iterated integrals

when X Iq Jot f Cx y dy O

when X Iq also got f Cx y dy 0

since f Mz y o except for finitely many y

Therefore f fo't fix y dy DX 0

Similarly we also have f fo't fix y dy DX 0

So both iterated integrals exist and are

equal to zero BUT F is NII integrable
D


