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On Some Constructions of Calabi-Yau Manifolds

Abstract

Classical examples of K3 surfaces are given by hypersurfaces and complete inter-
sections in projective spaces, double coverings of P? branched along sextic curves
and the famous Kummer surfaces. In this report, we will consider the higher di-
mensional analog of these constructions, namely, of Calabi-Yau manifolds. Firstly
we construct Calabi-Yau manifolds as hypersurfaces and complete intersections
in toric varieties, following Batyrev and Borisov. This generalizes Calabi-Yau hy-
persurfaces and complete intersections in projective spaces, product of projective
spaces and weighted projective spaces. Next we construct Calabi-Yau manifolds
by quotient. In particular, we look into the possibility of generalizing the Kummer
construction of K3 surfaces, following Roan. Finally, we construct Calabi-Yau
manifolds by coverings. The emphasis is on the construction of Calabi-Yau 3-
folds as double coverings of P*® branched along octic surfaces, following Cynk.
Moreover we will try to investigate further properties, e.g. modularity, of the

Calabi-Yau manifolds we constructed.
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Introduction

An n-dimensional Calabi-Yau manifold is a compact Kahler manifold V' of com-
plex dimension n such that the canonical bundle K is trivial and h*°(V) =
dim(H°(V, %)) = 0 for 1 < k < n. In the past two decades, Calabi-Yau mani-
folds (or varieties) have continued to be a topic of intensive research. Motivations
for such an investigation came from both the mathematical and physical sides.
For mathematicians, one of the main reasons for studying Calabi-Yau varieties
is that they are a key ingredient in The Mori Program, a vast project which is
designed to accomplish the classification of all complex projective varieties. On
the other hand, the interest of physicists mainly came from the connection be-
tween Calabi-Yau 3-folds and the so-called Superstring Theory. One of the many
far-reaching consequences of this connection is a duality for Calabi-Yau 3-folds
called The Mirror Symmetry. This, in particular, asserts that for any Calabi-Yau
3-fold V, there exists another Calabi-Yau 3-fold V’, called the mirror of V; and
that the Hodge numbers of V and V' satisfy the equalities:

hl,l(v) = hZ,I(V/)’ h2,l(v) = hl.l(vl)

These are very surprising and incredible from the mathematical viewpoint. Nev-
ertheless, there has been increasing evidence in support of The Mirror Symmetry.

To test The Mirror Symmetry or The Mori Program or any other theories
concerning Calabi-Yau manifolds, we should have enough examples of Calabi-
Yau manifolds. Hence in this report, we are going to give some constructions
of Calabi-Yau manifolds. Following the classical examples of K3 surfaces, which
should be considered as 2-dimensional Calabi-Yau manifolds, we shall construct
Calabi-Yau manifolds first as hypersurfaces and complete intersections in toric
varieties in Chapter 2. This generalizes hypersurfaces and complete intersections

in projective spaces, product of projective spaces and weighted projective spaces.
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Then in Chapter 3, we shall consider the higher dimensional analog of Kummer
surfaces, constructing Calabi-Yau manifolds by taking quotients. This will give
examples of rigid Calabi-Yau 3-folds with complez multiplications. The final
Chapter 4 is concerned with exhibiting Calabi-Yau manifolds as coverings. Our
focus is on double coverings of P? branched along octic surfaces and we will try to
discuss the modularity of these double octics. The first chapter on toric geometry

is mainly for reference and notation fixing.



Chapter 1

Introduction to Toric Geometry

In this chapter we present some results in toric geometry, which will be of use

later. They are stated without proofs. For details please refer to [14], [19], [25].

1.1 Definitions of Toric Varieties

First we recall the definition of toric varieties. Let N = Z" be a lattice (i.e. a
free Z-module) of rank n > 1; M = Homgz(N,Z) its dual and (-,-) : N x M — Z
the dual pairing.

Definition 1.1.1. Let Ng := N ®zR and Mg := M ®zR. Then the dual pairing
naturally extends to (-,-) : Ng X Mg — R.

(i) o C Ng 1is called a convez rational polyhedral cone if there exist vy, ..., vs € N

such that
o ={Mv1 + ... + \gvg : A; >0 for all i},
or if o = {0}. o is called strongly convez if o N (—0) = {0}. We also define the

dimension of o to be the dimension of the linear space R -0 = o + (—0).

(i) If o C Ng s a convez rational polyhedral cone, then the dual cone & C Mg

18 the set

0:={u€ Mg : (u,v) >0 for all v € g},

7
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which is also a convex rational polyhedral cone.

(11i) A face T of a convex rational polyhedral cone o is a subset
r=oNut:={vea: (uv) =0}

for some uw € 6 N M, and is written as T < 0. T is a convex rational polyhedral
cone if o is so. A face of a face is a face, and any intersection of faces is a face.

Also if T < o then 6 N7t is a face of &, with
dim(t) + dim(é N 7*) = dim(Ng) = n.
This gives a one-to-one correspondence between the faces of o and the faces of 5.

Now Gordan’s Lemma states that if o is a convex rational polyhedral cone,

the set S, defined by
Se:=6NM,

is a finitely generated semigroup. This gives a C-algebra A4, := C[S,]. We can

then define the affine toric variety associated to o by:
U, := Spec C[S,].
In particular for o = {0}, Sioy = M. We then have

Uiy = Spec C[M] = Spec C[X;, X{%,..., Xn, X7
& Co% s xC*= (C')",

which is an affine algebraic torus. As another example, take N = Z2 and {e1,e0}

the standard basis. Then Ng = R?. Let o be the cone generated by {e,, e,}.

€2

Z

€1



On Some Constructions of Calabi-Yau Manifolds

Then
U, = Spec A, = Spec C[X), X,] = C2.

If 7 < o is a face, then A, C A;. This determines a morphism U, = Spec A, —
U, = Spec A,, which can be shown to be a principal open embedding. In partic-
ular, if o is strongly convex, {0} C o is a face, so that Ty := (C*)" is embedded
as a principal open subset in U,.

To define general toric varieties, we need the notion of a fan:

Definition 1.1.2. A fan ¥ in Ny is a finite set of strongly convez rational poly-
hedral cones in Ny satisfying the following conditions:

(1) If o € £, then T € L for each 7 < o; and

(2) If o, o' € Z, then o N o’ is a face of both.

We define the support of & to be the set |E| = | J,.x 0 C Ng. Also for eachd > 0,

¥(d) denotes the set of d-dimensional cones of X.

Definition 1.1.3. Let N and M be as before and £ be a fan in Ng. The toric
variety Xy, defined by ¥ is the identification space

Xs =[] U,/ ~
oEX
by gluing together U, and U, along U,n, which is embedded in both U, and U,

as a principal open subset. Xy can be shown to be an irreducible, separated and

normal (in fact Cohen-Macaulay) algebraic variety of dimension n.

For example, again take N = Z? and {e;,e;} the standard basis. Consider

the fan £ in Ng = R? generated by the cones 0y, o, and o, where

gy = Rzoel = Rzoez,
o = R2062 + RZO(—el - 62),

Oy = Rzoel + Rzo(—el — 62).
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€2

e

—€] — €2

a2

Using the dual basis {e}, e3} of M, the dual cones are given by

0o = Rye] + Ryoe;,

o1 = Ryo(—e]) + Rxo(—e] +€3),

o2 = Ryo(—e3) +Rxo(e] —€3).

—e] + ez
" 2 /// do
N

So we have

Us, = Spec C[X;, X, = C?,

U,, = Spec C[X7!, XX, = C?,

U,, = Spec C[X;! XX, ~C2

If(To 2 Th : T;) denotes the homogeneous coordinates on P? and we let X; =

T1/To, X2 = T2/To, then Xy, which is given by U,,, U,, and U,, gluing together,

is isomorphic to P2.

Remark 1.1.1. (i) Any I-dimensional toric variety is isomorphic one of the

followings: C*, C and P*.
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(it) If ¥ consists of just one n-dimensional cone o and its faces, then Xy is just
the n-dimensional affine toric variety U,.

(111) If £ is a fan in Ng and ¥’ is a fan in Ny, then the set of products o x o,
where 0 € ¥ and o' € ', forms a fan £ x ¥’ in Ng & Ny and

szgi e Xz X Xgl.
This can of course be generalized to a product of any number of spaces.

Note that Ty = (C*)" is embedded as an open and dense subset in Xy, (so
that all toric varieties are birational to each other and in particular they are all

rational). The action of Ty on itself naturally extends to an action of Ty on Xy:
Ty X Xg — X3
I v U
Tnh xTny — Ty

This is why we call them toric varieties.
Let ¥ be a fan in N and ¥’ a fan in N'. Suppose ¢ : N’ — N is a homomorphism

of lattices whose scalar extension ¢ : N — Ny satisfies the following condition:
for each cone o’ € ', there exists a cone o € £ with ¢(0’) C 0. (1.1)
Then ¢ induces an equivariant morphism

Pu © Xzf = X):.

1.2 Properties of Toric Varieties

One of the features of toric varieties is that their geometric properties can easily
be translated into combinatorial properties of fans and cones. This makes the
study of toric varieties more interesting and accessible. We will see some of these

properties in the next few sections.
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1.2.1 Smoothness
We begin with the characterization of smoothness of toric varieties:

Proposition 1.2.1. An affine toric variety U, is nonsingular if and only if o is

generaied by part of a Z-basis of N. In this case,
I, /2 Ck % (€%, where k = dim(o).

More generally, a toric variety Xy is nonsingular if and only if £ is nonsingular,

in the sense that each o € ¥ is generated by part of a Z-basis of N.

We can also determine when a toric variety is an orbifold, i.e. with only

quotient singularities:

Proposition 1.2.2. A toric variety X is an orbifold if and only if £ is sim-

plicial, i.e. each cone o € T is generated by R-linearly independent elements in

Ng.

1.2.2 Compactness

Instead of discussing the compactness of a single toric variety, we consider the
relative question, i.e. properness of maps between toric varieties. Recall that if
%, ¥’ are fans in N and N’ respectively. Then a lattice homomorphism ¢ : N’ —
N whose scalar extension ¢ : N — Ny satisfies (1.1) induces an equivariant

morphism ¢, : Xy — X5.
Proposition 1.2.3. ¢, : Xy — X5, is proper if and only if
e~N(IZ)) = 2]
In particular, applying this proposition to the zero map we have the

Corollary 1.2.1. Let £ be a fan in Ng. Then the toric variety Xy is compact if
and only if |Z| = Ng.
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On the other hand, concerning resolution of singularities, we have the following

Corollary 1.2.2. ¢, : Xy — Xy is proper and birational if and only if ¢ :
N' — N is an isomorphism and ¥’ is a locally finite subdivision of ¥ under the
identification Ng = N, i.e. for each 0 € T, {0’ € ¥’ : ¢’ C o} is finite and o is

the union of such o'’s.
From now on, unless otherwise stated, we assume all toric varieties are com-

pact, i.e. |Z| = Ng

1.2.3 Stratification

Since each toric variety Xy admits a torus action of Ty = (C*)", we can decom-
pose Xy into a disjoint union of T-invariant orbits. For each 7 € ¥ let N, be

the sublattice of N generated by 7N N, and
N(t)= N/N,, M(t)=7"NM

the quotient and its dual. N(7) can be proved to be a lattice, so we can define

an affine toric variety
O; := Tn(r-) = Hom(M(7),C*) = Spec C[M(7)] = N(7) ®z C*
of dimension n — dim(r). If we define
Star(t) :={G C N(t)g: 0 > 7}

where & denotes the image of o under the projection Ng — N(7)g, then Star(r)
is a fan in N(7)g and the closure of O; is given by the (n — dim(7))-dimensional
toric variety

Vri= XStar('r)-

We have the
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Proposition 1.2.4. Among the orbits O, orbit closures V; and the affine open

sets Uy, the following relations hold:

G Ue=]] 0
T<O
(i) Vo= H Oy,
Y-T
@) O, =V,—|JW.
VT
In particular, Xy is a disjoint union of the O, ’s, i.e. X5 = H O;-

7€

1.3 Divisors on Toric Varieties

The discussion is restricted to Ty-invariant divisors.

1.3.1 Weil divisors

By the stratification of Xy described above, we know that the Ty-invariant prime
divisors of Xy are given by the closures V; of the 1-dimensional orbits O,, 7 €
Z(1). Number the 1-dimensional cones as 7y, ..., 74, and let v;, 2 = 1,...,d be the

primitive generator of 7;. Then the prime divisors are given as:
Di = Vru

and the Ty-invariant Weil divisors are formal sums ZLI a;D;, a; € Z.

1.3.2 Cartier divisors

To deal with (Ty-invariant)Cartier divisors, we first introduce the so-called sup-

port functions.

Definition 1.3.1. A continuous piecewise linear function h : |Z| = Ng — R is
called an integral support function if for each cone o € ¥ there ezists u(c) € M

such that
h(v) = (u(o),v) forveo.
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As is well known, we then have the following

Proposition 1.3.1. Ty-invariant Cartier divisors D on Xy are in one-to-one

correspondence with integral support functions h : Ng — R.

If h: Ng — R is an integral support function, we denote by D, the corre-
sponding Cartier divisor. Since Xy is normal, the group of Cartier divisors is

naturally embedded into the group of Weil divisors.

Proposition 1.3.2. Let [Dy] be the Weil divisor associated to a Cartier divisor
D,,. Then we have

d
[Dy) = — Z h(v;)D;.

