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Combinations of Continuous Functions

Theorem 1. Let A C R, let f: A — R, and let f(x) > 0 for allx € A. We let \/f be
defined for x € A by (v )(z) = +/f(x).

(a) If f is continuous at a point ¢ € A, then \/f is continuous at c.

(b) If f is continuous on A, then \/f is continuous on A.

Proof. (a) Note that, for z € A,

Vi) - V@] < |ViG - V@] [Viw + Vit = |Viw” - Vi

so that

)

WV F(@) = VOl < VIflz) = fe)l.

Let £ > 0. Since f is continuous at ¢, there is 6 > 0 such that
|f(z) — f(e)] <& whenever z € AN Vj(c).

Now, if x € AN Vs(c), then

(V@) = (VDO < VIf(@) = Flo] < Ve =e.

Hence, \/f is continuous at c.

(b) It follows immediately from (a).
U

Theorem 2. Let A,B C R and let f: A — R and g: B — R be functions such that
f(A) C B. If f is continuous at a point c € A and g is continuous at b = f(c) € B, then
the composition go f: A — R is continuous at c.

Theorem 3. Let A, B C R and let f: A — R be continuous on A, and let g: B — R be
continuous on B. If f(A) C B, then the composition go f: A — R is continuous on A.

Example 1. (a) If f: A — R is continuous on A, then |f| is continuous on A.
(b) If f: A — R is continuous on A and f(x) > 0 for x € A, then /f is continuous on A.

(c) If f: A — R is continuous on A, then sin(f(x)) is continuous on A.
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Example 2. Let f, g be continuous from R to R, and suppose that f(r) = g(r) for all
rational numbers r. Is it true that f(z) = g(z) for all x € R?

Solution. Let v € R. The Density Theorem implies that for each n € N, there is r,, € Q
such that x < r, < x + 1/n. In particular, lim(r,) = x. By the Sequential Criterion for
Continuity, f(z) = lim(f(r,)) and g(z) = lim(g(r,,)). Since f(r,) = g(r,) for all n € N,
it follows that f(x) = g(x). <

Example 3. A function f: R — R is said to be additive if f(z+y) = f(x)+ f(y) for all
x,y € R. Prove that if f is continuous at some point zp, then it is continuous at every
point of R.

Solution. Let c € R. Note that, for x € R,
f(@) = fle) = fz —¢) = flx — c+ x0) — f(z0)
Since f is continuous at z, there exists d > 0 such that
|f(y) — f(zo)] <& whenever y € Vs(x).
Now, if x € V(c), then z — ¢ + xy € Vs(z0), and hence
lf(x) = flo)] = |f(z —c+mxo) — fx)] < e.

Therefore f is continuous at c. <

Classwork

1. Let h: R — R be continuous on R satisfying h(m/2") = 0 for all m € Z,n € N.
Show that h(z) =0 for all z € R.

2. Let g: R — R satisfy the relation g(z +y) = g(x)g(y) for all z,y € R. Show that if
g is continuous at x = 0, then ¢ is continuous at every point of R. Also if we have
g(a) = 0 for some a € R, then g(z) = 0 for all z € R.



