
 

MATH 2028 Green's Theorem

GOAL Discuss Green's Theorem in IR and

its applications

We now consider the special case of line

integrals in R2

Notation Given any vector field F U 432

defined on an open set U E R2 we write

in components

F P Q and def dx dy

THEN F dir pd dy
z form on U

Hence we shall also use the notation for line

integrals

F di Pdx Qdy



ie

we are now ready to state the 1st Fundamental

Theorem for Multi variable calculus for line

integrals in B

Green's Theorem Let F U R be a C

vector field defined on an open set U E B

THEI for any compact domain R E U wth

piecewise C boundary C 22 oriented

positively set the region R always lie on the

left of C we have

Pdx t Q dy ITF yP DA

where F P Q in components

x



Remarks 2 Since F is a C vector field the

components P and Q are C functions and thus

2
ZyP is a Cts function hence integrable on U

2 The boundary curve C 2h can be

disconnected For example

C o

r
P

Proof of Green's Theorem for rectangles

We now give the proof when R is a rectangle

R E R2 The general case will be proved later

Main Idea Fubini's Thin

C
R a BT x c d E R

y R
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Example 1 Evaluate F di where

F x y 2xy C

and C E B is the unit square
D 7

as shown oriented counterclockwise 0 1

Solution 1 Direct computation

Parametrize C by T.lt t o O ETE 1

3
I a F dir fo't t de I

4
parametrize C by 8th Iit O ETE I

b 7 2 z
C t

F DE f 2T dt I
C C uCz uC3 2

U C4 Parametrize Cz by 8ft t 1 O ETE I

F dir fo t 1 It
3

Parametrize Cyby 8Ct Oct O ETE I
4

F dir Soto de O

4

Thus F dir b It to 2



Solution 2 Use Green's Theorem

Note that C 2h with the n
c

positive orientation as shown

D 7

By Green's Theorem o z

F di Zf 2 da
P x2 y
Q 2x y

12y C zy DA

f f't 4 y dy dx 2
O O

b

We can compute the area using Green's Theorem

Suppose R E R is a bold region with piecewise

C boundary TIEN

Area r

L X dy y DX tf y dxtxdy



Reason The vector fields

F o x F C y o F C Iz E

all satisfy 3 zig 1 Hence we have

Green'sThin
b

Area r ff I DA ZF zig da J F dir
r ar

a

Example 2 Compute the area of the ellipse

I f Cx y t Iba s 1 E R

Solution Parametrize C by y
n
b C 22

T t a cost b sin t O E t E21T a
r

a 1

Area R f X dy
C

fo a cost boost dt

ab f wit dt IT ab
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Recall that a vector field F a U R is

Conservative Con U if 7 potential function

f U B s t F Of

Write F P Q then a necessary condition

for F to be conservative is the following

Compatibility condition 3 Zf ex

when is C sufficient

A when U is simply connected

Def't A subset U E IR is simply connected

if it is connected and every closed curve

in U can be continuously shrunk to a point
without leaving U

E.g non Es This IEnIa
pointcontinuously

II U
l l
U simplyconnected U Not simplyconnected



Prop If F U IR is a C vector field

defined on an open set ME
422 which is simply

connected and that C is satisfied

THIEN F is conservative on U

Proof By Thm in L 12 it suffices to show that

F df 0 for AIL closed came C E U

Take ANI such closed care C E U

U simply C can be continuously shrunk

connected to a point in U

C bounds a region I E U

at C ar

ByGreen's Theorem writing F CP Q

DONE
F dir Z ZyP da 0

I 0 using
D



Example 3 consider the following vector field

F yz
CP Q

defined on U B's fo E R2 Nate that

IF If 1 I i t tart

x yz
264
x4 y j

r I 0

i e F satisfies the compatibility condition Ct

However F is NIT conservative on U D'sSol

Reason Take C E U as the unit circle

parametrized by 8th cost sint o E t E 2T

F DE fo C sine cost C sint cost dt

fo z at ZIT I 0

In fact if we consider any closed curve EE U

which is simple i e it does not have any



self intersection then we still have

F dir 21T

oriented

Reason Counterdocenice

a Take any small circle
C inside

the region bounded by E centered

s at the origin

THEN E and C together
252 Ev c bound a region R E U Rilo

Since F satisfies CX everywhere on R

O IE Zf da F di F dir

Hence F dir F dir f
21T

direct

computation