From this we get a criterion for a Weil divisor > a;D; to be Cartier: for each
cone o € ¥ there exists u(c) € M such that (u(o),v;) = —a; whenever 7; C 0.
Information about a Cartier divisor D;, can be read off from properties of the

function h.

Proposition 1.3.3. Let D), = Zle a;D; be a Cartier divisor. Then

(i) Dy is generated by global sections if and only if (u(c),v;) > h(v;) = —a;
whenever 7; ¢ o.

(i) Dy is ample if and only if (u(c),v;) > h(v;) = —a; whenever 7; € o and o

s n-dimensional.

Those functions Satisfying (i) are called upper convez and those satisfying (ii)

are called strictly upper convex.
Since a toric variety Xy is Cohen-Macaulay, it has a dualizing sheaf wy,, and thus
a canonical divisor Kx,,. Before finishing this section, we would like to determine

the canonical divisor Kx; on a toric variety X5. This is given by the following:

Proposition 1.3.4. The dualizing sheaf on a toric variety Xs is given by
d
Wxy = Ox(— Z Di)
i=1

so that we have Kx, = — Y ¢ D;.
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1.4 Polarized Toric Varieties

First we define another type of combinatorial objects, namely polytopes:

Definition 1.4.1. Let N, Ng, M, My be as before.

(i) A convez polytope A C My is the convex hull of a finite number of points in
Mg. A is said to be integral if its vertices all lie in M. The dimension of A is
defined to be the dimension of the subspace spanned by {uy — uy : uy,up € A}.

(i) The polar(or dual) of A C Mg is the set A° C Ni defined by
A®:={v € Ng: (u,v) > —1 for all u€ A},

which is also a convez polytope.

(111) A face @ of A is a subset of the form
={uel: (uv)=r}

for some v € Ng and some r € R. A face of a convex polytope is also a conver

polytope. As in the case of cones, a face is denoted as § < A.

As in the case of cones, we have the following combinatorial result for poly-

topes:
Proposition 1.4.1. If  is a face of a convez polytope A, then
6° :={vel®: (uv) =-1 for all u € 6}

is a face of A°. This gives a one-to-one correspondence between the faces of A

and the faces of A°. Also we have
dim(0) + dim(6°) = dim(Mg) —1=n— 1.

Now let Dy, = z:;l a;D; be an ample Ty-invariant Cartier divisor on a toric

variety Xy, i.e. we are given a polarized toric variety. Define

Ay = {u € Mg : (u,v;) > —a; for all i}.
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Then Ay can be shown to be an integral convex polytope in Mg which contains
0 in its interior.
Conversely, given an integral convex polytope A in Mg which contains 0 in its
interior, we can define a fan ¥ in Ng, called the normal fan of A, as follows.
For an [-dimensional face § < A, let oy C NR be the dual of the I-dimensional
cone

do:={Mu—-u):ueA veb \>0}c M.
We have dim(og) = n — dim(0) and we set £ := {0p : § < A}. Then it can
be shown that the normal fan defines a polarized toric variety: a projective toric
variety we denote by Pa together with an ample Cartier divisor D. In fact,
if we consider monomials t*x¥ where v/k € A, with multiplication defined by
thx?-t'x? = t**x**+”" and let Sa be the C-algebra generated by these monomials,
then P, is given by:

Pa = Proj Sa,

and the ample divisor is given by

d
D=>aD;
i=]

where a; = —h(v;) = —inf{(u,v;) : v € M N A}. Hence we get a one-to-one

correspondence between integral convex polytopes and polarized toric varieties.

The preceding discussion can be illustrated again by the projective plane
Xy = P2 It is compact since |X| = Ng = R2. It is also smooth since each
2-dimensional cone in ¥ is generated by a Z-basis of N. The 1-dimensional cones

are given by

70 . = Rzovo, Vp = —€1 — €9,
1 = Ryovy, vy =€,

T2 = Rzo'vz, V2 = €3.
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Denote the corresponding prime divisors by Dy, D, and D, respectively. Then

the anticanonical divisor given by
—Kpe = Do+ D, + D,

is ample. The polytope A corresponding to this polarization of P? is then given
by

A={ueMp=R*: (uv)>-1fori=123}
which is the convex hull of the points —ej + 23, 2¢] — €3 and —e} — €3 in Mj.

This example can of course be generalized to n-dimensional projective space P,

—e} + 2e3 \/\ A & .
00\ P

—-e) —e N G
C1 % 2el —e3

n>1.




Chapter 2

Calabi-Yau Manifolds from Toric

Varieties

In this chapter we construct Calabi-Yau manifolds as hypersurfaces and complete

intersections in toric Fano varieties. We follow the approaches in [2] and [3].

2.1 Toric Fano Varieties

We begin with the definition of toric Fano varieties:

Definition 2.1.1. A compact toric variety Xy is Fano if its anticanonical divisor

~Kx, = ZLI D; s Cartier and ample.

Remark 2.1.1. (i) In general the canonical divisor Kx of a Cohen-Macaulay
variety X is Cartier if and only if X is Gorenstein, i.e. all of its local rings are
Gorenstein. Hence the definition implies that a toric Fano variety is Gorenstein.
() By Proposition 1.3.3(i), a toric variety Xy is Fano if and only if there is a
strictly upper convez integral support function h : Ng — R with h(v;) = —1 for

i=1,..d.

Since a toric Fano variety Xy is polarized by its anticanonical divisor, it is

defined by an integral convex polytope A C Mg with 0 in its interior: Xy = Pa.

19
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A natural question then arises: how to characterize A when P, is Fano? In fact,
it is the ingenious idea of Batyrev to introduce the notion of reflexive polytopes

to answer this question.

Definition 2.1.2. An integral convez polytope A C Mg with 0 in its interior is

called reflezive if its polar A° C Ny is also integral and contains 0 in its interior.

Since 0 € Int(A) and (A°)° = A, A is reflexive if and only if A° is reflexive.

We also have the following equivalent definition of reflexive polytopes:

Lemma 2.1.1. A C Mg is reflexive if and only if it satisfies the following (1)

and ():

(i) each codimension one face 6 of A is supported by an affine hyperplane of the
form {u € Mg : (u,v5) = —1} for some vy € N.

(i) Int(A) N M = {0}.

Proof. This follows from the definition of the polar of a polytope and Proposi-
tion 1.4.1. a

Batyrev shows the following [2]:

Proposition 2.1.1. Let P be a projective toric variety polarized by the ample

Cartier divisor Dy. Then Pa is Fano if and only if A is reflezive.

Proof. First suppose that P, is Fano. Then there exists a strictly upper convex
integral support function h : Ng — R such that h(v) = —1 for each generator v
of a 1-dimensional cone of the normal fan £ of A. But recall that the normal
fan consists of cones over the faces of the polar A° of A, so the 1-dimensional
cones are cones over the vertices of A°. Hence the function & takes the value -1
on each vertex of A°. Such a vertex is of the form Av where A > 0 and v € N.
But h(Av) = —1 forces A = 1 since h(v) € Z. This shows that A° is integral.
Conversely, suppose A is reflexive. Write D, = Ef=1 a;D;. Recall that

a; = —h(v;) = —inf{(u, v;) : v € M N A}.
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But A is reflexive, so v; € N and
(uyv;) > =1 forallue M NA.

Hence a; = —(—1) = 1 for all . In other words, D) = Z?:xDi = —Kp, and
—Kp, is thus Cartier and ample. By definition, P is Fano. O

This proposition shows that toric Fano varieties are in one-to-one correspon-
dence with reflexive polytopes.
The following are some examples of toric Fano varieties.
Example 2.1.1 We have already seen the example of P2. Now we generalize that
to arbitrary dimensions. Let N = Z" and {e, ..., en} be the standard basis of N
and let ey := — " e;. Then the cones generated by subsets of {eo,e€1,...,€n}
form a fan ¥ in Ng, which gives the projective space Xy = P". On the other
hand, let A be the convex hull of the n + 1 points in Mg = R™:
n
—Ee;, ne; —Ze: forj=1,..,n.
i=1 i#]
Then A is a reflexive polytope with polar A° given by the convex hull of {eg, €1, ..., €n}

in NVg. Hence P" = P, is a toric Fano variety.

Example 2.1.2 Let ny, ny be positive integers and denote n := ny +ny. Let N =
Z" and {ey, ..., €n,, f1, .-, fny } be the standard basis of N and let eg := — Hi -8
for=- Z;.Zl fj- Then the cones generated by subsets of {eo, €1, .., €n,, Poi s faa
form a fan ¥ in Ng, which gives the product of projective spaces Xy = P™ x P2
On the other hand, let A be the convex hull of the (n; + 1) x (ng + 1) points in
MRZ
ny nz
{—Z &, nle;—ze:‘, ji= 1,...,n1}@{-2f{, ngf;—Zf,", j= 1,...,n2}.
i=1 i#j i=1 i#]
Then A is a reflexive polytope with polar A° given by the convex hull of the

points {€g, €1, .- €nys f0, f1, s fnp } in Ng. Hence P™ x P2 = P, is a toric Fano
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variety. A concrete example is given by P! x P!. The corresponding polytope A

and its polar A° are the convex hulls of the points
{el +e3,—e] +e3,e] — €5, —e] —e3} and {ey, —ey, €2, —€2}
in Mg and Ny respectively.

—el +e;3 el +e3 €2

77\ * 22N
/A% -l \ =/ &

—e] —ej e] —e3 —e2

More generally, one can construct P™ x ... x P™ as a toric Fano variety. Also

note that this is a special case of the construction in Remark 1.1.1(iii)

Example 2.1.3 Consider Z"*! and its standard basis {eg, €, ..., e, }. Let d, ..., d,
be positive integers and denote d := Y d;. Let N be the rank n lattice defined
by

N :=Z""/(Z-(dy,...,dn))

Let v;, i = 0,1,...,n be the image of e; in N. Then the cones generated by
{vo,v1,...,v,} form a fan ¥ in Ng, which gives the weighted projective space
Xy = P(dy,...,d,). In fact, P(dy,...,d,) = (C**! — {0})/C* where C* acts by
S (20y---y22) = (¢%2,...,5%2,). However not all weighted spaces are Fano.

The necessary and sufficient condition is given by the following:
Lemma 2.1.2. X5 = P(dy, ...,d,) is Fano if and only if d;|d fori=0,1,...,n.

Proof. First note that the cone generators v, vy, ..., v, satisfy Y . div; = 0.
Consider the divisor D = 3" D;. For each i = 0,1, ...,n, there exists a unique
u; € M ® Q such that (u;,v;) = —1 for all j # i. Then D is Cartier if and only
if u; € M for all 7. But

('U.,','U,'>= . = %—1
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It follows that u; € M if and only if d;|d for all i. Once D is Cartier, it is

automatically ample since (u;, v;) > —1. a

So for example, P(1,1,1,1,4), P(1,1,2,2,6) and P(1,1,1,6,9) are Fano, but
P(1,1,2,3,5) and P(1,1,1,3,7) are not.

2.2 Calabi-Yau Hypersurfaces in Toric Fano Va-
rieties

Let P be an n-dimensional toric Fano variety associated to a reflexive polytope
A C Mg where rank M = n. Let Z; € | — Kp,| be a generic anticanonical
hypersurface determined by f € H°(—Kp,). Then

Proposition 2.2.1. Z; is a Calabi-Yau variety, i.e. its dualizing sheaf wz, 18

trivial, and H*(Z;,05) =0 for 0 <k <n—1.

Proof. By Remark 2.1.1(i), Pa is Gorenstein, and hence has at most canonical
singularities [2]. By a theorem of Bertini type [28], we know that Z; also has
at most canonical singularities. Now since P, is Cohen-Macaulay and —Kp, is

Cartier, we can use the adjunction formula to give

le o pr(—KPA)Iz! e Oz!.

On the other hand, as Op, (—Z;) = Op, (Kp,) = wp, we have

a
0—wp, = O0p, =0z, —0
which induces the long exact sequence
— Hk(IPA,OpA) — Hk(Zf,Oz!) — Hk+l(PA,pr) — ...,

But for a compact toric variety Xy, we always have H9(Xy, Ox,) = 0 for ¢ >
0. So H*¥(Pa,0p,) = 0 for k > 0. And by Serre duality, H**!(Pa,wp,)
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H"*"1(Pa,0p,)¥ = 0 for k < n — 1. Altogether we get H¥(Z;,032,) = 0 for
0<k<n-1. O

In fact if we take a generic anticanonical hypersurface in any Fano variety
(i.e. not necessarily toric), we still get a Calabi-Yau variety. But the point in
considering just the toric case is that, as we can see below, the singular Calabi-
Yau Z; above can always be resolved into a Calabi-Yau orbifold with at most
terminal singularities and with (some of) its Hodge numbers given in explicit
formulae.

Of course, if the toric Fano variety is already smooth then the generic anti-
canonical hypersurfaces give examples of smooth Calabi-Yau manifolds. This is
the case when, for example, Po = P*. The corresponding Calabi-Yau 3-fold is
the well-known quintic 3-fold. More generally, a generic degree n + 1 hypersur-
face in P" is a smooth Calabi-Yau (n — 1)-fold. Other examples are given by
generic hypersurfaces of appropriate multi-degree in product of projective spaces,
e.g. the generic hypersurface of multi-degree (3,2,2) in P2 x P! x P! is a smooth
Calabi-Yau 3-fold.

Returning to the general situation when the toric Fano variety is not smooth,
we shall construct a partial resolution of Z ¢ which is minimal in a certain sense
and the resolved variety will be a Calabi- Yau orbifold with terminal singularities.
In particular, this resolved variety will be smooth in codimension three. Hence
when dim(Zs) = n — 1 = 3, we still get a smooth Calabi-Yau 3-fold even if the
ambient space is singular.

