MATH 4010 (2015-16) Functional Analysis CUHK

Suggested Solution to Homework 3

Yu Meif

P71, 8. If in a normed space X, absolute convergence of any series always imolies convergence of that series,
show that X is complete.

Proof. Let {z,,} be a Cauchy sequence in X. To prove that X is complete, it suffices to show there exists
a subsequence {x,, } of the Cauchy sequence {z,} which converges. (Refer to P32, Q2. in HW1.)

Since {z,} is a Cauchy sequence, then for ¢, = ?,Vk € N, there exists IV} such that
|lzn — zm|| < €g, Vn,m > Nj.

Thus, Ing1 > ng > N st [|[Tn,,, — Tn, || < ok
Set yr = @, then 375% [[gis1 — will = 22321 [Ty — oyl < 2232
convergent which implies convergence of the series Y .o (Yit1 — ¥i)-

i1 5 = = 1. So {yi, — v} is absolutely

Therefore, yr = y1 + Zle(yiﬂ — y;). converge,i.e. {x,,} converge. O

P71, 9. Show that in a Banach space, and absolutely convergent series is convergent.

Proof. Let X be a Banach space. Then for any {z,} C X, || 07" apl| < S0 ||lzn]| — 0 as n — +oo.
That iS ||Sp+m — Sn|| — 0 as n — +oo, where s, = Y ;_; . Thus, s, is a Cauchy sequence in X. By the
completeness of X, s, converges. So, > o T < +00. O

P76, 8. Show that the norms || - ||; and || - |2 in Prob. 8, Sec. 2.2, satisfy
1
ﬁ”ﬂf\h < lzllz < [l

Proof. Since N "
Il = O 1&6D? = > 16l = I3,
i=1 i=1

then [lz]), > []..
On the other hand,

; 1 1
fuxul Z |6l < Zm 22 ZE = el

Therefore,

< lzll2 < [l
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t Email address: ymei@math.cuhk.edu.hk. (Any questions are welcome!)



