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Suggested Solutions to Test

Yu Meif

1. (5 points) Let X be the space of all continous real valued functions defined on [a,b]. Suppose the X is
endowed with the sup-norm, that is || f|| := sup{|f(z)| : = € [a,b]}. Define T': X — R by T'(f) = f:f(:v)dx for
f € X. Show that T' € X* and find ||T|.

Proof. Since for any o, 6 € R and f,g € X

T(ozf+5g):/af()+ﬁg dq:—a/f d$+B/ x)dx = oTf+ BTy,

T is linear. Moreover, note that
b
711~ [ fa)dsl < 0~ a),
a

Then T is bounded and ||T']| < b — a.
Taking f =1, then

b
Tﬂz\/iwﬂzbm

which implies ||T|| > b — a.
Therefore, ' € X* and ||T|| =b — a.

2.Let X be a normed space. Supporse that there is a countable set D := {x,, : ||z,|| =1;n=1,2,--- } dense in
the closed unit sphere of X.
For each f and ¢g in Bx~ := {f € X* : || f|| < 1}, define

o0

A(f.9) = 3 el ) — o)l

n=1
(a) (5 points) Show that d is a metric on Bx-.

(b) (10 points) Let f € Bx«. Show that for any € > 0, we can find some elements z1,--- ,zxy in D and 6 > 0
such that

d(f,g) <e
whenever g € Bx+ with |f(x;) — g(z;)| <dforalli=1,--- N.

Proof. Note that for any f,g € Bxx,

[e.o]

A(,0) = 3 o) — ola Z}wmmww<2

n=1

So. d is well defined.
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(a) It is easy to certify that d satisfy that d(f,g) > 0, d(f,g) = d(g, f) and d(f,g) < d(f,h) + d(h,g).
Now we claim that d(f,g) = 0 if and only if f = g.
Indeed, if d(f,g) = 0, then |f(x,) — g(x,)| = 0 ie. f(x,) = g(x,). Since D is dense in the closed unit
sphere S of X, then for any = € S, there exist a sequence {zy,} in D such that hm Zn, = x. By the

k—00
continuity of f and g, one has

fla) = lim f(zy,) = lim g(zn,) = g(z).

k—oo

Finally, for any z € X — {0}, — € S, then it follows from the linearity of f and g that

It is clear that f(0) = ¢g(0). Therefore, f = g. On the other hand, it is obvious that d(f,g) = 0 when
f=g9

(b) Given any £ > 0, choosing N = 1 + [log, €], then

fx) = [l ||f( ) = g().

> galf@n) - glan)| < Z = <
n=N+1 n=
Let § = %, then
N-1 N-1 .
n=1 n=1

Therefore, d(f,g) < e

3. Let M be a closed subspace of a normed space X. Let @ : X — X/M be the quotient map. For each z € X,
the distance between x and M is defined by d(x, M) := inf{||x — m|| : m € M}.

(a) (5 points) Show that if F' € (X/M)*, then | F| = ||F o Q.

(b) (10 points) If a ¢ M, show that there is f € X* such that f(M)=0; f(a) =1 and || f|| = A )"
a7

Proof.

(a) Let F € (X/M)*. For any z € X, set # = Q(z). Then, by the definition of norm on quotient space
X/M
Pl = inf ||z —ml|| < ||z — 0| = ||z]].
1Zllx/ar = inf Jlo—m]] < |z — 0] = |

Thus, [0 Q@) = IF @ < IFllallxn < I Fllal.
Therefore, F o Q is bounded and ||[F o Q|| < | F|[.

On the other hand, for any z € X/M, there exists a mg € M such that ||z —mo| < [|Z] x/a + €.
Then,

IF @) = 1F(Q)]| = | F(Q(z—mo))|| = [FoQ(z—mo)ll < [|[FoQ]llz—moll < [FoQII(|Z[lx/+e)-

Since ¢ is arbitary, |F|| < ||[F o Q|.
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(b) Let a ¢ M. Then ||| x/a = d(a, M) > 0. Set Xo = {ea} and define Fy on Xo by Fo(aa) = a. Then
Fy is linear and Fy(a) = 1. Since
Foe@)] = |a] < laa] = = ———aa]
o(aa)| = |o| < ||aa||— = ——=||aall.
lall d(a, M)
Fp is bounded. Then B
ol = [Fo(aa)| < [|Follllaall < [|Follljall]al

which implies that || Fp|| > . So, Fy is a linear bounded functional on Xy. By Hahn-Banach

1
d(a, M) )
Theorem, there exists a bounded linear functional F' on X/M such that

_ _ _ 1
F(a) = Fo(a) =1, and |[|F| = |Fol =

d(a, M)

Set f = FoQ,then f(a) = FoQ(a) = F(a) =1, f(M) = F(Q(M)) = F(0) = 0. Moreover, by (a),
£l = [1F|l =

d(a, M)