To begin with, recall that the normal fan £5 C Ng of A € Mg consists of
cones over faces of the polar A° C Ng. Then let A° C Ng be the subdivision of
A° satisfying the followings:

(i) The vertices of A° are precisely the points in dA° N N; and
(i) Any k-dimensional face of A° is the convex hull of k + 1 lattice points in N

(in such a way that besides these k + 1 points, the convex hull contains no other
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lattice points). Such subdivisions exist by a result in [26] and there are more than

one choice in general:

0A° on

OA°

Define ¥ to be the set of all cones over faces of A°. If we denote byp: N—= N
the identity, then it follows from Corollary 1.2.2 that the induced morphism

T := . : Xy — Xz, = P4 is birational and proper.

Proposition 2.2.2. The partial resolution T : X5, — Pa is crepant (or minimal),
1.€;

T.(KPA) = KX;:-

Proof. First note that for each i = 1, ..., d the pullback 7*(D;) of a prime divisor
D; in P5 remains a prime divisor in Xy since 7 is a toric blow-up. Thus if h
is the support function that corresponds to the canonical divisor Kp, of Pa,
then h also corresponds to the divisor 7*(Kp, ). Now it follows from the proof of
Proposition 2.1.1 that h equals -1 on 9A°. But the generators of the 1-dimensional
“ cones of ¥ are all contained in dA°. Hence h equals -1 on all the generators of the
1-dimensional cones of ¥. This says exactly that h corresponds to the canonical

divisor K, of X5. The result now follows from Proposition 1.3.1. O

Remark 2.2.1. (The proof of ) the proposition also shows that Ky, (or —Kx,.)

is Cartier and generated by global sections.

25



On Some Constructions of Calabi-Yau Manifolds 26

Before stating the next proposition, let’s review some facts about canonical
and terminal singularities. Recall that a normal and quasiprojective variety X is
said to have canonical singularities if it satisifies:

(i) for some integer r > 1, rKx is Cartier, and
(i) if f:Y — X is a resolution of singularities and {E;} is the family of excep-

tional prime divisors of f, then

T‘Ky = f'('I‘Kx) + ZaiE,-

where a; > 0 for all 7.
If further we have a; > 0 for all 7, then X is said to have terminal singularities.
Now for toric varieties, we have the following definition of Reid:
Let o C Ny be a strongly convex cone and let {vy,...,v;} be the generators of
the 1-dimensional faces of 0. We say that o is terminal (resp. canonical) if it
satisifies (i) and (ii) (resp. (i) and (ii’)) below:
(i) v1,..., v are contained in an affine hyperplane H = {v € Ng : (u,v) = —1}
for some u € M,
(i) Nnon{v e Ng: (u,v) > -1} = {0,vy,..., v}
(@) Nnon{ve Ng: (u,v) >-1} ={0}.)

. U2 . V2
o U] * U1
Vg Vk
a terminal cone a canonical cone

Reid’s criterion (cf. (1.12) of [29]) then says that a toric variety Xy has

terminal (resp. canonical) singularities if and only if Yo € £, o is terminal (resp.

canonical).
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Proposition 2.2.3. The resolved variety Xx has terminal singularities.

Proof. Let o € . By definition, the generators {vy, ..., v} of the 1-dimensional
faces of o are contained in an affine hyperplane H = {v € Ng : (u,v) = =1} C Ng
for some u € M; and there are no other lattice points of N in the part of o under
oron H,ie. NNoN{v € Ng : (u,v) < -1} = {0, vy, ..., v }. By Reid’s criterion,

Xy has terminal singularities. a

It also follows from the definition that ¥ is simplicial, i.e. each cone o0 € £
is generated by R-linearly independent vectors in Ng. So Xy is an orbifold by

Proposition 1.2.2. Together with the above proposition, this implies
5
Corollary 2.2.1. Xy is smooth in codimension three.

Now let ?f := 77Y(Zy) be the proper transform of Z; via 7, together with the

partial resolution
T ; 2\; .2
Proposition 2.2.2 shows that 2\, is a generic anticanonical hypersurface in Xy,

and hence an orbifold with terminal singularities; and 7 : 2\, — Zj is crepant.

Also, by (the proof of) Proposition 2.2.1, Z is a Calabi-Yau variety.

Remark 2.2.2. (i) In [2] Batyrev termed the morphisms 7 : Xy — Pa and
e 2} — Zj as mazimal projective crepant partial desingularizations (abbreviated

as MPCP-desingularizations).

(11) In the sense of the Mori Program, 2} is a minimal model of Z;.

Let’s look at a concrete example of MPCP-desingularizations. Take N = Z*
with its standard basis {e1,e2,€3,e4} and let ¥ be the fan in Ng = R* generated
by {vo,v1, V2, v3,v4} where vy = —e; —2e; —2e3 — 6e4 and v; = e; fori = 1,2, 3, 4.
Then

Vo + V1 + 2vug + 2v3 + 6vg = 0.
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Hence the toric variety corresponding to ¥ is the 4-dimensional weighted projec-
tive space P(1,1,2,2,6). By Lemma 2.1.2, this is a toric Fano variety. Denote by
A the corresponding reflexive polytope. Then the vertices of the polar A° C Ng

are exactly the points {vg, v1,v2,v3,v4}, and A is the convex hull of the points

Uy = (_1’ _1) _11 _1)1

w = (11,-1,-1,-1),

Ug (—I)Sa—lv—l)v
Us = (_1: “1757 _1)3

ug = (-1,-1,-1,5).

If (20, 21, 22, 23, 24) are weighted homogeneous coordinates for P(1, 1,2,2,6), then
the singularities is along the surface z9 = z; = 0 which corresponds to the cone
generated by vp and v; (or the codimension 2 face 8° < A° with vertices vy, v3, v4).
Let vs := 3(vo+v1) = (0, —1,—1,3). Then JA°NN = {vo, v1, Vs, v3, v4, vs}. Hence
the MPCP-desingularization of P(1,1,2,2, 6) is obtained by inserting the vertex
vs into A° and subdividing the polytope. In geometric terms, this corresponds
to blowing up the surface 2y = z; = 0. In this example, the choice of subdivision
is unique. But in general, there are several different ways in subdividing the

polytope and the resulting Calabi-Yau orbifolds differ by so-called flops.

2.3 Computation of Hodge Numbers of Z\f

By general Hodge theory, generic hypersurfaces of an orbifold have pure Hodge
structures on their cohomology groups. In particular it is the case for Z Thus
it makes sense to speak of the Hodge numbers of Z;. In this section, we shall
show how to calculate h"‘z'l(Z) and hl"(Z), expressing them in terms of the

combinatorial data of A.
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2.3.1 The results of Danilov and Khovanskii

In order to compute h"2'(Z;), we need to recall some results from [15]. By
Deligne’s Hodge theory [16] for any complex algebraic variety X (even noncom-
pact or singular), the cohomology groups with compact support H*(X) are en-
dowed with the so-called mized Hodge structures. The Hodge-Deligne numbers
are then defined as h?9(H{ (X)) := h?9(Gr}¥, ,(H5(X))). Danilov and Khovanskii
further introduced the following invariant of X in [15]:

(X)) = Y _(-1)*RPI(HE(X)).

k
Observe that e??(X) = e??(X). If X is an orbifold, then H*(X) = H*(X)
actually carries pure Hodge structures, so h?9(H*(X)) = 0 if p + ¢ # k and
we have eP9(X) = (=1)P*hPI(HPYI(X)) = (=1)P*9hP9(X). In addition, the

followings were proved in [15]:

Proposition 2.3.1. (i) Suppose X is a disjoint union of a finite number of locally
closed subvarieties X; fori € I. Then
P9(X) =) ePI(Xy).
i€l
(1) If X = X' x X" is a product of two complez algebraic varieties, then
SAX)= D, EIX)-ETX),
(p'+p",a'+9")=(p,q)

(i) is proved by using the exact sequence of Hodge structures:
.. — HE(X\Y) - HY(X) - HYY) - HY(X\Y) > ...

for a closed subvariety Y in X. (ii) follows from the Kinneth isomorphism
H}(X)® H;(Y) — H:(X x Y) which is compatible with the Hodge structures.

Now let Po be a polarized toric variety associated with an integral convex
polytope A C Mg. Let Zy C Uy = (C*)" be a hypersurface obtained by
restricting a divisor Z of Po with Z € |Op, (1)|.
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Definition 2.3.1. We say that Z, is A-reqular if Z has a transversal intersection
with all the strata of Pa, i.e. it has smooth intersection with all the orbits O, of

Pa.

Making use of Proposition 2.3.1 and other results, Danilov and Khovanskii
obtained some general formulae for the Hodge numbers h"~!(H"~1(Z,)) and
h"=2%(H™"1(Z,)) which we need in computing h"‘z"(é;). Before stating their

results, we have to fix some notations:

Definition 2.3.2. We denote by [(A) the number of integral points in A and by

I*(A) the number of integral points in the interior of A.

Proposition 2.3.2. Let dim(A) =n > 4. Then
(i) "2 (HE ™Y (Z0)) + W20 (HY ™Y (Z0)) = I"(24) = (n + 1)1*(A);
(ir) k=Y (HE™Y(Zo)) = I*(D);
(iii) " 2H N (Zo) = Y 1(0)
codim(6)=1
where 6 ranges over faces of codimension one of A.
Remark 2.3.1. When A is a reflexive polytope, its codimension 1 faces are given
by {u € A : (u,v) = —1} where v is a vertez of A° which is integral since A° has
integral vertices. But the iﬁtegml points u in the interior of 2A satisfy (u,v) > —2

for all vertices v of A°,-and hence (u,v) > —1. It follows that I*(2A) = I(A).
Similarly, I*(A) = 1.

Danilov and Khovanskii also proved a theorem of Lefschetz type, which will

also be used in the sequel:

Theorem 2.3.1. For a A-reqular hypersurface Zy C (C*)*, we have
(i) WP9(HX(Z0)) =0 fork <n—1;

(i1) WPA(H=(Z6) = 0 for p+ g > n — 1;

(i13) hP(HE(Zp)) = RPI(HE2((C*)™)) fork >n—1.
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The Hodge numbers of the torus (C*)" is given by

C? ifp=qgandk=n+p,
RPAHE((C)™) =

0 otherwise.

2.3.2 The Hodge number h"‘2’1(2})

We are now ready to compute h"“”(Z).

Theorem 2.3.2. For n > 4 the Hodge number h"‘2’1(27) is given by
N Z) =18) -n=1— 3 @)+ Y rEre)
codim(0)=1 codim(0)=2

where @ in the summations denote faces of A and 6° denote the face in A° dual

to 8.

Proof. First note that since Z; is quasi-smooth and compact, we have h*~2! (Z) =
(——1)"'16"‘2"(2;). By Proposition 2.3.1(i), the key is then to find a 'good’ strat-
ification of Z\f Recall that we have the proper birational morphism 7 : Z = Zg.
Through this map, 2\, can be represented as a disjoint union:
Zr =[] 7" (Zs0)
0<A

where Zsg = Z; N O,, and oy is the cone in Ng over the dual face 8° < A°. On
the other hand, all irreducible components of fibers of 7 over closed points of Z 1.6
are- toric varieties. A stratification of 77!(Z;p) is thus given by smooth affine
varieties isomorphic to Zss x (C*)*, k > 0. Therefore we obtain a stratification
of Z\f by smooth affine varieties which are isomorp'hic to Zse x (C*)F, 0 < A,
k > 0. Next by Proposition 2.3.1(ii), Theorem 2.3.1 and the formulae for the
Hodge numbers of the torus, we can conclude that e"~2!(Z;4 x (C*)¥) is nonzero
only if @ = A and k = 0; or dim() =n — 2 and k = 1. In the first case: § = A,
Zsa = Zs N Ooy = Zp is just the affine hypersurface in Uiy = (C*)" obtained
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by restricting the divisor Z;. By Proposition 2.3.2(i) and (iii), we have

" *(Z) = (-)(EEA)-(+1)I(A) = Y 1)

codim(8)=1

= (D)"Y -+ - Y @)

codim(0)=1

For the latter case: dim(f) = n — 2 and k = 1. The strata which are isomorphic
to Zsp x C* appear in the fibers of 7 over (n — 3)-dimensional singular affine
subvarieties Zf9 C Z; having codimension 2 in Z;. By the very definition of the
subdivision A° of A°, 7 is I*(6°) to 1 on 77'(Zsp) (Note that dim(f) = n — 2
implies dim(6°) = 1 and the number of newly-added vertices to 6° is equal to
1*(6°)). In other words, 77!(Zy,) has I*(6°) strata isomorphic to Z;x C* for every
codimension 2 face 6 of A. Now by Proposition 2.3.1(ii), Proposition 2.3.2(ii) and

the formulae for the Hodge numbers of the torus, we have
en—Z,I(Zf‘o X C‘) - Cn—B'O(Zf,o) -el’l(C') - (_l)n—shn-3,0(zf'o) e (—1)"“1’(0).

Hence the codimension 2 faces contribute

Vi DA )T ()
codim(0)=2
to e"’“(é}). Therefore altogether we get
WRNZp) = (-1)re(z))

= (DS Z) - Y I (2 x )

codim(0)=2

= (A)-n—-1- )" @+ Y e

codim(0)=1 codim(0)=2

2.3.3 The Hodge number h"'(Z;) -
Theorem 2.3.3. For n > 4 the Hodge number hl'l(Z) is given by

RN Zp) =1(A°) =1 —n — doorEe)y+ > e

codim(6°)=1 codim(0°)=2



On Some Constructions of Calabi-Yau Manifolds

where 8 < A and 6° < A° are dual faces.

