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Definition (Contractive Sequences). We say that a sequence (x,) of real numbers is
contractive if there exists a constant C', 0 < C' < 1, such that

|Tnte — Tpi1| < Clopir — 4 for all n € N. (#)
The number C' is called the constant of the contractive sequence.
Remarks. Do not confuse (#) with the following condition:

|Tpio — Tong1| < |Tpi1 — 20 for all n € N. (#4#)
For example, (1/n) satisfies (##) but it is not contractive.
Theorem. Fvery contractive sequence is a Cauchy sequence, and therefore is convergent.

Example 1. (Sequence of Fibonacci Fractions) Consider the sequence of Fibonacci frac-
tions x, := fn/fns1, where (f,) is the Fibonacci sequence defined by f; = fo = 1
and fnio = far1 + fn, n € N. Show that the sequence (x,) converges to 1/¢, where
¢ = (1++/5)/2 is the Golden Ratio.

Example 2. Let Y = (y,) be the sequence of real numbers given by

1 1 1 1 1 (—1)n*t
O T A TR AR S TR TR
Show that y = lim(y,) exists and |y, — y| < S for all n € N.

Classwork

1. Let @, = y/n. Show that (x,) satisfies lim |z,41 — ,,|] = 0, but that it is not a
Cauchy sequence by definition.

Solution. As (x,) is clearly divergent, it cannot be contractive. However,

1 1
Tpto — Ty, = <
[Tntz = Tnpa] Vnt2+vn+tl Vn+l+n

= |Tpy1 — Tp|.

2. Let (z,,) be a sequence of real numbers defined by

l‘l:l, 1'2:2,

1
Tpyo = 5(23:”“ +x,) forallneN.

Show that (x,,) is convergent and find its limit.
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Solution. Note that

1 1
Tp42 — Tp41 = §(2xn+1 + xn) S _g(xn—kl - xn)
In particular,
|Tpao — Tpaa| = §|xn+1 — | for n € N,
so (x,) is contractive, hence convergent. As
1 1., 1.,
Tn42 = Tnt1 = —§($n+1 — &) == (—5) (w2 —x1) = (—g) :
we have
Z(Wkw — Tpy1) = (_g)
k=0 k=0
1- (-
Tpyg — T = ————>—
=
Hence lim(z,,) = lim (1 + 2(1 — (=3)"™)) = 1. <

3. If z1 > 0 and x,41 == (2 —i—xn)_l for n > 1, show that (z,) is a convergent sequence.
Find the limit.

Solution. By induction, it is easy to see that

0<z, <= forn>2.
And so
2< 1 <1 i > 2
- — r )
5244, 2 =
Now, for n > 2,
1

|$n+2 - mn+1| = |$n+1 - xn| S _|xn+l - $n|
( 4

2 + xn)(2 + $n+1)

So, the 1-tail of (x,,) is contractive, hence convergent. Thus (z,,) is also convergent.

, so that 22 + 22 — 1 = 0. Solving
T

Suppose x = lim(x,). Then we have x = 5

the equation, we obtain xr = —1 + \/2 as the other root —1 — v/2 is rejected. |



