Suggested solution of HWG6
P.252 Q6:

fn(z) = tar
If x =0, then f,(0) =1 for all n € N. Thus lim, s f»(0) — 1.

If z € (0,1], H% < 1. Thus f,(x) — 0 as n — co. So we obtain the pointwise limit
function f : [0,1] — R at which

1 ifz=0
f(JC):{
0 ifxze(0,1].

However, the convergence is non-uniform. We choose a sequence {z,} C [0,1] by

for z € [0, 1].

I |
fn(xn):(1+> —-->0 as n— oo.
n e

n

P.253 Q9: fn(z) % for x € [0,1]. It is clear that f,, converges to f = 0 on [0, 1] uniformly.

As for all z € [0, 1],

Oﬁfn(x):%g —0 as n— oo

3=

On the other hand, f},(z) = 2"~ ! for z € [0,1]. For z € [0,1), lim,, 0 fh(2) =0 and
f1(1)=1 ,Vn e N. Thus g(1) =1 but f/(1) =0.

P.253 Q12:

2 2
0< / exp(—nz?) < / exp(—n)=e "
1 1

Thus,
2

lim exp(—nz?) =0
n—roo 1

P.253 Q17: For all n,
1 ifxe(0,1/n)
0 ifxe[l/n,1]U{0}.

fn('r) =
Clearly, f, is a discontinuous function. Let ¢ € [0,1], n € N,

frr1(c) = 1= fu(c) if c e (07 HLH)
far1(c) =0<1=f,(c) ifce [%, %)
fn+1(C) =0



Thus, it is a decreaseing sequence. It can also be seen from above that f,(c) — 0 as
n goes to infinity for any ¢ € [0,1]. However, the convergence is not uniform. To see

this, we can consider a sequence {z,,} C [0,1] at which z,, = 5-.

falzn) =1 ,¥neN.