Proof. Since n > 4, h2%(Z;) = 0. Hence rk Picg(Z;) = hYY(Z;). Picg(Z;) is
generated by the classes of components of 2;‘ - Zf:) where Z;} = 2\; N(C*)" is
the affine part of 2} On the other hand, the classes of these components are
not independent. In fact, the group they generate contains the restrictions of
Ty-invariant divisors of Xy on 27’ There are n relations on PicQ(Z) given by
the globally linear functions over N (defined by m € M) which correspond to
principal Cartier divisors. It can be proved that these are indeed all the relations

among the components of Z - Zf; [2]. Therefore,
hY(Z;) = 1k Picg(Z;) = (number of components of Zr ~Zra)—1

The components of 2} - ff; come from divisors D; restricted on Z;. Each v;
(the generator of 7; € £(1)) lies in a face #° < A°. Recall that as 7 is a toric

blowup, we have 7(D;) = V,,. There are several cases:

Case 1: codim(6°) = 1. If v; is an interior point of 6°, then 7(D;) is a point and
D;N Z; = 0 for a general Z;. This gives
W= 3 rEe)=ia)-1- 3 )
codim(6°)=1 codim(0°)=1

components. Note that we have used [Z(1)| = [A°N N — {0} = I(A°) —1.

Case 2: codim(0°) = 2. Then dim(f) = codim(6°) — 1 = 1 and V,, is a curve. By

the intersection theory of toric varieties [19)],
Zs Voo =17(0) + 1,

Le. ZyNV,, has I*(9) + 1 points, so that D; N ?f has I*(f) + 1 connected
components. But their sum is already counted in case 1. Hence these totally
gives, in addition,
Y. rE)ne)
codim(6°)=2
components.
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Case 3: codim(6°) > 3. Then dim(f) > 2. By Bertini theorem, Z; NV, is irre-

ducible. Thus these give no new components.
The result follows. O

As mentioned in the introduction, physicists discovered a duality, called the
Mirror Symmetry for Calabi-Yau 3-folds. In fact, many of the early constructions
of Calabi-Yau 3-folds are for the purpose of verifying Mirror Symmetry, out of
which the family of quintic in P* and its mirror is the most famous (cf. [6]).
After the work [6], many examples of mirror pairs have been constructed. In
1993, Batyrev introduced (in [2]) the notion of reflexive polytopes and construct
Calabi-Yau 3-folds as hypersurfaces in toric variety. This, on the one hand,
greatly generalized the previous constructions of mirror pairs; and on the other
hand, gave a possible mathematical interpretation of Mirror Symmetry. Notice
that the formulae for A"~2'(Z;) and h'1(Z;) given in this section are interchanged
when the roles of A and A° are interchanged. In view of this, Batyrev proposed
that the families of Calabi-Yau 3-folds from dual polytopes A and A° form a
mirror pair. He was able to show that his construction of mirror pairs generalized

the previous ones. Details can be found in [2].

2.4 Calabi-Yau Complete Intersections in Toric

- Fano Varieties

We now come to the construction of Calabi-Yau manifolds as complete inter-
sections in toric Fano varieties. To do this, we need to introduce the notion of
a nef-partition. Let Po be an n-dimensional toric Fano variety associated to a

reflexive polytope A. Let £ be the normal fan of A. Given a partition

34
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into r disjoint subsets, we define divisors E; for 1 < j < r as:
E;:=) D
i€l;

Then we have —Kp, = E; +...+ E,.

Definition 2.4.1. The decomposition (1) = LU...UL, is called a nef-partition
if for each j, Ej is a Cartier divisor generated by its global sections. (or equiva-

lently, A is a Minkowski sum Ay + ...+ A, and A;NA; = {0} for any i # j.)

Let f; € H°(Pa,Op,(E;)) be generic global sections. Let V C Pa be the
complete intersection of dimension n — r defined by f; = ... = f, = 0. Recall
that we have a MPCP-desingularization 7 : X5 — Pa. Let V := 7-}(V). Then
Vis again a complete intersection in X, defined by global sections of semi-ample
sheaves (i.e. sheaves generated by global sections). By the adjunction formula,

V has trivial canonical sheaf, and so does V because 7 : V — V is crepant.

Lemma 2.4.1. Let D be a divisor on a polarized toric variety Pa such that

Op, (D) is generated by global sections. Let Ap be the polytope associated to D.

Then we have:

I if i # dim(Ap)

I"(Ap) if i = dimAp
Proof. Let k := dim(Ap). Then the invertible sheaf Op, (D) defines the canonical
morphism:

7p : Pa — V := Proj @ H°(Pa, Op, (mD))

i m=>0
where V = P, is a k-dimensional polarized toric variety and Op, (D) = 75, 0y(1).

Since 7p is finite, we have
H'(Pa,Op,(—D)) = H'(V, Oy(-1)).

But H‘(V, Ov(—].)) =0 for i < k and H"(V, Ov(—l)) = l'(AD) [14] 0O
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Proposition 2.4.1. Let Po be an n-dimensional polarized toric variety and A;
for 1 < i@ < r be the supporting polytopes for global sections of some semi-
ample invertible sheaves L; on P such that dim(A, + ... + A;) = n. Let
fi € H°(Pa, L;) be generic sections and let Z; be the zero set of f;. Let W
be the complete intersection Zy N ... N Z,. Assume that n —r > 2 and for any

subset {Ayy,..., A} C {Ay,..., 4},

1. $Fai=";
A +...+4A) =
0 ifs<r:
Then we have
A (Ow) =...= k""" (Ow) = 0 and h°(Ow) = K1 (Qw) = 1.
Proof. Denote by K* the Koszul complez:
Opa(=Zy—= .= Z;) = ... > Y Opy(~Zi—Z;) = Y Op,(~Z;) — Op,.
i<j i

There are two spectral sequences 'E and "E converging to the hypercohomology
]HI*(]PA, ’C')Z

B} = HP(Pa, HY(K")),

"B} = H(Pa, H¥(K"))

The fact that K* is an acyclic resolution of Oy implies:

0 forq#r;
HI(C*) =
Ow forqg=r.

It follows that 'E' degenerates at 'E, and we have
H7(Pa, K*) = HP(Pa, Ow) = HP(W, Ow).
Now "E3? is the cohomology of the bicomplex:

"Ef'= P HU(PAOp(~Zy—...— %))

£ J YO S, |
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By the previous lemma and the assumptions we made, we have
IIE;',O o IIE?,n o C

and all other "EP? equal to zero. Hence "E degenerates at "E;, and we have

isomorphisms:
H"(Pa,K*) & "E¥™ > C,
H"(Pa,K*) = "E}° = C, and
H*(Pa,K*) =0 for 1<l<n-—-r—1.
The result follows. a

It now follows immediately from the proposition that V is a Calabi-Yau va-
riety. On the other hand, V is also a complete intersection of global sections
of semi-ample invertible sheaves £; on Xy, the supporting polytopes of which
are again A,,...,A,. Hence V still satisfy the hypotheses made in the above
proposition, and so V is a Calabi-Yau orbifold (again with at most terminal
singularities).

When the Ej’s are taken to be ample divisors of P4, explicit formulae for the
Hodge numbers A*~"=21(V/) and h"!(V) can be given in terms of the combinato-

rial data of A, as in the case of hypersurfaces:

hn—r—l,l("}) o Z (Z(-l)r_lJll‘(Ai + Z A])) iy

Y, (Zv-e(Xe)
codim(@)=1 JCI jeJ
+ Y re(Eye3e),
codim(0)=2 JcI jeJ

K (V) = Card{lattice points in faces of A° of dim < n —r — 1} —n

3 re( ey )

codim(60°)=2 JciI J€J
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where I = {1,...,7}, J C I is a subset and 6; < A, is the face corresponding to
6 < A. We will not attempt to give a proof of these rather complicated formulae.
Instead we remark that when r = 1, these formulae reduce to those in Section 2.3.
More generally, Batyrev and Borisov defined the so-called string-theoretic Hodge
numbers for V' (cf. [3]). They are able to give explicit formulae for these numbers,
which generalize all the formulae we present here.

As in the case of hypersurfaces, generic complete intersections in smooth toric
Fano varieties give examples of smooth Calabi-Yaus. So we can regafd the pro-
Jective space P" as a toric Fano variety. Denote by H a hyperplane. Then any
effective divisor D on P" is a multiple of H. In particular, the anticanonical
divisor is given by —Kpn = (n+ 1)H. Let E; := d;H, d; > 2 for 1 < i < r such
that d; +...+d, = n+1 (or equivalently —Kpn = E| + ...+ E,). This gives us
a nef-partition of —Kpn. Let f; € HO(P", Opn(E;)) be a generic section. Then f;
is a degree d; homogeneous polynomial on P". Let V := {f; = ... = f. = 0} be
the complete intersection. Then V' is a Calabi-Yau manifold of dimension n — r.
The formulae in Section 2.4 certainly gives h!(V) = 1, which also follows from

the Lefschetz hyperplane theorem. The Euler number is given by

e(V) = (n+1)n(n—1)_(n+1)n+(n-;1) _%(Zd?)}dl...dr.

6 2

In particular, when 7 = n — 3, we get smooth Calabi-Yau 3-folds. But d; > 2, so

n-3
n+l=) d>2n-3)=2n-6
=1
which implies that n < 7. The possible cases are well-known and are all listed as

followe:
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n dis description
4 d=5§ the well-known quintic threefold
5 dy=dy=3 the intersection of two cubics
5 d =2, dy=4 the intersection of a quadric and a quartic
6| dy=dy=2, d3 =3 | the intersection of two quadrics and one cubic
T|dy=dy=d3=dy=2 the intersection of 4 quadrics

Similarly, regarding X :=P™ x ... x P™ as a toric Fano variety of _dimension
n:=mn; +...+ny, we can determine when can a complete intersection in X give
us a Calabi-Yau manifold. Denote by H;, 1 < j < k, a hyperplane in P" and let
I :=P" x...x Hyx...xP™. Then the effective divisors on X are generated by
Iy, ..., Ir. The anticanonical divisor is given by —Kx = (ny+1)I;+. . .+ (ng+1) .
For 1 <i <, let E; :=duly +... + dyli with di; > 0 and 3°5_ dyj > 2; and
satisfy: )

Y dj=n;+1 forj=1,....k

i=1

This is a nef-partition of —Kx. Let f; € H°(X,Ox(E;)) be a generic global sec-
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tion. Then f; is a multi-homogeneous polynomial on X of multi-degree (dy, . . ., dix).

Let V := {fi = ... = fx = 0} be the complete intersection. Then V is an
(n — r)-dimensional Calabi-Yau manifold. Again, the Hodge numbers can either
be calculated by the formulae in Section 2.4 or by Lefschetz hyperplane theorem.
As an example, take X = P® x P! x P.. Then —Kx = 4, + 2I, + 2I5. Let
E, := 31, and E, := I, +2I,+2I3. This gives a nef-partition and V is a complete
intersection of the zero sets of polynomials of multi-degrees (3,0,0) and (1,2,2)
on X. V is a 3-dimensional Calabi-Yau manifold with e(V) = —48, A" (V) = 9
and h21(V) = 33.

Before Batyrev’s work, Calabi-Yau 3-folds have been constructed by physicists
as hypersurfaces in 4-dimensional weighted projective spaces. However, to ensure
that the hypersurface can be resolved to give a smooth Calabi-Yau, physicists

have to impose the condition of transversality on weighted homogeneous poly-
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nomials, namely, the equations f = 0 and df = 0 have no common solutions.
Finally physicists were able to list all the weighted P* that admit a transverse
polynomial. There are totally 7555 families. They then proceeded to plot the
Hodge numbers (h"?, h%!) of these examples (these Hodge numbers are of course
found by computer), and they found that the graph is almost symmetric. This
suggest that most of the examples in the list are indeed mirror pairs of Calabi-
Yau 3-folds. But a problem immediately arises due to the asymmetry: what are
the missing mirrors? It turns out that these 'missing mirrors’ can be found by
using Batyrev’s constructions. These mirrors are missing because they cannot be
presented as transverse hypersurfaces in weighted P*. Nevertheless, using com-
puter, it can be shown that the polytopes associated to them are reflexive and so
fit to Batyrev’s constructions. Now, the plot of Hodge numbers shows an exact,

not just approximate, symmetry. For details, see [7].



Chapter 3

Calabi-Yau Manifolds by

Quotients

In this chapter we construct Calabi-Yau 3-folds by taking quotients. Both free

group actions and actions with fixed points will be considered.

3.1 Free Group Actions

First we recall the Bogomolov structure theorem (see [4]):

Theorem 3.1.1. Let X be a compact Kihler manifold with c;(X) = 0. Then

there exists a finite unramified cover

~

X—-X

which is isomorphic to a product X = T x IL Vi x HJ. X; where T is a complex
torus; V; is a simply connected projective manifold, of dimension > 3, with trivial
canonical bundle and hPO(Vi) = 0 for 0 < p < dim(Vi); and X; is a simply
connected holomorphic symplectic even dimensional Kdhler manifold with trivial

canonical bundle.

