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1 The Completeness Property of R

The Completeness Property of R. Fvery nonempty set of real numbers that has an
upper bound also has a supremum in R.

Example 1. (a) Let S be a nonempty subset of R that is bounded above, and let a be
any real number in R. Define the set a +5 = {a+ s : s € S}. Show that

sup(a+ S) = a +sup S.

(b) Let A and B be nonempty subsets of R that satisfy the property:
a<b foralla € Aand b € B.

Show that sup A < inf B.

Example 2. Suppose that f and g are real-valued functions with common domain D C R.
Assume that f and g are bounded (that is, f(D) and g(D) are bounded subsets of R).

(a) If f(x) < g(z) for all x € D, show that sup f(D) < sup g(D).
(b) If f(z) < g(x) for all z € D, is it true that sup f(D) < inf g(D)?

(c) If f(z) < g(y) for all x,y € D, show that sup f(D) < inf g(D).
Solution. (c) Giveny € D, we have f(z) < g(y) for all z € D. So ¢(y) is an upper bound

for f(D). Hence sup f(D) < g(y). Since the last inequality holds for all y € D, we see that
sup f(D) is a lower bound for g(D). Therefore, we conclude that sup f(D) < inf g(D). <«

Classwork
1. Let S be a nonempty bounded subset of R. Show that if b < 0,
inf(bS) = bsup S.

2. Let A and B be bounded nonempty subsets of R, and let A+ B :={a+0b:a €
A, b€ B}. Prove that

sup(A+ B) =supA+supB and inf(A+ B) =inf A +inf B.
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Solution of Classwork

1. Let S be a nonempty bounded subset of R. Show that if b < 0,

inf(bS) = bsup S.

Solution. By the completeness property, sup S exists.

For any s € S, we have s < sup .S, so that bs > bsup S since b < 0. Hence bsup S
is a lower bound of bS.

Suppose v > bsup S. Then v/b < sup S since b < 0. So there exists s, € S such
that v/b < s,, which implies that v > bs,. Hence bsup S is the greatest lower bound
of bS, that is inf(bS) = bsup S. <

2. Let A and B be bounded nonempty subsets of R, and let A+ B :={a+0b:a €
A, b€ B}. Prove that

sup(A+ B) =supA+supB and inf(A+ B) =inf A +inf B.

Solution. We only prove the first one.
By the completeness property, sup A and sup B both exist.
Fora € A, b e B, we have a <sup A, b < sup B, so that

a+b<supA+supB.

Hence A + B is bounded above by sup A 4+ sup B. By the completeness property,
sup(A + B) exists and

sup(A + B) <sup A + sup B.

On the other hand, fix b € B. Then, for a € A,
a+b<sup(A+B) = a<sup(A+ B)—b.
Hence RHS is an upper bounded of A, and thus
supA <sup(A+ B)—b = b <sup(A+ B) —sup A. (1)
Since (1) is true for any b € B, RHS is an upper bound of B, and thus
sup B < sup(A + B) —sup A,

that is
sup(A + B) > sup A + sup B.