Note that the factors V;’s are simply connected Calabi-Yau manifolds, while

the X;’s are the so-called hyperkdhler manifolds. Now suppose that we have a

41
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—_~

compact Kahler 3-fold X with ¢,(X) = 0 and e(X) # 0. Then e(X) # 0 and
hence no torus can appear in the above decomposition of X. There are also no
factors of X’s as they are even-dimensional. Therefore by the structure theorem,

there exists a finite unramified cover
V-oX

where V is a simply connected Calabi-Yau 3-fold. This implies that for both V'
and X, we have:

h0,0 = p03 — ; hO,l = h02 — 0.

Hence X is also a Calabi-Yau 3-fold, with finite fundamental group m;(X). This
suggests that we can start with a simply connected Calabi-Yau manifold V' and
construct new Calabi-Yau manifolds by finding groups, say G, acting freely on
V. In this way, we may sometimes get Calabi-Yau manifolds with relatively small
absolute value of the Euler number (since x(V/G) = x(V)/|G|), which is desir-

able for physicists studying Superstring Theory. We give some examples here.

Example 3.1.1 Consider the quintic V in P* given by {f = 0} where

4
f(an 21, 22, 23, 24) = Z Z?.

1=0
This is a simply connected Calabi-Yau 3-fold with Euler number -200. An Zs x Zs-

action on V' is given by the two generators:
g (zﬂy 21, 2, 23, 24) = (25) 21, 22, 23, 24)1

T - (ZO’ 21, 22, 23, 24) = (Czh C2221 4323: <4Z4, 25)1

where ( is a primitive fifth root of unity. Note that a fixed point of ¢ must satisfy
(20, 21, 22, 23, 2a) = A(21, 22, 23, 24, 20) for some A € C and this implies A3 = 1

Hence no point of V' is fixed under . On the other hand, the fixed points of 7 in
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P* are (1,0,0,0,0),(0,1,0,0,0),...,(0,0,0,0,1), none of which is in V. There-
fore, this is a free action. Let X := V/(Zs x Zs). Then X is a Calabi-Yau

manifold with fundamental group m(X) = Zs x Zs and Euler number -8.

Example 3.1.2 Let X := P3 xP? with homogeneous coordinates (zo, 71, T2, Z3) X
(Yo, Y1, Y2, ¥3). Using the notations in Example 2.5.2, we have —Kx = 4I; + 41,.
Let E, := 31;, Ey := 31, and Ej := I, + I. This gives a nef-partition of — K.
Let V' be the complete intersection of the zero sets of the polynomialé
3 3 3

> b > ok X s

i=0 i=0 i=0
Then V is a simply connected Calabi-Yau manifold with e(V) = —18, k1 (V) =
14 and h*!(V) = 23. Define o : X — X by

o : (zo, 1, T2, T3) X (yo,yx,yz,ya) - (Io,wle,wmg,u}l':;) X (yo,wyl,w2y2,w2y3),

where w is a cubic root of unity. Then the restriction of o (also denoted by o)
acts on V freely and ¢® = 1. Let G := {1,0,0%} & Z3 and X := V/G. Then
X is a Calabi-Yau manifold with m(X) = G = Z3 and e(X) = —6. This is
the famous Tian- Yau manifold, which was constructed by G. Tian and S.-T. Yau
in the appendix of [36]. We can calculate h>'(X) as follows. First note that
since V is a Calabi-Yau, we have the isomorphism H(V,Ty) = H(V,Q}) where
H'(V,Ty) is the space of infinitestimal deformations of V. By the deformation
theory. of Kodaira and Spencer, the linearly independent deformations can be
represented by linearly independent homogeneous monomials. Now, the most
general homogeneous cubic polynomial in P? is given by }" a;jxz:z;2, providing
19 parameters (aijx), but only 4 of them are effective since the other 15 can
be removed by a projective linear group. Hence a general cubic in P* may be

represented as:
3

3
E T; + axoT 1Ty + b 129T3 + CTrT3To + dT3ToTy
i=0
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and the linearly independent deformations can be represented by the monomials
ToT1Tg, T1Z2T3, Tox3To and z3zoz;. For X, we can, by making use of the PGL
freedom on both P?, put the two cubics in the above standard form, giving us
4+4 = 8 deformations. Then there will be no restriction on the defining equation
of the hyperplane, so we have to count all terms z;y;, giving us 16 — 1 = 15
deformations (one of them is removed by scaling a nonvanishing term to 1).
Totally, there are 8 + 15 = 23 = h?!(V) linearly independent deformations,

represented by the monomials:

TiT;Tk YiY5iYk TiYj
i,5,k€{0,1,2,3} 4,5,k€{0,1,2,3} excepti=j=0

1,7,k all distinct 1, 7, k all distinct

It is easy to see that, out of these 23 terms, only 9 are invariant under G. Hence

we have

h*Y(X) = dim(H'(V,0%)%) = 9.

And so hM(X) = 6.

3.2 Crepant Resolutions of Orbifolds

Generally speaking, it is more difficult to find free group actions than actions with
non-trivial fixed points. In fact, non-free actions can also give us wonderful ex-
amples of Calabi-Yau manifolds, as in the case of Kummer surfaces. To deal with
such examples, considerations of resolutions of singularities are necessary. We
shall restrict ourselves to resolutions of orbifolds, i.e. varieties with only quotient
singularities. This is because resolutions of singularities are most probable in
this case, and more importantly, these varieties can indeed give us new examples
of Calabi-Yau manifolds. We begin with resolving the singularities of orbifolds

locally, namely, resolving quotient singularities.

44
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Let n be a positive integer and G a non-trivial finite subgroup of GL(n,C).
Then G acts on C" and gives the quotient singularity C*/G. As our purpose
is to construct Calabi-Yau manifolds, we are interested in crepant resolutions of
C"/G, i.e. resolutions that preserve the canonical bundle. However g € G acts
on A™PC™ by det(g), so that the canonical bundle of C"/G is well-defined at 0
only if det(g) = 1 for all g € G, i.e. G C SL(n,C). It follows that C"/G can
have a crepant resolution only if G € SL(n,C). From now on we shall assume
that this condition holds unless stated otherwise. We will also assume that G is
abelian, in which case toric methods are most efficient.

We follow the treatment given by Roan in [30], with some modifications. Since

G is abelian, we may regard it as a diagonal subgroup of SL(n,C):

A1 "
cc{ ; e(C*)ﬂ:HA,.=1}.
i=1
An
Let R™ be the vector space consisting of all n x 1 column vectors and {e,...,e,}
its standard basis. Define
) e?nmtl
exp: R" — (C*)", : — : )
Tn e211'\/—_13:..

Let N := exp™'(G) C R". Then N is a free Z-module of rank n and we can
identify Ng with R™. Denote by N’ C N the standard lattice ), Ze', then as
abelian groups, G is isomorphic to N/N’. Let o be the cone in Ng generated by
{er,...,en}, ie.

o= {zie1+...z5e,: z; > 0}.

Then we have:

Proposition 3.2.1. The affine variety U, is isomorphic to C"/G.
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Proof. In the appendix of [33], Roan and Yau gave an elementary proof of this.
We give another proof here, following Fulton in [19]. Let M C M’ be the duals
of N' C N. Also let ¢’ be the cone in Ny corresponding to o C Ng, with
C" =Uy — U,. Now G = N/N' acts on C[M’] by

A e211'\/—_1(11’,11) ]

V- Xu Xu'

where v € N and v’ € M’. We claim that under this action, we have
C[M’]G = C[M)].

To prove this, let vy,...,v, be a basis of N so that kjv,,...,k,v, form a basis
for N’, for some positive integers k;. Then C[M’] is the Laurent polynomial ring
in generators X;, and C[M] is the Laurent polynomial ring in generators U;, with
X; = (U;)%. An element (ay,...,a,) € @Z/kZ = G acts on monomials by mul-
tiplying U ... Ul by e2nV=1 aili/k)  from which our claim follows. Intersecting
A, with C[M'|¢ = C[M], we get AS = A,. Hence G acts on U, and

U, =Uy/G =C"/G.

a

Let A:=onN{z=3" zie; € Ng:) 2 <1}. Then A is a polytope in
Ng. Let A be the subdivision of A such that:
(i) The vertices of A are precisely the points in 9A N N; and
(ii) Any k-dimensional face of A is the convex hull of k + 1 lattice points in N.
Let ¥ be the set of all cones over the faces of A. This gives us a partial resolution

7 : Xy — U,, analogous to the one in Section 2.2. The following proposition then

follows from the proofs of Propositions 2.2.2 and 2.2.3:

Proposition 3.2.2. The map 7 : X5 — U, = C"/G 1s crepant; and the variety

Xy has only terminal singularities.
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Remark 3.2.1. For a toric variety X5, the Euler number is equal to the number

of n-dimensional cones in £. Hence in our case, e(Xs) = |G|.

As mentioned in Section 2.2, orbifold terminal singularities are smooth in

codimension 3, so in particular, we have:
Proposition 3.2.3. Forn =2, 3, the resolved variety Xs is smooth.

Remark 3.2.2. For n = 2, there is only one choice of the subdivision A and
7 : X5 — C2?/G is the minimal resolution for the singularity of type Ax. However,
there may be several choices for the subdivision in the case n = 3 and the resolved

varieties Xyx differ from each other by a flop.

Let’s look at some examples.

Example 3.2.1 Define ¥ : C* — C? by
U(2, 29, 23) = (w2z1,wzp,wz3)

where w = €2™V=1/3 and let G = (¥) = Z/3Z. In this case, the polytope A is
the convex hull of {0, ey, e3,e3} and DA NN = {0, ey, €2, €3, 3(e1 + €2 + €3)}.

A A

The resolved variety 7 : Xy — C?/G has Euler number e(Xy) = |G| = 3.

Example 3.2.2 Define & : C* — C® by

(I)(zl) 29, 23) = (C‘zh <222, C4Z3)

where ¢ = €2™V=1/7 and let G = (®) = Z/7Z. In this case, the polytope A is the
convex hull of {0, e, e;, €3} and

1 2 4 2 4 1 4 1 2
OANN = {0, ey, €s, €3, 761 + 762 + 763, 561 + 762 + ?63, 781 + 762 + 763}.

47
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. A oA

The resolved variety 7 : Xy — C*/G has Euler number e(Xs) = |G| = 7.
Now we have a resolution of 3-dimensional abelian quotient singularities by

toric methods. The resolutions of general quotient singularities in dimension 3 is

provided by Roan in [32]:

Theorem 3.2.1. Let G C SL(3,C) be any finite subgroup. Then there exists a

smooth crepant resolution of quotient singularities
7: X = C3/G.

Roan’s proof is by explicit constructions of the resolutions for all cases, making
use of the classification of finite groups in SL(3,C). The proof relies on earlier
results by Ito [22], [23], Roan [31] and Markushevich [24]. Using this result, one

can then prove the following theorem, also due to Roan [32]:

Theorem 3.2.2. Let X be a 3-dimensional orbifold with only Gorenstein quotient

singularities. Then X admits a crepant resolution.

Proof. First we remark that 2-dimensional quotient singularities are classified and
resolved classically. They are called the Kleinian or Du Val singularities. Each
singularity C?/G for a finite subgroup G € SL(2,C) admits a unique crepant
resolution. Now if X is a 3-dimensional orbifold with only Gorenstein quotient
singularities, then its singularities consist of two types:

(i) curves locally having singularities of the form (C?/G) x C where G C SL(2,C);

and

(ii) isolated points locally of the form C*/G where G C SL(3,C).

43
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By the previous remark, singularities of type (i) admits a unique crepant resolu-
tion, while by Theorem 3.2.1, singularities of type (ii) each admits at least one
crepant resolution. But since points of type (ii) are isolated, all these resolu-
tions are compatible with each other. Glue them together then gives a crepant

resolution of X. B

3.3 Examples From Complex Tori

By Theorem 3.2.2, one may now start with a 3-dimensional orbifold X with only
Gorenstein quotient singularities and trivial canonical bundle, and consider a
crepant resolution X of X. If it turns out that e(X) # 0, then X is a smooth
Calabi-Yau 3-fold by the discussion at the beginning of Section 3.1. In particular,
we may choose X to be a finite quotient of a smooth manifold with trivial canon-
ical bundle. This is in some sense a generalization of the Kummer constructions

of K3 surfaces. Let’s proceed with some examples.

Example 3.3.1 Consider the elliptic curve E := C/(Z®wZ) where w = e27V-1/3
is a primitive cubic root of unity. Set A; to be the triple product F x E x E.
Let g3 be the automorphism of Az by scalar multiplication by w, and let G =
{1,93,93} = Z/37Z. Take Y3 to be the quotient A3/G. This is a 3-dimensional
orbifold with Gorenstein cyclic quotient singularities and trivial canonical bundle.
Since E has 3 isolated singular points under the action of scalar multiplication
by w, Y3 has 27 isolated singular points of type %(1, 1,1) which corresponds to
Example 3.2.1. Now C*/(Z/3Z) has a unigue toric resolution given by the blow-
up of the singular point, so Y3 also has a unique crepant resolution X3 given by

blowing-up the 27 singular points, replacing each by a copy of P2. The Euler

number of X3 is given by

C(X3) - 6(Y3) — 27+ 276(P2) = %(27 + 27) + 54 = T2.
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Hence X3 is a smooth Calabi-Yau 3-fold. We can also compute the Hodge num-
bers of X as follows. A basis for H*!(A;) is given by {dz; A dz; Adz; : 1,5,k €
{1,2,3} and j < k}. The action of w multiplies dz; A dz; A dZ; by w?® = w, so
that H>!(Y3) = H*!(A3)¢ = 0. Also, no new (2, 1)-forms are introduced when
Y3 is resolved, which implies that H*'(X3) = H*!(Y3) = 0. Hence the Hodge
numbers are given by: h*1(X3) = 0 and hV!(X3) = 36.

Example 3.3.2 Consider the Klein quartic curve C = {zoz}+z123+2223 = 0} C
IP?, which is of genus g = 3. Let A; := H°(C,QL)Y/H\(C,Z) be the Jacobian
of C. This is an abelian 3-fold. Let g7 be the automorphism of A; represented
by the diagonal matrix diag(¢,¢?,¢*) where ¢ = €>™V=1/7 is a primitive seventh
root of unity. Denote by G the order 7 group generated by g; and take Y7 to be
the quotient A7/G. Then again Y; is a 3-dimensional orbifold with Gorenstein
cyclic quotient singularities and trivial canonical bundle. There are 7 singular
points on Y7 of type .l,(l, 2,4) which corresponds to Example 3.2.2. The crepant
toric resolution X7 of them is by replacing each with three Fy’s crossing normally
along the negative sections and fibers in a cyclic way. The Euler number of X5
is given by
(Xl el¥) < T+ T = ;(6-7) 442 = 48,

Hence X7 is a smooth Calabi-Yau 3-fold. Similar to Example 3.3.1, all (2, 1)-forms

of Az are killed by the automorphism g7, so we have
H*'(X;) = H*\(Y;) = H*'(A7)¢ =0.

Hence the Hodge numbers are given by: h*!(X;) = 0 and h""'(X7) = 24.

' It can be proved that the only smooth Calabi-Yau 3-folds given by the res-
olution of abelian 3-folds quotient by cyclic actions are the two given in the
examples above [33], [30]. This indeed generalizes the Kummer constructions of
K3 surfaces. However, in order to construct more examples, one has to consider

quotients of abelian 3-folds by other(i.e. non-abelian) actions.
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3.4 Complex Multiplication and Calabi-Yau Three-
folds

The notion of complex multiplication originated with elliptic curves that have an
enhanced endomorphism ring. Let E = C/Z + Z7 be an elliptic curve. Then E is
said to have complez multiplication or simply be of CM type if the endomorphism
ring End(E) is seen to be larger than Z. This is the case if and only if 7 belongs to
a totally imaginary quadratic extension of QQ, and the extension is then isomorphic
to End(E) ®z Q.

This notion of complex multiplication can be generalized to higher dimensional

varieties through the following (cf. [20]):

Definition 3.4.1. Let V' be a rational Hodge structure such that V is also a K -
vector space for some CM-field K (i.e. a totally imaginary quadratic extension

of a totally real number field), and such that the Hodge decomposition on V is

stable under the action of K :
] il T S (z € K,p,q € Lsy).

In particular, K — Endy.q(V). We will then say that V' is a Hodge structure of
CM-type (with field K).

Now an n-dimensional projective variety X is said to be of CM-type if the

rational Hodge structure of weight n on H"(X,Q) is of CM-type.

Remark 3.4.1. This definition of rational Hodge structures of CM-type is more
general than the one which defines a rational Hodge structure of CM-type to be
one with commutative Mumford-Tate group (cf. [5]).

The main result of this section is to show that the two Calabi-Yau 3-folds

constructed in the last section are of CM-type. The proof is due to Bert van

Geemen [21].
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Theorem 3.4.1. The Calabi-Yau 3-folds X3 and X; constructed in Section 3.3
are of CM-type.

Proof. Let’s consider X3 first. It is obtained by taking quotient Y3 = E®/(gs),
where E is the elliptic curve with j(E) = 0 and g3 is an automorphism of order
three of E3. Next one takes X3 to be a smooth crepant resolution of Y;.
To see that X3 is of CM type one relates its H® to the one of E®. The most
explicit way to do this is to take the fiber product Z of E® and X3 over Ys:
zZ — E3

i

X3'—>Y3

The variety Z is birational to E®. The image of Z in the product of E* and Xj is
a codimension three subvariety (which may well be singular), and as such it has

a cohomology class

(2] € HY(E® x X;3,Q).

Using the Kiinneth decomposition of this cohomology group we get classes (com-

ponent of [Z]):
(Z)a5-a € H*(E?,Q) ® H*"*(X3,Q).

Poincaré duality on E® gives an isomorphism:
H*(E®,Q) = H°"%(E® Q)" (as dual vector space).
Finally there is the isomorphism for vector spaces V and W:
V*® W = Hom(V, W).

Putting all these together the [Z],6-,'s give homomorphisms which we denote by
[Z]bt
2]y : H'(E?,Q) — H*(X5,Q).
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Of course the situation is symmetric, so we also get homomorphisms which we
denote by [Z]}:
2] - H'(X5,Q) — H'(E*, Q).

Complexifying these Q-vector spaces and extending [Z]{ C-linearly, the fact that
the cohomology class of Z is of type (3,3) implies that the Hodge decomposition

of these cohomology groups is preserved, so [Z]! induces C-linear maps (Z]EP:
[Z]:’qu : HP.Q(X3, Q) N HP.II(E3,Q).

Now the main point is that the image under [Z]‘33'0 of the holomorphic 3-form
w3 € H*%(X3) is non-zero in H*°(E?). This follows essentially from the fact that
pulling back w3 along Z — Xj gives an algebraic 3-form w’ on E®. Up to some
scalar, w' is the image of ws under [Z]4*°. One could also follow through the
proof of the fact that X; is CY to see that ws comes from an w’ on E? (which
is the unique, up to scalar multiple, holomorphic three form on E* (note ' is
invariant under g3)).

Using the automorphism of E? induced from the automorphism of order three
on E and the Kiinneth decomposition of H*(E? Q) it is not hard to see that
there is a two dimensional Q-vector space V in H3(E? Q) such that V ®¢ C, a

two dimensional complex subspace of H3(E?, C), satisfies:
V®eC=CuweCdu.

The image of V under [Z]3 in H3(X3, Q) is then a two-dimensional Q-vector space

whose complexification contains ws and hence:
([Z]sV) ®q C = H**(X3) ® H**(X;).

Thus to show that X3 is of CM type is the same as showing that V' is of CM-type.
Let’s look more closely at the vector space V in H3(E* Q). Note first of all
that since V ®¢q C should contain H3°, which is contained in H° @ H%! @ H'°,
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we should look for it in the summand H = H'(E,Q) ® H'(E,Q) ® H(E,Q),
this is an 2% = 8 dimensional Q vector space. Let ¢; be the automorphism of
order three of H!(E, Q) induced by (3 on the i-th factor.

Note that

piws = (aws  fori=1,2,3.

Thus ¢o¢;" and ¢a¢;* act trivially on ws. Now let V be the subspace of H on
which ¢o¢7" and ¢a¢;" act trivially. It is by definition a Q vector space and its

complexification contains wj. To see it is two dimensional, we use the basis
dzl A d22 A d23, dzl A de A\ dZ3, sievsy le A d22 A df;;, dfl A d.fz A d23

of V. ® C. Since ¢; acts by the cube root of unity (3 on dz; and is trivial on the
other two dz;, dz; and acts by the cube root of unity (s on dZ;, it is easy to check

that only two of the 8 basis vectors are invariant, these are w; and @3, which gives

the result.
Now on V there still acts the automorphism induced by ¢,, it has order three

and preserves the Hodge decomposition of V
V®eC=V3¥gVo V30 = Cuw;.

So by definition, the V' we just constructed does have CM.
For X7, we have to take into account the fact that H 1(C,Q), where C is the

Klein curve, splits (in many ways) as the direct sum
HY(C,Q=W3  W=H(F,Q

where B/ = C/Z + Z/=T. The splitting can be seen by a result of Prapavessi
[27] which says that A; & E",

Tensor products of copies of W will split, as Hodge structures, into one and
two dimensional simple Hodge substructures. The one dimensional ones are of

type (p,p) of course, the two dimensional ones have CM by Q(+/=7).
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In particular, there will be a two dimensional Q-vector spaces W’ in H3(E”, Q)
such that w} € W' ®qC, where w is the unique three form on C? invariant under
97-

There will again be a correspondence between E”® and X5, it will induce an
isomorphism between W’ and its image in H*(X7, Q) and the complexification of
the image of W’ will contain wy. This implies that also X7 has CM by Q(+/=T7).

O



Chapter 4

Calabi-Yau Manifolds by

Coverings

In this chapter we construct Calabi-Yau manifolds by cyclic coverings. The em-

phasis is on the construction of double octics, following Cynk [13], [11].

4.1 Cyclic Coverings

We begin with cyclic coverings of P* branched along smooth divisors. Let d > 2
be an integer and let D be a smooth and reduced effective divisor in P* with
Opn (D) = Opn(l) such that d|l. That is, there exist an integer k > 1 such that
| = dk, so that

Opn (D) = Opn(dk) = Opn (k)®“.

Consider the d-cyclic covering 7 : X — P™ branched along D. Then by standard

theory of cyclic coverings (cf. [1], 1.17), we have
Kx = 7 (Kpn ® Opn(k)®4-1) = T Opn(—(n+ 1) + k(d — 1)),

which is trivial if and only if k(d — 1) = n + 1. We also have, in any case

d—1

7l',0x = @(Dpn(k)—J

J=0

56
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The fact that 7 is finite then implies

hi(Ox) = hi(ﬂ',Ox)
hi(Opn) + B (Opn(=k)) + ... + hi(Opn(—(d — 1)k))
=0

for 0 < 7 < n. Hence if we are given integers d > 2 and k > 1 with k(d—1) = n+1,
then the d-cyclic covering X of P" branched along a reduced and smooth divisor
D of degree | = dk gives us a smooth Calabi-Yau n-fold. By the adjunction

formula, the Euler number of X is given by

e(X) = de(P") —(d - 1)e(D)

n-1
fn+1 -
— £~ = g i\ 5 k n—:.
dn+1) - (@ -0 ("] )y
For example, a double(respectively triple) cyclic cover of P* branched along a
smooth octic(respectively sextic) surface gives a smooth Calabi-Yau 3-fold with

Euler number -296(respectively -204).

Remark 4.1.1. The above constructions can be generalized to Fano manifolds.

For the case of Fano threefolds, see [10)].

4.2 Admissible Blow-ups

In order to produce even more examples, we may introduce singularities in the
branch locus and see if there are any suitable smooth models of the coverings.
Our strategy is to consider an embedded resolution of the branch locus. However,
to make sure that the canonical divisor does not change, we must be careful in
choosing the types of blow-ups. This leads to the notion of admissible blow-ups,
introduced by Cynk and Szemberg [12].

We restrict ourselves to dimension 3 and double covers, so let Y be a smooth

3-fold, D C 'Y an even, reduced divisor and Z C D a smooth irreducible proper
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subvariety. Consider the blow-up o : Y — Y with center Z and denote by E the
exceptional divisor. Let mz,p be the generic multiplicity of D at Z, and let D
be the strict transform of D. Define the divisor D* C Y by

- D if mz/p is even;

5 +FE if mz/p is odd.
Note that D* is the only reduced and even divisor such that D < D* < o*(D)
where by ¢*(D) we mean the total transform of D. The key definition is the

following

Definition 4.2.1. The blow-up 0 : Y — Y is called admissible (with respect to

double covers) if
1 1
Ky + -D* = o*(Ky + =D).
2 2
Now we determine all the admissible blow-ups:

Proposition 4.2.1. On a smooth 3-fold Y, the only possible admissible blow-ups
are as follows:
1. the blow-up of a curve Z with mz/p = 2 or 3; and

2. the blow-up of a point Z with mz;p = 4 or 5.

Proof. Let r be the codimension of Z in Y. Define

0 if mg/p is even;
E(’m.z/D) =€ =

1 if mz/p is odd.

Then we have
Ky 20"Ky +(r—1)E, D* =0"D — (mgz/p —¢€)E.

Hence

1 =
K{, + ED‘ = o*(Ky + %D) +(r—1- %)E

Thus o is admissible if and only if mz/p = 2(r — 1) + €. The only possible cases

are just as listed. O
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4.3 Double Covers of P? Branched Along Octic

Arrangments

The result of Proposition 4.2.1 allows us to choose suitable branch loci. These

are surfaces which locally look like an arrangement:

Definition 4.3.1. Let Sy,...,S, be smooth, irreducible surfaces in a smooth 3-
fold U and let S be the sum of Sy,...,Sy. Then S is called an arrangement if the
followings are satisfied: :

1. For any i # j, Si and S; either intersect transversally along a smooth irre-
ducible curve Cj; or they are disjoint; and

2. The curves Cj; and Cy either coincide or they intersect transversally or they

are disjoint.

We call an irreducible curve C' C S an i-fold curve if exactly 7 of the surfaces
S1,...,5; pass through it; and a point p € S a j-fold point if exactly j of the
surfaces Si,...,S, pass through it. In case U = P* and S, ..., S, are surfaces
of degree dy,...,d, respectively with d; + ...+ d, = 8, then S is called an octic
arrangement. From now on, we shall focus on this case and construct Calabi-
Yau 3-folds as double octics, i.e. double coverings of P* branched along octic

arrangements.

Theorem 4.3.1. Let S C P? be an octic arrangement with no g-fold curves for
q > 4 and no p-fold points for p > 6. Then there ezists a sequence o = gy0.. .00y :
P* — P? of admissible blow-ups together with a smooth, even divisor S* C P* such
that 0(S*) = S and the double covering X of P* branched along S* is a smooth
Calabi-Yau 3-fold.

Proof. We shall construct an explicit resolution of S C P? through admissible

blow-ups. This consists of 4 steps.
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L

II.

I11.

We first blow up all 5-fold points, oy : P};) — P°. Let p € P? be a 5-fold
point. Then the exceptional divisor E is isomorphic P?. Depending on the
number of triple curves (i.e. 3-fold curves) on which p lies, we get one of

the following configurations on E:

Case I-1 Case -2 Case [-3

Denote by S; the sum of S and the exceptional divisors. Take S; to be the
new branch locus. Note that S; contains no 5-fold points, but there are 5

new double lines and new 3-fold and 4-fold points.

Secondly we blow up triple curves, o5 : P — Pfy. Let C C Sy bea

triple curve. The exceptional divisor is E =2 C x P!. We have the following

configuration on E:

W P

G
Cy
Cy

Case 11 CxP

Let S, be the new branch locus consisting of 5 plus the exceptional divisors.
Now S, does not have any 5-fold points or triple curves, but we get new

double lines and 4-fold points.

Next we blow up all 4-fold points in Sy, 03 : Py — P, Let p € S be a
4-fold point. The exceptional divisor is E = P?, and the configuration on

E is as follows:

P2

Case III

60
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Let S5 := §2 be the new branch locus. Then the only singularities of S3 are
double lines and triple points. Note that in this case, no new singularities

are introduced.

IV. In the final step, we blow up all the double curves, o4 : P* = P}, — Ply)-
Let C C S; be a double curve. The exceptional divisor is E = C x P!, with
the following configuration:

; N S 3

Ci

Cy

Case IV G:% P

Take S* = 94 := §3. Then S* is a smooth and even divisor of P*.

Let 0 := 04003000007 : P* — P and let 7 : X — P* be the double cover
branching along S*. Then since all the blow-ups o;, i = 1,2, 3,4, are admissible,

we have, by the adjunction formula,
Ky =1 (Kp + %S‘) st (B %S)) — Oy,
and by Serre duality,
W(Ox) = R'(Op)+h(Op(~55)
= K{(Op) + KO (Ke- + 557)
= h'(Ow) + h*(Op)
= 0.

Hence X is a smooth Calabi-Yau 3-fold. O

4.4 The Euler Number of X

First of all, we introduce some notations:

e*(S) = sum of Euler numbers of all components of S;
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E;(S) = sum of Euler numbers of i-fold curves of S;

p;(S) = number of isolated j-fold points on S;

pf (S) = number of isolated j-fold points lying on exactly k triple curves.
We shall sometimes suppress the parameter S when there is no danger of confu-

sion. Now we compute the changes of these data under an admissible blow-up.

Proposition 4.4.1. Let S be an arrangement in a 3-fold U. Let o : V — U be
a blow-up of the type I, II, III or IV described in the proof of Theorem 4.3.1 with

center Z, exceptional divisor E and S* = S + ¢E. Then we have

2¢(U) — €*(S) + 2E2(S) — p3(S) + 6E3(S) + 12p3(S) + 9pi(S) + 6p3(S)
= 2e(V) —€*(8*) + 2E5(S*) — p3(S*) + 6E5(S*) + 12p2(S*) + 9pi(S*) + 6p2(S*)
Proof. The proof is by explicitly verifying the above formula for each type of

blow-up. In fact, we have the following table from [13]. Note that if Z is a g-fold

line then ¢ denotes the number of (g + 1)-fold points on Z.

type | e(V) —e(U) | €'(S*) —€*(S) | Ea(S*) — Ex(S) | Es(S*) — Es(S)
I-1 2 8 10 0

I-2 2 8 10 0

I-3 2 8 10 0

II e(2) 2e(Z) +t 3e(Z) + 2t —e(Z)

I1I 2 4 0 0

v e(Z) t —e(2) 0
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type | p3(S*) —ps(S) | p3(S*) — p3(S) | p5(S*) — Pi(S) | P3(S™) — PE(S)
I-1 10 1 0 0
1-2 7 0 -1 0
I-3 4 0 0 1
11 3t 0 0 0
I 0 0 0 0
v —t 0 0 0

a

Take U = P? and apply the proposition to each blow-up in the sequence
0 =0,003003004:V :=P* — P? Note that S* (in Theorem 4.3.1) is smooth,
and for a double cover, e(X) = 2e(V) — €*(S*). Hence we get the following

corollary of the above proposition:

Corollary 4.4.1. For the 3-fold X constructed in Theorem /.3.1, we have
e(X) = 8 — €"(5) +2E5(S) — ps(S) + 6B5(S) + 12p3(S) + 9p3(S) + 6p3(S).
We shall now compute the invariants used in the formula for e(X).

Lemma 4.4.1. For an octic arrangement S C P?, we have
T
eis) = Z(df —4d? + 6d;); and
=1

2 (4 —d; — d;)did;.

i<j

2E,(S) + 6E3(S)

Il

Proof. The first formula follows from the adjunction formula. For the second
one, note that each triple curve is counted 3 times. Again by the adjunction
formula, if C is a smooth complete intersection of surfaces of degree d; and d;,

then e(C) = (4 — d; — d;)d;d;. This gives the second formula. O

Observe that since deg(S) = 8, there are only two possibilities:
1. either there is 1 triple elliptic curve and no more triple curves, or

2. there are only triple lines.
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Lemma 4.4.2. For an octic arrangement in P* with I3 triple lines and no triple
elliptic curves, we have
Ps+pa+10ps — (py +p3 +2p5 — ls) = Z did;dy; and
i<j<k
Sly = py+2pF +4p3.

Proof. For the first formula, the right-hand-side is the number of triple points
in case all intersections are transversal and reduced. Hence in case there are no
triple lines, each triple point is counted by (5) = 1 time, each 4-fold point is
counted by (g) = 4 times, and each 5-fold point is counted by (g) = 10 times.
However, when triple lines do appear, any 4-fold point lying on such a line will
only be counted by 4—1 = 3 times (if counted properly). Similarly, a 5-fold point
lying on exactly 1 triple line is counted by only 10 — 1 = 9 times: and a 5-fold
point lying on 2 triple lines will be counted by only 10 — 2 = 8 times. One triple
line corresponds to each success count. The first formula follows.

The second formula follows from the fact that the left-hand-side is the ex-
pected number of intersection points of 3 planes with the remaining quintic,

while the right-hand-side is the number counted with multiplicities. O

By Corollary 4.4.1, Lemma 4.4.1 and Lemma 4.4.2, we finally get:

Theorem 4.4.1. If S C IP? is an octic arrangement with no triple elliptic curves,
then the Euler number of the Calabi-Yau 3-fold X constructed as a smooth model
of the double cover of P* branched along S is given by
e(X) = 8- (df —4d} +6d;) +2> (4—di—d;)did; — > did;dy
i=1 i<j i<j<k
. +4p} + 3p} + 16p2 + 18p} + 20p2 + L.

Remark 4.4.1. In [8], Cynk considered octic arrangements of surfaces with iso-
lated singularities (of multiplicities 2, 4 and 5). Although this is just a slight
generalization of the theory we presented here, more new examples of Calabi-Yau

3-folds can indeed be constructed. We quote the main result here without proof:
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Theorem 4.4.2 (Theorem 1.1 in [8]). If S C P? is an octic arrangement
which contains isolated q-fold points for ¢ = 2,4,5, then the double cover of P3
branched along S has a smooth model X which is a Calabi- Yau 3-fold.
Moreover, if S contains no triple elliptic curves, then

eo(X) = 8- (df —4d?+6d))+2) (4—di—dy)did;— Y did;di

=1 i<) i<j<k
+4p3 + 3p; + 16p2 + 18pt + 20p2 + I3 + 2m, + 36my + 56ms

where my is the number of isolated q-fold points for q = 2,4,5.

The resolution of 4-fold and 5-fold isolated points are exzactly the same as in
the proof of Theorem 4.8.1. The main difficulty lies in the resolution of 2-fold

isolated points, or nodes, which requires the use of so-called small resolution.

4.5 The Hodge Numbers of X

To compute the Hodge numbers of the Calabi-Yau 3-fold X, we follow the ap-
proach of Cynk and van Straten [12]. As mentioned before, for a Calabi-Yau
3-fold X, H*!(X) = H'(Q%) = H(Tx), is the space of infinitestimal deforma-
tions of X. Hence we may compute h*!(X) by studying the latter. We start with

the following lemma:

Lemma 4.5.1. Let 7 : X — Y be a double cover of a smooth algebraic variety

branched along a smooth dwisor D C'Y with £L%% = Oy (D) for some line bundle

LonY. Then
Hl(Tx) >~ H‘(Ty(log D)) & Hl(Ty ® E'l)

where Ty (log D) is the logarithmic tangent sheaf, which is defined to be the sub-

sheaf of the tangent sheaf Ty consisting of derivations of Oy which sends the ideal
sheaf of D in'Y into itself.
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Proof. By the general theory of cyclic coverings [18], we have
mTx = Ty(log D) & (Ty ® L7).
Since 7 is finite,
HY(Tx) = H'(m.Tx) = H'(Ty(log D)) ® H'(Ty ® L™Y).

O

For our purpose, take Y = P* and D = S* C P*, and choose a line bundle £*
on IP* such that £*®2 = Op.(S*). Then the double cover 7 : X — P* branched

along S* gives
H*\(X) = H'(Q%) = H'(Tp-(log S*)) & H'(Tp- ® L*7).

The problem then reduces to determining the two terms on the right-hand-side.
We shall first deal with H'(Tp. @ £*7).

Consider a blow-up o : YooY along a smooth subvariety Z C Y. Denote
by E the exceptional divisor of o and let m € Z be such that D* = ¢*D — mE,
where D is an even, reduced divisor in Y, and D* is the only even and reduced
divisor in ¥ such that D < D* < ¢*D. Actually m = 2| ™22 |, so it is even.
Define

Ei=o®L® o;,(-%E)
and let k := codimy(Z) — 2 — 1. Then we have the following lemma:

Lemma 4.5.2. Suppose k = 0, then

_ H\(Ty ® £! if codimy (Z) < 2,
I LT f codimy (2)

Hl(Ty ® L_l) @D Ho(det Nz/y ® L:—l) if COdimy(Z) =2

where Ny 1is the normal bundle of Z in Y .
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Proof. We have the exact sequence
0= 0" (R ®LRIKy) » U ®L® Ky — Q)7 ® 0" (L ® Ky) — 0.
As 7 is finite, we have
0.(0y) = Oy, R'0,(03) =0, fori > 1, and
a.(Q},;/z) =0, Rla,,(Q},;/z) 2 0z, Ria.(Q};/z) =0 fori>2.
By the projection formula and the above exact sequence, we get

(LK) = QL®L® Ky,
Ro (B ®L®Ky) = 0;0L® Ky,
Ro(Q,® Lo Ky) = Ofori>2.

The Leray spectral sequence then gives
H ' Q@ LOKy) 2 H Y QL @ L ® Ky) ® H"2(02 ® L ® Ky).
The result now follows from Serre duality. 0O

By this lemma, Proposition 4.2.1 and the fact that Kps = Ops(—4) = L£7!

b

we conclude that
W(Te ® L) =) h(Kc) = > g
c c

where the summation is over all blown up curves. If we further assume that S
contains no triple elliptic curves, then a straightforward counting gives
1 x—1 T 1
h (TP- ®£ ) = 9 —= (4—d,‘—dj)didj.
i<j
Next we shall determine H'(Tp- (log S*)). By Theorem 4.1 of [12], H! (T (log S*))

is isomorphic to the space of equisingular deformations of S C P?, which is defined

as follows:
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Definition 4.5.1. Given a pair D C Y where Y is a smooth algebraic variety
and D is a divisorin Y. Leto:Y — Y be a sequence 0 = 0,_10...0 09 where
each o; : Yiy1 — Y; is a blow-up of a smooth subvariety Z; C D; CY;, such that
D* = D;, is smooth, Dy = D, Yy =Y and Y, = Y. Let m; be an integer such
that D}, = 07D} — m;E; where E; C Y, is the exceptional divisor of o;. Then
an equisingular deformation of D C'Y is a simultaneous deformation of D C Y,
which has simultaneous resolution, i.e. which can be lifted to a deformation of
Z; C Di CY; in such a way that the multiplicity of the deformation of D} along

the deformation of Z; is at least m;.

In our case, Y =P% ¥ = P* and D = S C P3. One of the key ideas of (12]
is to describe the space of equisingular deformations of S ¢ P?® (which is quite
abstract) in a very concrete way. We shall recall the result here without proof.

Denote by Jy the Jacobian ideal of S:

)
Jp= (%a—i)

where f is a homogeneous equation for S. Let Z;, i = 0,...,n — 1 be the
multiple points and curves of the octic arrangement S, and m; the corresponding

multiplicities. Denote by I(Z;) the homogeneous ideal of Z;.

Definition 4.5.2. The equisingular ideal of S C P is defined as

n-1

Ie(8) = () (I(Z:)™ + Jy).

i=0

Now Theorem 4.5 of [12] states that

Theorem 4.5.1. The space of equisingular deformations of S C P® is isomorphic

to the space of degree 8 forms in the quotient of the equisingular ideal modulo the

Jacobian ideal. Hence we have

H'(Tp-(log S%)) = (Leq(S)/Jy),-
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That is, h'(Tp-(log S*)) = dime(L4(S)/ Jf)s' And altogether, we have the
following formula for the Hodge number h%!(X):
WH(X) = dime(Ieg(8)/Ty)g + Y gc
¢
and if S contains no triple elliptic curves:
1
WA (X) = dime(Lg(S)/Jy), + (2) — =54 - di — dy)did,
i<j
Remark 4.5.1. (i) The first term in the formula, i.e. the dimension of degree 8
forms in the quotient of the equisingular ideal modulo the Jacobian ideal, can be
computed using a computer algebra system, as in [11].
(i) Since X 1is a Calabi-Yau 3-fold and we have determined both e(X) and
h*1(X), we can also compute h''(X) = se(X) + h*Y(X). In this way, one
may compile a large list of Calabi-Yau 3-folds together with their invariants by
using computer. In [11], Cynk and Meyer constructed such a list of examples that
correspond to arrangements of eight planes defined over Q. Note that for these
examples,
W*H(X) = dime (Ieq(S)/ )
i.e. all deformations of X come from equisingular deformations of S in P2, They

produce seven rigid Calabi-Yau 3-folds (i.e. h*' = 0) and 1/ examples with
h*' =1, and with equations given (cf. [11)).

4.6 K3-Fibrations and Modularity

Let X be a Calabi-Yau 3-fold which admits a K3-fibration, i.e. a proper and

‘surjective morphism
P: X - P
such that the general fibres are K3 surfaces. For any fibre F, we denote by [ (F)

the number of irreducible components of F; and we also let p be the Picard rank

of a general fibre. Then we have the following formula:
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Theorem 4.6.1.

X)) =p+1+ D (UF)-1)

reducible F

where the summation is over all reducible fibres of ®.

Sketch of Proof. Let S C P! be the degeneration locus of ®, Y, = P'\S and
Xo = ®7'(Yp). Let F = ®~1(t) be a general fibre of ®. By the results of Deligne

in [16], we have the following maps
HYX,Q) —— H*(Xo,Q) —— H(Yo, R26.Q) —— H(F,Q)
where b o a is surjective and c is injective. The composite
r:=coboa: H¥(X,Q) —» H*(F,Q)

is the so-called restriction map. Deligne’s results tell us that r is a morphism of
Hodge structures. But X is a Calabi-Yau 3-fold, we have H?>9(X) = H%2(X) = 0

and so

H*(X,Q) = H*(X,Q) n H"(X) = NS(X)q

where the last one is the Néron-Severi group of X. Hence we can regard r as the

map

r: NS(X)q — NS(F)q = H3(F,Q) N H\(F)

defined over Q. Note that the kernel of  consists of the components in the fibres

of ®. We thus arrive at the inequality

WA X)=p(X) <p(F)+1+ 30 (U(F)-1).
' reducible F

Now we look more closely at the map ¢ : H(Y;, R?*®,Q) — H2(F,Q). Still
by Deligne’s results, we know that actually H°(Y,, R?®,Q) is isomorphic to the
part of NS(F)q = H*(F,Q) N H"\(F) invariant under monodromy. Hence it

suffices to show that all algebraic cycles on the general fibre F' are invariant
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under monodromy. We shall see that this is the case for any (nonconstant) pencil
of K3 surfaces.

So suppose that ® : X — C' is a pencil of K3 surfaces. Let F be a general
fibre. Assume that F' has degree 2n and let NS(F) — H?(F,Z) = L = U@ E®?
denotes the Néron-Severi lattice of F. There exists a coarse moduli space My,
for degree 2n polarized K3 surfaces, equipped (may be after base change) with a

universal family &5, — Ma,. Hence we have a proper morphism
1/) :C— M2n

such that ® : X — C is the pull-back family:
X =C Xpmy, Xon —— Xon
J 1
C — Moy
But at the same time, we have the coarse moduli space My, for M -polarized
K3 surfaces for a primitive embedding of lattices M < L (cf. [17]). This is
a subvariety (or submoduli) in the moduli space M,,. For a fixed rank, say
p, there are at most countably many subvarieties of My, each of which is the
coarse moduli for M-polarized K3 surfaces for some M «— L with tk M = p.
Now the image of C under v is an algebraic curve in Mp,. Since there are
Just countably many such subvarieties, there must be one on which Y(C) have
intersections at uncountably many points. This is possible only if the whole
image 9(C) lies in that subvariety (or submoduli). Hence we can conclude that
the family ® : X — C is the pull-back of the universal family associated to the
* coarse modpli space for NS(F)-polarized K3 surfaces. However, by construction,

the algebraic cycles of a general fibre in the universal family are all invariant under

monodromy. The result follows. O

Remark 4.6.1. (i) The idea of the proof is suggested by Professor Kang Zuo.
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(i1) One can of course consider a pencil of Calabi-Yau n-folds such that the total
space is a Calabi-Yau (n + 1)-fold. Unfortunately, the proof we give here
relies essentially on the properties of the moduli spaces of K3 surfaces. The

author does not know whether it can be generalized to higher dimensions.

Consider the case when X is a double octic. Fix a double line, i.e. a transversal
intersection of two planes, in the arrangement. (Since it is an arrangement of
eight planes, double lines always exist. In fact, a generic arrangement of eight
planes has 28 double lines and 56 triple points as singularities.) Recall that in
the embedded resolution of the branch locus, each double line has to be blown

up. The blow-up of the fixed double line then induces a K3-fibration on X:
d: X — P

The fibration structure can also be seen as follows. Consider a plane (ie. a
P?) in P* passing through the fixed double line. This plane will intersect with
the six remaining planes, i.e. those on which the double line does not lie, in six
lines. These can be considered as an arrangement of six lines on P?, which will
generally give rise to a K3 surface, just like an octic arrangement generally gives
us a Calabi-Yau 3-fold. Turning around the plane along the fixed double line, so
that it cuts the six planes in different directions, then gives us a pencil of K3
surfaces. In this way, it is easy to see that blowing up the double line gives us
a K3-fibration on X. We should remark that the idea of this construction of
K 3-fibrations on X is also due to Professor Zuo.

Now we give some examples and use Theorem 4.6.1 to calculate the Picard
‘rank of a general fibre. We will make use of the examples given in the table in
[11].

Example 4.6.1 Consider Arrangement no.2 in (11]. The equation of the octic

arrangement is given by

zyzt(z +y)(y+2)(z +t)(t+z) =0
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where (z : y : 2 : t) denote the homogeneous coordinates on P®. The non-generic
singularities (i.e. those other than triple points and double lines) are given as

follows:

p: points : (1:0:0:0), (0:1:0:0), (0:0:1:0), (0:0:0:1),
pypoints : (1:=1:0:0), (0:1:—=1:0), (0:0:1:~1), (1:0:0:-1),
pgpoints : (1:—1:1:-1),

triplelines : 2 =y=0,y=2=0,2=t=0, t=2=0.

The Hodge numbers of X are h™!(X) = 70 and h*!(X) = 0, so that X is a rigid
Calabi-Yau 3-fold. Fix the double line z + y = y + z = 0 and consider the K3
fibration induced by the blow-up of this line. One may check that there are 3
reducible fibres Fy, F and Fj in the fibration and I(F}) = W(F2) =21, [(F3) = 11.

Hence the Picard rank of a general fibre in this fibration is given by
p=T70-1-(20+ 20+ 10) = 19.
Example 4.6.2 Consider Arrangement 1n0.85 in [11], with equation:
(a:—t)(x+t)(y—t)(y+t)(z—t)(z+t)(x+y+z—t)(z+y+z+t) =0,

N

There are only p} points other than generic singularities:

pgpoints : (1:1:=1:-1), (1:=1:1:-1), (1:=1:-1:1)
(1:0:0:0), (0:1:0:0), (0:0:1:0),
(1:-1:0:0), (0:1:-1:0), (1:0:-1:0),

b

(L:le=1:0), (Ta=T:121);, (-1 :1:1:2)
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The Hodge numbers of X are h"!(X) = 44 and h*!(X) = 0, so X is also a rigid

Calabi-Yau 3-fold. Fix the double line y +¢ = z + ¢ = 0 and consider the K3

fibration induced by the blow-up of this line. In this case we have 4 reducible

fibres F, F5, F3 and F} in the fibration and W(Fy) = l(Fp) = 11, U(F3) = I[(F,) = 3.

Hence the Picard rank of a general fibre in this fibration is given by
p=44—1—(10+10+2+2) = 19.

Example 4.6.3 Consider Arrangement no.1 in [11]. The equation is given by

zyzt(z +y)(y + 2)(z + t)(Bt + Az) = 0

where (A : B) is a generic point in P'. The non-generic singularities are given as
follows:

ps points : (1:0:0:0), (0:1:0:0), (0:0:1:0), (0:0 20 1),

py points : (1:—1:0:0), (0:1:-1:0), (0:0:1:-1), (B:0:0: —A),
triplelines : 2=y=0,y=2=0, 2=t=0,t=2=0.
The Hodge numbers of X are h'(X) = 69 and h*!(X) = 1. Fix the double
line z = y 4+ z = 0 and consider the K3 fibration induced by the blow-up of this

line. There are 3 reducible fibres F\, F, and Fj in the fibration and I(F,) = 30,
I(F2) = 20, I(F3) = 3. Hence the Picard rank of a general fibre in this fibration

is given by
p=69—1—(29+19+2) = 18.
Example 4.6.4 Consider Arrangement 1no.83 in (11], with equation:
(:r—t)(x+t)(y—t)(y+t)(z—t)(z+t)(A:r+By+Bz—At)(Ax+By+Bz+At) =0

and (A : B) denotes a generic point in P!,

/
I

\

W///////////
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There are also only p§ points other than generic singularities:

pipoints : (1:1:—1:-1), (1:=1:1:-1),
(1:0:0:0), (0:1:0:0), (0:0:1:0),
(B:=A:0:0), (0:1:-1:0), (B:0:—A:0),
(1:1:-1:1), (1:-1:1:1).

The Hodge numbers of X are h"'(X) = 41 and h*!(X) =1, s0 X is also a rigid
Calabi-Yau 3-fold. Fix the double line y +¢ = z + ¢ = 0 and consider the K3
fibration induced by the blow-up of this line. There are 4 reducible fibres F\, F,,
F3, Fy and I(Fy) = I(F,) = 11, I(F3) = I(F;) = 2. Hence the Picard rank of a

general fibre in this fibration is given by
p=41-1-(10+10+1+1) = 18.

Remark 4.6.2. Note that the rigid Calabi- Yau 3-folds in Ezample 4.6.1 and 4.6.2
are special fibres (when A = B = 1) in the one dimensional families in Ezample

4.6.3 and 4.6.4 respectively.

In [35], Sun, Tan and Zuo considered Calabi-Yau 3-folds fibred by non-constant

semi-stable K3 surfaces. They get the following result about modularity of

Calabi-Yau 3-folds:

Theorem 4.6.2. ([35], Corollary 0.4) Let f : X — P be a Calabi-Yau 3-fold

fibred by non-constant semi-stable K3 surfaces. Then the following hold true:

(i) If the iterated Kodaira-Spencer map of f is non-zero, then f has at least
4 singular fibres. If f has ezactly § singular fibres, then X is rigid, the
general fibres of f have Picard number 19 and X is birational to the Nikulin-
Kummer construction of a square product of a family of elliptic curves g :
E — P'. After passing to (if necessary) a double cover E' — E, the family
g : E' — P! is one of the 6 modular families of elliptic curves constructed

by Beauville.
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(i) If the iterated Kodaira-Spencer map of f is zero, then f has at least 6
singular fibres. If f has ezactly 6 singular fibres, then X is non-rigid, the
general fibres of f have Picard number 18 and P\S ~ H/T, whereT is a
subgroup of SL(2,Z) of index 24.

This theorem shows that, among others, the modularity of some rigid Calabi-
Yau 3-folds fibred by semi-stable K3 surfaces can directly be seen from their
geometry. Unfortunately, the examples we give above do not fit in this theorem
because those fibrations are not semi-stable, although it is reasonable to expect
that semi-stability does not affect the modularity.

Nevertheless, Cynk and Meyer have checked (in (11]) that the 7 rigid Calabi-
Yau 3-folds they constructed, including the two examples above, are indeed mod-
ular in another sense, which is described as follows. Let X be a Calabi-Yau 3-fold
defined over Q. Assume that X has a suitable integral model. The L-series of
X is then defined to be the L-series of the Galois representation on H 3(X,Q).
That is,

L(X,s) := L(H%(X,Q), 5).
The modularity conjecture for rigid Calabi-Yau 3-folds is the following (cf. [34)):

Conjecture 4.6.1. Any rigid Calabi-Yau 3-fold X defined over Q is modular
in the sense that the L-series of X coincides with the Mellin transform of the
L-series of a cusp form f of weight 4 on Lo(N), where N is a positive integer
divisible by the primes of bad reduction. More precisely, we have, up to a finite

Euler factor,

L(X,s) = L(f,s) for some f¢€ Sa(To(N)).

Cynk and Meyer verified this conjecture for the 7 rigid Calabi-Yau 3-folds
they constructed. It is interesting to know how we can see the modularity directly
from geometry, as in Theorem 4.6.2. In fact, we already have some information,

at least for the examples we consider. For instance, for the two rigid Calabi-Yau
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3-folds we consider, we have found K3-fibrations on them whose general fibres
have Picard number 19. But the moduli space of M -polarized K3 surfaces with rk
M =19 is one-dimensional and is an arithmetic quotient of bounded symmetric
domain. This suggests that the K3-fibrations, or the rigid Calabi-Yau 3-folds,
are modular. On the other hand, for the Calabi-Yau 3-folds with h3Y(X) = 1,
we have found K3-fibrations whose general fibres have Picard number 18. We
do expect that they are modular, but it remains to give a sound_ing geometric

picture.
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